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PREFACE 


The kinetic theory of gases is a small branch of physics which has 
passed from the stage of excitement and novelty into staid maturity. 
It retains a certain importance, however, and an adequate treatment 
of it in books will always be needed. Formerly it was hoped that 
the subject of gases would ultimately merge into a general kinetic 
theory of matter; but the theory of condensed phases, insofar as it 
exists at all today, involves an elaborate and technical use of wave 
mechanics, and for this reason it is best treated as a subject by itself. 

The scope of the present book is, therefore, the traditional kinetic 
theory of gases. A strictly modern standpoint has been maintained, 
however; an account has been included of the wave-mechanical theory, 
and especially of the degenerate Fermi-Dirac case, which has not been 
written up systematically in English. There is also a concise chapter 
on general statistical mechanics, which it is hoped may be of use as an 
introduction to that subject. On the other hand, the discussion of 
electrical phenomena has been abbreviated in the belief that the latter 
voluminous subject is best treated separately. 

The book is designed to serve both as a textbook for students and 
as a reference book for the experimental physicist; but it is not intended 
to be exhaustive. The more fundamental parts have been explained 
in such detail that they are believed to be within the reach of college 
juniors and seniors. The two chapters on wave mechanics and statis¬ 
tical mechanics, however, are of graduate grade. Few exercises for 
practice have been included, but a number of carefully worded theorems 
have been inserted in the guise of problems, without proof, partly to 
save space and partly to give the earnest student a chance to apply for 
himself the lines of attack that are exemplified in the text. 

To facilitate use as a reference book, definitions have been repeated 
freely, I hope not ad nauseam. The chief requisite for convenience 
of reference, I think, is a careful statement of all important results, 
with definitions and restrictions not too far away. 

Ideas have been drawn freely from existing books such as those of 
Jeans and Loeb, and from the literature; many references to the latter 
are given, but they are not intended to constitute a complete list. I 
am indebted also to Mr. R. D. Myers for valuable criticisms, and to 
my wife for suggestions in regard to style. 

Ithaca, New Yoek, EaRLE H, KeNNARD. 

January, 1938 . 


V 




Preface 


CONTENTS 


Page 

V 


CHAPTER I 

Elements of the Kinetic Theory op Gases . 1 

1 . The Kinetic Theory of Matter. 1 

2 . Atoms and Molecules. 3 

3. Statistical Nature of the Theory. 5 

4. Gaseous Pressure. 0 

5. Calculation of the Pressure.• 7 

6 . Dalton’s Law .. 9 

7. Mass Motion. 9 

8 . Reversible Expansion and Compression. 11 

9. Free Expansion.. 

10. Isothermal Properties of the Ideal Gas.Kj 

1 1. Avogadro’s Law.. g 

12 . The Temperature.. 

13. The Thermodynamic Temperature Seale. 20 

14. The Perfect-gas Law. 22 

15 . Molecular Magnitudes.24 

16. Rapidity of the Molecular Motion.26 

CHAPTER 11 

Distribution Law for Molecular Velocities .28 

17. The Distribution Function for Molecular Velocity.28 

18. Distribution Function in Other Variables.30 

19 . Remarks on the Distribution Function. 31 

20 . Proofs of tho Distribution Law.32 

21 . Molecular Chaos. 33 

22 . The Effect of Collisions upon /. 34 

23. Velocities after a Collision. 39 

24. The Inverse Collisions.•. 37 

26. The Rate of Change of tho Distribution Function. 39 

26. The Equilibrium State .. 40 

27. Rigorous Treatment of the Equilibrium State.42 

28. Maxwell’s Law.. 

29. Use of a Distribution-function in Calculating Averages.48 

30. Most Probable and Average Speiuls. 4 g 

31. Mixed Gases. Equipartition. 51 

32. Uniqueness of tbe Maxwellian Distribution. The H-theorem.... 62 

33. Reversibility and the //-theorem. 55 

34. Principle of Detailed Balanoing. 55 

35. Doppler Line Breadth. 53 


vii 










































VIU 


CONTENTS 


Paoh 


OHAPTBR III 

Genebal Motion and Spatial Distribution op tub Molbculbs 60 

Unilateral Flow of the Molecules 

36 Effusive Molecular Flow 00 

37 Formulas for Effusive Flow 01 

38 Molcoulai Effusion 64 

30 Thermal Transpiration . 00 

40 Knuds en’s Absolute Manometer 67 

41 Evapoiation 08 

42 Observations on the Rate of Evaporation 70 

43 Test of the Velocity Distribution in Effusive Flow 71 

The General Disti ibution-function 

44 A Gas in a Force-field 74 

46 Density in a Force-field 74 

46. Maxwell's Law m a Force-field 76 

47 The Tompoiature of Satinated Vapoi 79 

48 The Terrestrial Atmosphoio 79 

49. Cosmic Equihbiium of Planetaiy Atmospheres 81 

60 The Gonoial Distribution-function 86 

61 DilTorontial Equation for the Distribution-function , 86 

62 Applications of the Differential Equation , 80 

Tho Boltzmann DisUibution Formula 

B3 Tho Classical Boltzmann Distiibution Formula 90 

64 The Boltzmann Foimula m Quantum Thcoiy 98 

66 Special Cases of tho Bolt/mann Formula 06 

Free Paths and Collisions 

66 Molecules of Finite Size 07 

67 Tho Moan Fioe Path and Collision Rate 08 

68 Dopondenco of L and 0 upon Density and Tomporaluio , 100 

69 Distiibution of Fico Paths, Absoiption of a Beam 101 

60 Tho Mutual Collision Cioss Section 103 

61 Tho Moan Fioe Path in a Constant-speed Gas 106 

62. A Molecular Beam m a Maxwellian Gns 107 

63 Mean Free Path and Collision Rato at Constant Speed 109 

64 Moan Free Path and Collision Rato in a Maxwellian Gas 110 

65 Magnitude of the Correction foi Maxwell’s Law 113 

66 Mode of Detenninnig L and 5 or o- 113 

67 ColliBions in a Real Gas . 113 

Molecular Soattonng 

68. Tho Scattcung Coefficient . , 115 

69, Clnsaioal Scattering Coofiioiont for Symmetrical Molecules with Fixed 

Soattoior . ,110 

70 Examples of tho Scattering Coofiioiont 118 

71 Relative Soattonng 120 

72 Classical Scattering Coofiioiont for Fico Symmetrical Molecules 122 

78. Tho Experimental Determination of the Collision Cioss Sootion 124 
74, ICnauor’s Observations on Scattering , , . 126 

76, Tho Wave Mechanics of a Particle , 127 

76. Tho Indotcrminalion Piinciplo 180 

77. Wave Mechanics and Molecular Collisions 181 

78. Wstvo-mochamcal Scattering Coofiioients , , , , , , , 132 



CONTENTS 


ix 

Paob 


CHAPTER IV 

Viscosity, TiiEmMAL Conduction, Diffusion . 136 

A Viscosity 

79 Viscosity , 130 

80 Fluid Strcssos m Gonoral , . 137 

81 Simple Theory of Viscosity 138 

82 The Moan Free Path across a Fixed Plano 141 

83 Correction for tho Velocity Spiead 142 

84 Further Correction of tho Viscosity Foimula 146 

86 Now View of tho Moloculai Process 140 

86 Final Viscosity Formula Magnitudes of L and <r 147 

87 Variation of Viscosity with Density 148 

88. Variation of Viscosity with Toinpeiatuio 160 

89 Viscosity and Tempoiatuio with an Tnveise-powci Foico 162 

00 Viscosity and Tempoiatuio on Suthoiland's Ilypothosis 164 

91 Viscosity and Tomporatuio Othoi Ilypothosea, 157 

02 ViBcofiity of Mixed Gases 100 

B Conduction of Heat 

03 Tho Kinetic Theory of Heat Conduction 162 

94, Simple Theory of tho Conductivity 103 

96 Tliormal Conductivity of Symmotrical Sinnll-fiold Molecules I’lrst 

Step 106 

90, Tliermal Conduclivity on Moyer's Assumption 168 

07 Thermal Conductivity Second Stop 100 

08 Effect of One Collision upon 172 

99 Average of tho ElTect on 178 

100 Total Effect of Collisions on 176 

101, Thermal Conductivity Final Appioxiinale Foimula 177 

102 Final Collection of tho Conductivity Formula 179 

103. Comparison with Observed Conduotivitios 180 

104, Conduotion of Heat by Complov Molecules 181 

106 Properties of the Conductivity 182 

C Diffusion: 

106 Diffusion 184 

107. Tho Cooffioiont of Diffusion 186 

108 Simple Theory of Diffusion 188 

109 Approximnlo CoofUcient of Diffusion for Sphorioally Symmotrical 

Molecules . , , 190 

110 Self-diffusion , , , 194 

111 Tho Gorrooted Diffusion Coefficient . 106 

112, Experiments on tho Variation with Composition 100 

113 Diffusion at Various Pressures and Tompoiaturos . 197 

114 Numorioal Values of the Diffusion Coefliciont 109 

IIB, Forced Diffusion . , , , 201 

116 Thermal Diffusion 204 

OIIAFrEB V 

Tna Equation of State 20(1 

U7. Tho Equation of Stale 206 

U8. Tlio Equation of van dor Waals , 206 

110 Tlie van dor Waals Tsothormals . 208 



X 


CONTENTS 


Paom 

120 Quantitative Testa of van dor Waals’ Equation 210 

121 More Exact Theory of the Pressuie in a Denso Gas 211 

122 Hard Attracting Spheres Tho Repulsive Piossuro 214 

123 Equation of State for Haid Attracting Sphoies 217 

124 Tho Value of & , , . 218 

126 Othoi Equations of State 218 

126 Senes for pV, Viiial Cooffioionts 221 

127. The Second Vinal CoofTiciont 222 

128 The Second Virial Cooflicient and van dor Waals' Equation 223 

129 Thcoiy of tho Second Vmal Coofiiciont, B 226 

130 Nature of Moleculai Porecs 228 

131 B with an Invereo-power Force 220 

132 Classical Calculations of B 230 

133 Calculations of B by Wave Mechanics 232 

134 B for Mixed Gases , 234 

136, Tho Virial Theorem , 236 

CHAPTER VI 

Enbuqy, Entkopt, and Spbcific Heats , 238 

Infoimation Obtainable from Thoi mo dynamics 

136 Some Dofimtions and Basic Principles 23fl 

137 Differential Equations foi tho Eiioigy U , 240 

138 Experimental Moasuroineiit of Enoigy and Entiopy, tho Rpecifio Heats 242 

139 Spooific-hoat Relations 244 

140 Variation of the Speciflo Heats 246 

141 Thermodynamics of PorfcoL and van doi Waals Gases 240 

Specific Heat of tho Perfect Gas 

142 Molecular Energy 248 

143 Tho Classical Theory of Spooifio Heat 240 

144 Comparison with Aotiml Spooifio Heals 261 

146, Tho Spooifio-hcat Difforonco, 264 

146 Tho Pioblem of tho Internal Enoigy 264 

147 Quantum Tlicory of the Spocifio Heat 266 

148 Variation of Specifio Heat witli TomporaLuro , 267 

149 Tho Case of Hat momo Osoillators 268 

160 Hydrogen , 2(10 

161 Para-, Ortho-, and Equilibrium Hydiogoii 202 

162 Spooifio Iloat of Hydrogen , , , 204 

163 Specific Heats of Mixed Gases .... 206 

CHAPTER VII 

Fluctuations . . . , 207 

Phenomena of Dispersion* 

164 Tho Simple Random Walk 208 

16B Tho Vaiied Random Walk , 271 

160, Dispersion of a Gioup of Molecules . 272 

167 Molecular Scattering of Light 278 

Fhiotuations about an Avciago 

158 Theory of Fluctuations about an Avoiage 276 

169, Examples of Molooulai Fluctuations . . . , , 270 



commTs xi 

Paob 

DiftuBion and tho Brownian Motion: 

160. Tho Brownian Motion.280 

161. Theory of tho Brownian Motion.281 

162. Observations of Biwnian Motion.284 

163. Diffusion na a Random Walk. 286 

164. Brownian Motion under External Force. 287 

CHAPTER VIII 

PnoPBUTiEB OP Gases at Low Densities.291 

Motion in Rarefied Gases: 

166. Viscous Slip.. 292 

160. Steady Flow with Slip.293 

167. Maxwell's Theory of Slip.206 

168. Discussion of tho Slip Formula.206 

160. Observations of Slip.208 

170. Frco-moleculo Viscosity.300 

'171. Preo-moloculo Flow through Long Tubes.302 

172. Tho Long-tube Formula.304 

173. Plow through Short Tubes.306 

174. Observations of Free-moloculo Flow.308 

176. Stokes’ Law for Spheres.300 

Thermal Conduction in Rarefied Gases: 

176. TomporaUiro Jump and tho Accommodation Coefficioiit.811 

177. Theory of the Tempornturo Jump.312 

178. Pree-moloculo Heat Conduction between Plates.316 

170. Frec-molooulo Conduction between Coaxial Cylinders.318 

180. Observed Variation of tho Aocommodation Goofficiont.320 

181. Magnitude of tho Accommodation Coofneiont.322 

182. Spectral Emission by an Unequally Heated Gas.324 

183. Theoretical Calculations of tho Accommodation Coofficiont.326 

Tliormal Creep and tho Radiometer: 

184. Thermal Creep.327 

186. Tho Creep Volooity... . 328 

180. Thermal Pressure Gradients and Transpiration.880 

187. Thermal Gradients at Moderate ProsBuros.381 

188. Tho Radiometer and Photophorcsis.. ... 333 

189. Tho Quantitative Theory of Radiometer Aotion ..336 

CHAPTER IX 

Statistical Mechanics. 838 

190. Nature of Statistical Mechanics.338 

A. Classical Statistioal Moohanics; 

191. System Phase Space. 339 

192. Roproaontativo Ensembles.340 

193. Tho Ergodic Surmise.341 

194. Liouvillo’s Theorem.343 

196. The Ergodic Layer and tlio Microoanonioal Ensemble.344 

190. Tho Point-mass Perfect Gas. . SdO 

197. Tho Molecular Distribution, Molecular Chaos. 848 

198. The Loose Many-moleeule System . . .... .850 










































xh 


CONTENTS 


190 The Most Piobablo Distribution 

200 Tlic Most Probable ns a Normal Distribution 

201 Some Genoializations of tlip Loose Manv-moloculo System 

202 Intioduotion of the ToiniioraUuo 

203 Entropy 

204 Bntiopy of tho Monatomic Gas 

205 Tho Gonoral Boltzmann Distiibution Law 

206 Tho Equipaitition of Enoigy 

207 Tho Canonical Distiibution and Ensemble 

208 Entropy iiiidci a Canonical Distribution 

209 Tho Second Law of TheimodynaimcB 

210 Entiopy and Probability 

211 Relations with Boltzmann’s // 

212 Entropy as a Measure of Range m Phase 
213, Relativity and Statistical Tlicoiy 

Statistical Wave Mechanics 
214 Tho Wave-mechanical Dcsoiiption 
21B Tho Exolueion Principle 
210 Tho State of Equilibiium 

217 A Piioii Piobabilitics 

218 Tho Many-moleoulo System without Intoinotion 

219 Poimi-Diino and Bose-Einstom Sots of Similni Molecules 

220 The Loosely Coupled Mnny-molcculo System 

221 Statistics of tho Loose Many-moleoule System 
222, Intioduotion of the Tomperaluio 

223 Case of Largo Enoigica Classical Theory as a Limit Form 

224 Entiopy of a Loose Many-molcculo System 

226 Statistics of Mixed Systems 

220 Tho Canonical Distribution in Wave Mechanics 

227 Tlio Entiopy 


CHAPTER X 


Wave MHciiANica op Gases 

228 Tho Perfect Gas in Wave Mechanics 

229 Tho Point-mass Poifoct Gas , . 

230 The Two Typos of Point-mass Gas 

231 The Iloinogoncoiis Point-mass Gas in Equilibimm 

232 Tho Appioncli to Classical Bohnvioi 

233 The Numboi of States 
234. Tho Zoio-point Entiopy 

236 Clioimoal Constant and Vapor Piessiuo 

236 Tho Pormi-Diiac Gas of Point Masses 

237 The Dcgonoiato Foimi-Diiao Gas 

238 Tho Boso-Einstom Gas of Point Masses 

239 Complex Gases 

240. Fieo Elections m Metals , 

241, Dogonoiacy in Actual Gases 

242 Dissociation 

243 Dissociakon in tho Classical Limit . 

244 A Gas Not m Equtlibiium ■ 


Paob 

362 

354 

366 

367 

360 

361 

362 
364 

366 

367 

367 

368 
371 
371 
872 

373 

376 

376 

377 
370 
380 
382 
382 
885 

387 

388 
380 

300 

301 


303 

303 

305 

397 

307 

401 

402 

406 

407 
409 
412 

416 

417 
419 

421 

422 

426 

427 


CONTENTS xiii 

PAa» 

CHAPTER XI 

Elbctrio and Magnetic Properties op Gases .432 

Tho Diolootrio Constant: 

246. Polarization and the Dioloctrio Constant.432 

246. The Local Electric Field ..433 

247. Tho Moan Molecular Moment g .436 

248. Tho Molecular Polarizability a .430 

249. Tho Clausius-Mossotti Law.437 

260. Polarization Duo to a Pormanont Moment.438 

261. Behavior in Intense Fields.441 

262. Tho Variation with Temperature.441 

263. Quantum Theory of Polarization.442 

264. Initial Polarizability by Perturbation Theory.444 

265. Wave Mechanics of tho Dumbbell Molecule.448 

260. Polarizability of a Dumbbell Moloeulo with a Structural Moment. . 460 

Magnetic Susceptibility: 

267. Magnetism and Molecular Magnotizability.464 

258. Langovin’s Theory of Paramagnetism. 466 

269. Quantum Theory and Magnotizability.460 

200. Sources of Molecular Magnetism.467 

201. Wave Mechanics in a Magnetic Field. 468 

202. Magnotizability by Perturbation Theory.400 

203. Diamagnetism.402 

204. Paramagnetism.403 

Motion of Electricity in Gases: 

206. Tho Motion of Ions in Gases.404 

206. Tho Mobility.400 

267. Mobility of Heavy Ions.407 

208. Tho Mobility of Free Electrons. 409 

209. Elementary Theory of Electronic Mobility . ..470 

270. Actual Electron Mobilities.473 

Some Inthguai/S. 477 

Important Constants . 478 

Index. 479 

































KINETIC THEORY OF OASES 


CHAPTER I 

ELEMENTS OF THE KINETIC THEORY OF GASES 

Of all states of matter the simplest is the gaseous state. The laws 
of this state were discovered long ago; and during the middle part of the 
last century the essentials of an adequate theoretical interpretation of 
these laws were worked out. This theory, of course, constitutes only a 
part of a general Idnetic theory of matter, which is the ultimate goal. 
It has become clear, however, that the theory of liquids and solids 
must necessarily involve an extensive use of quantum mechanics, and 
such a theory is as yet only in its beginning stage. Since the methods 
and conceptions required to handle these condensed phases of matter 
are thus widely different from those that are appropriate to the treat¬ 
ment of the gaseous phase, it is still convenient to treat the theory of 
gases by itself as a distinct subdivision of physics. 

The purpose of the present volume is to give a concise account of 
the kinetic theory of gases as this theory exists today, and of its princi¬ 
pal applications to the results of experiment. 

1, The Kinetic Theory of Matter. The structure of matter is a 
very old problem, and for the beginnings of modern theory wo must go 
back to the early Greek philosophers. Driven by their basic urge to 
see in all phenomena the operation of a few fundamental principles, 
these philosophers sought to reduce to simpler terms the immense 
variety of natural phenomena by wliich they were surrounded. Hera¬ 
clitus, about 600 n.c.j played a large part in initiating one of the princi¬ 
pal lines of Greek thought by advancing the view that everything is 
composed in varying proportions of the four elements, earth, water, 
air, and fire; the olemehts and all mixtures of them he assumed to bo 
capable of unlimited subdivision into finer and ever finer particles 
without losing their essential properties. On the other hand, Leucippus 
and especially Democritus (about 400 B.O.), holding that motion 
would be impossible unless there existed empty apace into which a 
moving body could move, preferred the hypothesis that all matter 
consists of very small particles separated by void. Tliese particles 
were supposed to be of many different si 2 ies and shapes and to be 

1 



2 


KINETIC TIIEOUY OF GASES 


[Giup I 


engaged in continual lapicl motion, the vaiious pioperties of matciial 
objects aiising fiom dilToicnccs m the lands of atoms oi from difPei- 
cnccs in thcii motion This view was iejected by Aiistotle, but in 
spite of lus gieal authoiity it icmaincd cuiient to some extent, and wo 
find it developed at gieat length in the poem "De rcruin iiatuia” by the 
liomaii wiitei Luciotius (a d. 56) 

Tlic Icinotie theoiy of mattci thus aiose in faiily definite foim among 
the ancients, but they discovoied no jiioofs of its tiuth which wcic of 
the convincing quantitative soit so characteiistic of modern science. 
In ancient times and dining the Middle Ages the theoiy lemained 
inciely one among scveial altci native speculations, accepted by some 
thinkois on the basis of its geiieial atti activeness, but emphatically 
1 ejected by othcis 

Afici the Revival of Learning the theoiy undeiwont a slow giowth 
as physical conceptions took on more precise foims The phenomena 
oi heat wcie ficqucntly attiibuted to the assumed motion of the atoms, 
and Gassendi (1658) iccognizcd the relatively wide spacing of the 
particles in a gas such as air On this basis Ilookc (1078) attemiitcd, 
although in a confused way, to give an explanation of Boyle’s law. 
The fiist deal explanation of this law, howovei, including the assump¬ 
tion that at constant Icmpciatiiie the mean velocity of the particles 
lemains constant, seems to have boon given by D Boiuoulh in 1738. 
T'hc contributions of Beinoiilh to the theoiy might be regaidcd as the 
beginning of the tiiily quanlUative kinetic theory of ga.se,s 

Soon aftoi 1800, a vciy impoitaiit development of the atomic 
theoiy oecuired, in the use that Davy and others made oi it to explain 
the law that chemical combination always occiiis in simple piopoi tions. 
'^riion, between 1840 and 1860, the woik of Mayci and Joule on the 
mechanical equivalent of heat, icinforcing the qualitative but vciy 
convincing experiments of Rumfoid and Davy thirty years befoie, 
finally biought goneial conviction that heat is not a sub.stancc but a 
ioim of energy, consisting, at least in laigo part, of the kinetic energy 
of motion of the molecules 

The time was now lipc foi the development of a thoioughgoing 
quantitative kinetic theoiy of gases, and wo find the pimcipal fiame- 
woik laid within the next twenty-five ycais (1867-1880) by Clausius, 
Maxwell, Boltzmann, and others. The lemaining years of the nine¬ 
teenth centuiy were then a pciiod of quiet during which only a few 
fuithor refinements weie added 

The twentieth century has scon not only a still fuither slow growth 
of tho theoiy along the linos initiated by Clausius and Maxwell, but 
also bucccbsful applications to new cxpcnmcnts which served finally 
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to convince the last doubters of its truth. There came first the 
experiments of Perrin (1908) and others on the Brownian movement, 
which showed pretty definitely that here we are actually witnessing the 
eternal dance of the molecules that is postulated by kinetic theory, 
the suspended particles playing the role of giant molecules. Then 
followed a number of phenomena in which detectable effects are pro¬ 
duced by one atom or molecule at a time, such as the scintillations 
made by alpha particles upon a fluorescent screen, or ^he click in a 
Geiger counter recording the passage of a single electron; and finally, 
during the last twenty years, there has come the overwhelmingly 
successful quantum theory of the internal structure of the atom itself. 

At the present time the atomic theory of matter and, as a special 
case, the kinetic theory of gases, is perhaps second only to the Coperni- 
can theory of the solar system in the completeness of its experimental 
verification. Today we know the mass and size—in so far as it 
possesses a size 1—of an atom of any chemical element with the same 
certainty, although not yet the same degree of precision, as the astrono¬ 
mer knows the mass and size of the sun. 

2. Atoms and Molecules. One of the most important advance.s 
in atomic theory was the distinction introduced a hundred years ago 
between atoms on the one hand and molecules on the other. This 
distinction has lost a little of its sharpness of late, but wo can still say 
with substantial truth that an atom is the smallest portion of matter 
which has the property of remaining e.ssentinlly intact in every 
chemical reaction, whereas a molecule is the smallest portion which 
possesses the chemical properties of a definite chemical substance. 

Until some thirty years ago, atoms wore commonly described as 
indivisible, and the fact that nowadays wo are breaking them up rather 
freely is sometimes hold up as an example of the mutability and hence 
unreliability of the results of science. Such a view rests, however, 
upon a misinterpretation of scientific statements, for which the blame 
must sometimes bo laid at the door of scientific men themselves, espe¬ 
cially the writers of textbooks. Those old statoinonts about indivisi¬ 
bility really meant only that the division 'could not be accomplished by 
any moans known at that time, and this statement remains (so far as 
wo knowl) as true today as it was then; the modern methods of break¬ 
ing up an atom require experimental methods that have been dis¬ 
covered only recently. 

Of the internal structure of atoms* we po.sse8s today a fairly com¬ 
plete theory. All known facts agree excellently with the assumption 

* A good summary of tho theory can bo found in “Introduction to Modern 
Physics,” by P. K. Richtmyor, 2d od., 1034. 
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that each atom consists of a positively chaigecl nucloPS suirounded (in 
geiieial) by a cloud of negatively charged elections Under ordinaiy 
conditions the number of elections present is just sufficient to make the 
whole atom clccliically noiitial Chemical combination then consists 
m a union ol two or moic atoms into a close gioup or molecule) one 
or moio of the outer elections of each atom changing position, m many 
•eases, so as to belong lather to the molecule as a whole than to any 
pai ticulai atom m it In the gaseous state of matter the molecules aie 
aopaiated most of the time by distances that aie lathei laige in com- 
paiisoii ivith their diametois (about nine times, in aii of normal 
density) In liquids and solids, on the othei hand, the spaces between 
them tend to bo even smallei than tlie molecules themselves, and in 
many ciystal lattices (c g, potassium chloride) the aiiangemcnt is 
such that the identity of the molecule seems to become entiioly lost—■ 
such a ciystal is leally itself “one big molecule” (Biagg). 

In a gas we should expect, accoidmgly, that the molecules would 
move about ficcly dining most of the time; they should move almost 
in stiaight lines until two of them happen to come so close together 
that they act stiongly upon each othei and something like a “colli¬ 
sion” occuis, after which they sepaiatc and move off in new directions 
and piobably with different speeds Just what happens in a collision 
must depend on the laws of moleculai force-action As the gas is 
made raier, however, the collisions must become loss fiequcut, and the 
intervening free paths longer; then the details of the process of collision 
will bo loss impoitant and only the resulting changes of molecular 
velocity will be significant Thus we are led to idealize the gas foi the 
pill pose of making the fiist stops toward a thcoiy, as was done almost 
unconsciously by the earliest thcorizers. For oui first deductions we 
shall assume an ideal oi perfect gas in which the molecules aio negligibly 
small, 1 0 , cxoit appreciable forces upon each other only when tlicir 
conteis of mass appioach within a distance that is very small compaiod 
with their avoiage scpaiation in the gas. In latoi chapters we shall 
then endeavor to soften, and if possible to remove, this restriction 

Wc assume, of course, that the molecules obey the laws of mechanics 
For phenomena on the moleculai scale these dopait so far from the 
Newtonian laws as to raise ical doubt whether the conceptions of 
classical kinetic thcoiy are applicable to actual gases at all. Wo shall 
ictuin to this subject later (Chap III, end, and Chap X), it appeals 
that a theory based upon classical mechanics is novel theloss practically 
correct foi the ideal, indefinitely laio gas at high tempcratiu e Such a 
thcoiy still possesses, thoicfoio, gieat u.scfulness as a first appi oximation 
to the tiiic quantum-mechanical theory, which is decidedly complicated. 
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Heat energy we shall, of course, interpret as mechanical energy of 
the molecules. At least part of it will be kinetic energy of translation 
of the molecules as wholes, but there may also be kinetic energy of 
rotation; if the atoms constituting the molecule are capable of vibratory 
motion relative to each other, there will furthermore be internal energy 
of vibration; and finally there may bo energy of motion of the electrons 
in the atom, or rather its quantum'-mechanical equivalent. Finally, 
corresponding to the forces that act between the molecules when they 
approach closely, there will bo in greater or less degree a store of inter- 
molecular potential energy; in liquids and solids, in so far ns we can 
employ the classical picture at all, this part of the energy must be largo. 
In our thinking we must not forget that all of these various forms are 
included in the “heat energy” of the substance and contribute more or 
less to its specific heat. 

Friction wo assume, of course, to be entirely absent in the interac¬ 
tion of the molecules themselves; these constitute conservative mechan¬ 
ical systems. The ordinary conversion of mechanical work into heat 
by friqtion we interpret merely as a conversion of mechanical energy 
into molecular forms whose exact nature can no longer be recognized by 
the ordinary methods of experimental physics; in the case of gaseous 
friction the mechanism by which this conversion is effected is easily 
followed and will bo discussed later. The motion of a visible body 
represents an organized component in the motion of the molecules; 
after the body has been brought to rest by friction, there may be, 
especially in a rare gas, just as much motion as there was before it was 
stopped, only now the motion formerly visible has become part of the 
complotoly disorganized heat motion and so is no longer perceptible as 
motion at all, 

, 3. Statistical Nature of the Theory. Since wo cannot possibly 
follow every molecule and calculate its exact path, wo must in kinetic 
theory be content almost entirely with statistical results, and tliese are 
ip all cases sufficient for practical purposes. By the density of a gas, 
for instance, what we really mean is the ratio of mass to volume for a 
m(i(foscopically small volume, i.e., a volume just small enough so that 
for the experimental purpose in hand it can bo treated ns indefinitely 
small. If the gas is dense enough so that auoh a volume contains 
many molecules, the density as thus defined will vary only to a 
negligible extent as individual molooulos enter and leave the volume. 
If the density becomes too low for this condition to hold, wo may still 
be able to secure a sufficiently steady macroscopic density by averaging 
the number of molecules in the volume over a macroscopically small 
interval of time, during which individual molecuJos pass into and 
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out of the volume many times, or we may turn our attention to tho 
Jliictuations of the density caused by the iiiogular molecular motion 
When all such devices fail, the common methods of kinetic theoiy 
simply become inapplicable and wo aio compelled to tieat tho molecules 
as individuals. 

A similai discussion applies to all other magnitudes associated with 
a gas (oi with any other physical body, foi that mattoi), such as picssuro 
01 tcmpei atuie These conceptions aie all statistical in natuie, and the 
relations between them that aie expicssed by our foimulas, while they 
may be mathematically exact, lepiesent the ical situation only with a 
ccitain degiee of appioximation 

4. Gaseous Pressure. The mo.st cliaracteiistic property of a gas, 
as contrasted with a liquid or solid, is its tendency to expand mdefi- 
iiitely or, if confined, to exert a positive piessuio upon the walls of 
the containing vessel. This propeity is inteiprcted in tlie kmotio 
thcoiy as aiising fiom the continual motion of the molecules, and on 
this basis a quantitative expression for the prcssiiic is easily obtained 

In piactice, however, it is also convenient to think of any poition of 
the gas as exciting pressure upon contiguous poitions of the gas itself 
To cover this case, a doflmtion of the pressiuo is convenient in which, 
the latter is leprcsonted as stieam density of momentum. If an 
imaginaiy plane surface is drawn tin ough a mass of matter, momentum 
is Gontmiially being tiansmitted acioss this suifaee in both directions, 
cither by means of forces oi by being carried acio.ss it by molecules 
which themselves actually cioss tho suifacc Lot us choose a ceitain 
diicction noimal to tho suiface as the positive one and take only tho 
component of the momentum in this diicction, Then tho pi'easwe 
acting acioss tho surface can be defined as the net i ate at which momen¬ 
tum noimal to it is being tiansmitted acioss it per unit area in tho 
positive diicction, momentum tiansmitted in tho opposite diicction 
being counted as negative. 

Wc shall show fiist that m a gas in equilibiium tho picssiire so 
defined is the same in the midst of tlie gas as tho piessure on tho walls 
of the vessel Tho piessiue upon a rigid wall arises fiom forces 
excited upon it by those molecules which happen at any imstant to bo 
undergoing collision with it If 8Fn denotes tho sum of tho component,s 
noimal to the wall of all such foicos acting upon a macroscopically 
small element of area thou the piossuio is 8Fn/SS (or the time aver¬ 
age of tins expiossion ovci a macioscopically shoit time). Those 
forces can be supposed to bo impaiting noimal momentum to the wall 
at a lato equal to tho piessure; if the wall novortheloss stands still, that 
is only because other foiccs acting simultaneously from without impait 
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to it momentum in the opposite cliroctioii at an. equal rate. Corre¬ 
sponding to 5Fn there are also, by the law of action and reaction, equal 
and opposite forces exerted by the wall upon the gas molecules, and 
these impart equal and opposite momentum to the gas. 

Suppose now we draw an imaginary plane surface S througli the gas 
parallel to the wall. Then, gas and wall being assumed at rest, the 
amount of momentum po8.scssod at each instant by tho.se molecules 
that lie between the surface S and the wall remain.^ constant. The con¬ 
tinual inflow into this region of momentum directed away from the 
wall, duo to the action of the wall upon the gas, must therefore bn 
balanced by an equal inflow across S of momentum directed toward the 
wall. Thus the pressure of the gas lying beyond 8 iq)on the layer of 
gas in.sido of Sy defined as stated above, must bo equal to the jn'o.ssuro 
of the gas upon the wall. The pressure can, therefore, be calculated as 
a transfer of momentum between contiguous portions of the gas. 

6. Calculation, of the Pressure. Consider a ma(U’oscopi(!ally small 
plane of area drawn anywhere in the midst of a stationary mas.s of an 
ideal gas as defined above (cf. Fig. 1). In such a gas 
the only appreciable mechanism for the tran.sfer of 
momentum is that of molecular convection, the mo¬ 
mentum being carried across by molecules which them¬ 
selves cross the plane; for wo can neglect the very rare 
cases in which two molecules lie close enough together, 
one on one side of S and one on the opposite, to exert 
forces upon each other. Now a molecule mpving with 
speed V in a certain direction will cross bS during a given 
interval of time dty provided at the boginning of dt it lies within a cer¬ 
tain cylinder of slant height vdt drawn on bS as a base (cf. Fig. 1); and if 
it does cross, it will carry over a norjual component of momentum mvji 
whore m is its mass and Wj. denotes the component of its velocity in a 
direction perpendicular to bS. The volume of this cylinder being 
vx dt bS, the number of .such molecules lying within it at the beginning of 
dt will bo nvV± bS dt, Uv being the number of moloc.iilcis per unit volunui 
that are moving in the manner assumed. 'J-’ho total normal component 
of momentum tlnis transferred will therefore be 

(WdUx bS dl)mvx. (1) 

All of the molecules can bo divided into such groups. Lot lis tako 
wx to be positive when it has that direction along the normal to SS wliich 
we choose as the positive one. ^'11011 molecules with a positive value 
of wx can cross and transfer po.sitive normal momentum mwx in the posi¬ 
tive clirootion across bS\ thoso with negative Vx will cany negative 
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momentum, but they also cross in the negative diiection, hence then’ 
effect upon the momentum in the gas lying on the positive side of 
IS the same as if they had ciossod positively canying an equal 
amount of positive momentum, and accoiclingly the same expression (1) 
can be used for their contiibution to the net momentum transfei 
Hence we get the total transfer of momentum by summing (1) over all 
gioups of molecules m the gas Dividing the result thus obtained by 
di, wo find foi the amount of momentum noimal to dS transfer!od 
aeioss it by convection in the positive diiection per unit aica poi 
second oi, by definition, the pressui e, p — We can also wi ito 

foi this simply 

p = (2a) 

the sum extending over all molecules in unit volume (more exactly, since 
only molecules near 8S can contribute to the pressure, the sum is to bo 
extended over all molecules in a macioscopically small volume and the 
result is then to bo divided by the volume). 

The same result is obtained, of couise, fiom the conventional 
calculation of the piossure on the wall The momentum delivered to 
the wall by molecules falling on it at a certain angle is twice as large as 
expiession (1) because each molecule has its normal component of 
velocity reversed; but then the final sum extends only ovei those 
molecules that aio moving towaid the wall, which is half of them, and 
the pressui e thus comes out as given in (2a) 

Equation (2a) holds for any ideal gas at rest. In the special case in 
which all molecules have the same mass, we can take out w as a con¬ 
stant factor in all toiins of the sura and write 

p ~ mYhVx.^ = (21)) 

wheion = total number of molecules per unit volume, p =5 nin = ordi¬ 
nary density of the gas, and the bar over a symbol denotes the average 
of that quantity taken for all molecules in unit volume Let us assume, 
as wo should expect to be the case in a gas in complete equilibrium and 
shall veiify later, that all dhections of motion aio equally probable 
(cf. the principle of molecular chaos in Chap II). Then, taking the 
a;-axi8 of a set of cartesian coordinates in the direction of the positive 
normal to 88 and denoting the components of the velocity by 
we have from symmetry — y®, and, since y® = yj + + y*, 

y2 Hence (26) can bo written in either 

of the foims: 

p ~ I nmv^ = i pV = ^ y^, 
y = 1/p standing for the volume of a gram 


(3a, 6) 
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If tho molecules are of several different kinds with respective masses 
Wf and densities n{ in terms of molecules and pf in terms of grams, we 
can treat in the preceding way tho part of tho sum in (2a) that corre¬ 
sponds to each kind and obtain thereby for the total pressure, as an 
extension of (3a), 

■ P = (4) 

i i 

summed over the different kinds of molecules. As an alternative 
expression, since the kinetic energy of translation of a group of mole¬ 
cules of mass m is mv^ = ^ nmv^, by (3a) or (4) we can write for 
either a simple or a mixed gas 

IK, ( 6 ) 

where AT stands for tho total translatory kinetic energy of tho molecules 
per unit volume. 

Problem. Show that in a two-dimensional gas p — ^ pv^ — K, p 
being here the number of molecules in unit area and AT, as before, their 
mean translatory kinetic energy, 

6 . I)altoh’s Law. From (4) we hnvo at once tho important result 

that, according to our theory, tlie pressuro of a mixture of two or more 
perfect gases is simply the sum of tho pressures which they would 
exert if each occupied the same volume by itself. This is Dalton’s law 
and is known experimentally to be true at sufficiently low densities; 
the departures from it are at most of tho same order a.s tho departures 
from tho perfect-gas law for each of tho component gases, becoming 
noticeable in ordinary gases only when under considerable pressure. 
For example, mixtures of equal parts of argon and ethylene, of oxygen 
and otliylone, and of argon and oxygon, when actually exerting a total 
pressuro of 100 atmospheres, according to Dalton’s law should bo exert¬ 
ing a pressure respectively 8 per cent, 7,2 per cent, and 1.46 per cent 
higher; at 30 atmospheres, however, the nrgon-othylono mixture shows 
a deficit of only 0.86 per cent. In some other cases tho departure from 
the law of additivity of pressuro is in tho opposite direction. * ^ 

7. Mass Motion, We often speak of a gas as being /'at rest” or 
as “moving” with a certain velocity. From tho molecular standpoint 
those statements are obviously to bo understood as referring to tho 
mean velocity of the molecules. It will bo useful to consider at this 
point the relation between this mean velocity and tho true rapid and 
irregular molecular motion. 

* Cf. ^ABSON and DomjHt, Roy, Soc. Prao., 108, 624 (1923). 
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The symbol v will be used consistently to stand for the actual speed 
of a molecule relative to whatever basic frame of reference is being 
employed at the time; to denote its velocity both in direction and in 
magnitude, i e , legarded as a vector, we shall use v printed m heavy 
type, and the thiee components of the velocity referred to a set of 
cartesian axes wc shall denote by i?*, Vy, Vz. Thus at all times 

-h -f t,2. (6) 

Foi the mean oi mass velocity wo shall similaily write vo or Vo; it is 
defined by the equations 

Vo = V, 1C, Woa, = Vz, Vou ~ l„, Vfiz = Vz, (7) 

the aveiagcs being taken over all molecules in a macroscopically small 
volume surioundmg the point in question A gas at rest is then one in 
which 

Vo = 0, i 0, 00® = hu = voz — 0. (8) 

For the total velocity we can then write 

V = Vo + v' (9a) 

or 

— Vood -h y®, Vv = V(,y + v'y, Vz = voz + v'z, (96) 

the sum in (9«) being a vector sum, the new velocity v' thus defined is 
called the velocity of theimal agitation and obviously has the piopcrty 
that always 

^ = 0, ie, = = (10) 

It is then v' and not v for which all directions aie equally piobablo 

when the gas is in equilibiium, so that 

^ * 

Coiresponding to this division of the molecular motion into moss 
motion and motion of thermal agitation, theie exists an important 
theorem concerning the kinetic eneigy. The tianslatoiy kmotio 
energy of the molecules in any macroscopically small clement of 
volume 5 t can bo wiitten 

S'l mv^ = w(y| -f 4- »*) = w(y§, + + ugj 

"H s'w.(yo»y^ + yoX 4" yozw*) 4" wfa*® 4* 0 ^* 

* In a mixed gas whoso composition vanes from point to point, so that intei- 
diffuslon of its constituents is going on, the mass motion is diffoiont for dilToient 
kinds of molecules and tho theory requires modification to make it ontlroly satis- 
faotoiy, bill such refinements seem to ho of no practical impoitanco at piesont 
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by (6) and (9&). Now suppose that the molecules are all alike, or, if 
different kinds are present, let the mass velocity wo be the same for all 
kinds. Then in any sum like S'mwoaV* we can take out tioa as a common 
factor and write 


S'u',- representing a sum over all molecules in 5 t of kind no. j and the 
sum S' extending over all the different kinds. But by (10), S'v',- = 0, 
since the mean value 5' for molecules of kind no. j is simply S'w'^ 
divided by their number in dr. Hence, after reasoning in the same 
way about the y~ and ^-components, wo have 

S'mvosV* = S'?avoi/«v = S'mwoX = 0. 

Furthermore, by (6), 

S'l m(i;§, + vl + vl) - S'l mvl = i (S'm)y§. 

Thus the expression given above for the kinetic energy reduces to 
S'^ mv^ = I (S'?n)y§ + S'^ mv'\ 

in which each sum extends over all molecules in 5t. If we now divide 
this equation through by Sr and note that S'w/5r = p, the density, 
we finally obtain for the translatory kinetic energy of the molecules 
per unit volume 

mv^ ~ \pvl + 2^ ww'*, (11) 

the sums now extending over unit volume in the sense explained 
just under oq. (2), 

Thus the total kinetic cno'gy of translation of the molecules is simply 
the sum of the kinetic energy due to the observable macroscopic mass 
motion and the kinetic energy of thermal agitation. 

Another quantity that requires reconsideration in the presence of 
mass motion is the pressure. The pressure in a moving gas is best 
defined as tlio rate of transfer of normal momontum across a surface 
that is moving “with the gas,” i.e., with a velocity equal to the mass 
velocity Vo. Its value is obviously given by (2a), (3a, h) or (4), with 
V replaced by v', 

8 , Reversible Expansion and Compression, The conceptions and 
the theorem of the last section find an interesting application in tlio 
molecular interpretation of those reversible expansions and compres- 
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sions which aic so impoitant in thei mo dynamics It may help in 
forming cleai conceptions of the molecular processes in a gas if we 
analyze to some extent a case of tins soi t 

Considoi, for example, a mass of gas that is being compressed veiy 
slowly by a moving piston in a cylinder whose walls do not conduct 
heat The motion being slow, the gas will be eveiywhcie close to 
equilibiium and moving with a mass velocity Po that grades downwaid, 
fiom a maximum value at the piston equal to its speed, to zeio at the 
other end of the cylindei (cf Fig 2), 

Under these ciicumstanccs the piston does woik upon the gas; 
the amount of tins woik as the volume V of the gas deci cases by 

—dV IS, as shown m elementary phys¬ 
ics, — p dV, p being the piessuio, and 
at the same time the gas docs negative 
work p dV on the piston. Since no 
eneigy is allowed to Icavo in the form 
rio 2 —Adialmtio comprosBion WOllc done upOll the gaS 

must lomaiii stoicd m it in the foim of an increase in its "intoinal" 
01 “intiinsio" energy, which wo shall call simply tho eneigy of tho gas 
Let us now view this piocoss fiom tho molecular standpoint. 
Accoiding to tho law.s of mechanics the molecules that strike tho 
moving piston rebound fiom it with an inciease in theii kinetic 
energy lepresontmg tho woik done on them by the piston. Thi.s 
does not imply an inciease of equal magnitude m the energy of tlw mat 
ag^tahon of these particulai molecules, howovoi Suppose, for 
example, a molecule moving at velocity v stiikos tho piston Then 
just befoie tho impact its thcimal velocity, accoidmg to (9a), is 
v*' = V “ Vo whole vo, tho mass velocity of tho gas at tho piston, is 
the same as tho velocity of tho piston itself. Thus v' is also the veloc¬ 
ity of the molecule lolativc to the piston, and since, accoidmg to 
tho laws of clastic impact, relative velocity undcigoes an alteiation 
only in diieotioii but not in magnitude, wo see that the molecules that 
strike tho piston do not themselves experienco any gain m energy of 
thermal agitation at alll 

Of com so, it IS an observed fact that the heating produced by tho 
compression under these circumstances is distributed equally through¬ 
out the gas. To see how this becomes about, lot us consider first tho 
flow of translatoiy kinetic energy of tho molecules aoioss any cross 
section QQ' that is moving with tho gas in its mass motion According 
to tho analysis of the last section, tho motion of molecules aoioss QQ' 
will be determined by their thcimal component of velocity alone, and 
tho number ciosaing unit area pei second with a thermal component 
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of velocity v±' pcrpenclicular to QQ' will be Svx' summed over unit 
volume, as in the deduction of the pressure. Each moloculo that 
crosses carries with it total kinetic energy ^ mv ^; licnco an amount of 
kinetic energy is carried across unit area of QQ' per second equal to 

Now wo can obviously write y® ~ Vx® vf, un being the component 
of V parallel to QQ'; and by (9a) ^x = + ^^-L^ *^11 “ H'y Wo denoting tho 

mass velocity and Won being zero and Voi == va in our case. Hence, 
for the rate of transfer of energy wo have 

^ y||®) ~ + 2yi)S9?mx^® "k 

Here S?nwx^ = 0 by (10), or by tlio argument used in order to dispose 
of in arriving at cq. (11). Wo should also expect the last 

sum in the equation to vanish by .symmetry, positive and nogntivo 
values of occurring equally often for the same value of the quantity 
(yj,^“ H“ y|i^*) J and wo shall find later that this is correct so long as there 
is no temperature gradient. In,the middle term, finally, = JJ, 

the pressure [of. (2a) and the end of the last section]. 

The expression for the translatory kinetic energy carried across 
unit area of QQ' per second tluis reduces to pva or to the rate at wliich, 
according to ordinary mechanical analysis, the gas behind QQ' is 
doing work on that alioad. Now if we consider tho mass of ga.s that 
lies between two such moving cross sijctions, as between QQ' and 
Q"Q'", the flow of energy will be greater across tlie fu'st than across 
the second because of the difforonco iu tho values of Vo. Kiiiotio 
energy, therefore, is accumulating between these two cross sections. 
Since, however, tho total energy is tho sum of the thermal energy 
and tho energy of the mass motion, as shown iu tho last section, and 
tho mass motion is constant, the increase must occur in tho thermal 
kinetic energy alone, except in so far as tiiis may subsoquoiitly pass 
over into energy of vibration or tho liko inside tho molecules. To see 
in detail just how v', tho thermal part of tlio velocity, come.s to incmiso, 
is a bit tedious, but we can understand it qualitatively if we note 
that those molecules wliich mingle at a given moment in a given 
region of tho contracting gas have come from neighboring regions 
whoso relative mass motion was one of mutual approach, and the 
molecules thus mingle with higher relative velocities than they other- 
wi.se would. 

because of simple relations such as those it Buirices to develop a 
large part of the kinetic theory for a gas at rest, Accordingly, here¬ 
after ma.ss motion will bo understood to bo absent unless the contrary is 
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specified The extension of the lesults to moving gases can then be 
made easily when lequired 

Piohlem Show that the total momentum of an element of the 
gas IS that due to the mass motion, oi, as a vectoi, it is pVo per unit 
volume. 

9. Free Expansion. Quite a different case fioin the preceding is 
piesented by fiee expansion, in which a gas is allowed neithei to 

exchange heat with its sui roundings nor to 
do external woijc The ideal way to pcrfoim 
such an expansion would be to put the gas 
into one compaitment of a vessel with a 
vacuum m an adjoining compaitment B, and 
then suddenly to open in the partition holes 
so tiny that the molecules of gas could go through only one by one 
(cf Fig 3) It IS very difficult, however, to peifoim an expansion in 
this ideal maimei, and in practice loughor equivalents must bo 
substituted 

Such an equivalent was tiicd by Joule in 1845; impioving upon an 
aiiangcment used by Gay-Lussac in 1807, he simply connected a 
vessel of air suddenly to an evacuated vessel With this aiiangement, 
when the stopcock in the connecting tube is opened and some of the 
ail rushes into the vacuum, the air left behind is cooled greatly by an 
appioximatcly rovcisible expansion undoi pressure. If, however, the 
ga.s could then be left to itself foi a time without exchanging heat with 
its suiioundmgs, it would soon come to rest, and eventually, by 
conduction of heat through tlie gas itself, it would come to the same 
unifoim toinpeiatiiio as would have lesultcd from an ideal fico oxpan- 
foioii Joule evaded the difficulty of so thoroughly insulating the gas 
by suiiounding both vessels with a water bath and looking foi a 
change in the tcmpeiatiue of the water, which would ccitainly have 
occuiiod if thcie had been a final net change in the tempoiatuio of the 
air Being unable to detect any change, he concluded that the heat 
of free expansion of aii, i o , the heat that must bo added to a gram of 
it to keep its temperature constant when it is allowed to expand ficely, 
is citliei zero or at least vciy small, 

In latci experiments by Kelvin and others* the gas was caused to 
expand slowly and continuously through a poious plug, such as a 
wad of glass wool closing a tube tlnough which the gas was foi cod to 
flow, and the difference of tompeiatuie between the gas cnteiing and 
the gas leaving the plug was noted [the Joule-Thomson effect, cf 
Fig* (4)] With this aiiangcment, however, the tiue effect of free 

* Cf. T pRBsroN, "Iloftt,’* pp 269, 771, Edsbh, ‘'Heat," lov ed., p 376. 
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expansion is overlaid by another. As a volume V of the gas enters 
the plug under pressure p, the gas behind does work pV upon it; as it 
leaves the plug under a lower pressure p', it in turn does work p'y' 
upon the gas ahead; but usually is slightly different from pV, 
and the energy of the gas is thus 
altered by an amount equal to the ~ 
negative difference of the two works ^ 
or by -L{pV) = -(pT' - p7). 

The latter effect can be calculated from known values of pF as a 
function of the pressure, and so allowance can be made for it. 

If we may judge from the few cases that have been tried, the 
heat of free expansion is always positive, but it is extremely small 
in the case of the almost perfect gases, as is also the more complicated 
Joule-Thomson effect itself. In air at 0°C, for example, the Joule- 
Thomson cooling at moderate pressures amounts only to 0.26° per 
atmosphere drop in pressure; in carbon dioxide under the same 
conditions it is 1.5°, but in hydrogen there is a heating of 0,03°. 

It may be of interest to see how from such data wo can calculate 
the heat of free expansion, and also the temperature drop in an 
adiabatic free expansion. Suppose a gram of gas enters the porous 
plug at 0°O and under a pressure of 2 atmospheres, and emerges at a 
temperature and a pressure of 1 atmosphere; {hf)jr thus 

represents the Joule-Thomson temperature change per atmosphere. 
Now imagine this gas restored to 0°C, but still at a pressure of 1 
atmosphere; to do this wo must give it heat -Cj)(57’)jrr, c„ being its 
specific heat at constant pressure measured in ergs. During each of 
these two processes the gas does external work equal to its change in 
pV\ hence the net external work that it has done since entering the 
plug is the change in pV as p changes from 2 atmospheres to 1 atmos¬ 
phere at 0°C, which will be denoted by 5(py). Accordingly, by 
conservation of energy the gas has on the whole gained an amount of 
energy (measured algebraically) equal to the heat absorbed less the 
work done or W = —Cp(ST)jt 5(py). 

Now the gain in energy depends only on the initial and final states 
of the gas. Hence the same gain would have occurred if wo had 
allowed the gas to expand freely, without doing work, into the same 
final volume as it occupied in the first case after being brought back 
to 0°C. If at the same time wo supply enough heat to keep its tem¬ 
perature at 0°O, this heat will be, by definition, .the heat of free 
expansion, L,,; and it will also equal the gain in energy. Hence, 
equating the two values thus found for 5U, wo have for the heat of 
free expansion 




. 



1 .. 


4.—Tho porou8-plug arrangoraont. 
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Lp = —Cp(57’)/ji ~ 8{pV) 


( 12 ) 


ergs pel giam and pei atmospheie diop This equation connects 
the Joule-Tliomson effect with the heat of fiee expansion 

On the othei hand, in the alternative piocess just dcsciibed wo 
miglit have allowed the gas to expand witliout supplying any heat, 
tJio gas then changing in ternpeiatuie by a ceitain amount 3IT, and 
tlicn we could liave brought it back to 0 °C by supplying heat ~cv 52", 
cy being the specific heat at constant volume. In this case the gas, 
just after expanding, occupies the volume that it occupies at 0 °C 
and 1 atmospheie, but at a temperatuio 52", Its pressure at that 
moment can differ only slightly fiom 1 atmospheie, however; hence, 
wo can icpiace 52" appioximately by the drop that occurs in a fico 
expansion fiom 2 atmospheies to exactly 1 atmospheie, which wo 
shall denote by (52")/, Then, the change in eneigy being the same 
as bofoie, we have —^^(52")/ = Lp or (52")/ - —Lpjcv, and fiom (12) 


(52")/ 


- 

= y 

i 


(52").r + ^5(p7) 

Cp 


(8TU = I (ST); - 1 S(pV), 

r Op 


(13a, b) 


where y = Cp/ov 


Now for an (52")jj. = -'0.26 as stated above, 7 = 1 41, 

Cp « 0 24 X 4 186 X 10^ 

and S(pV)/poVo — 0 00060 wheic po, Vo lefor to stand aid conditions, 
so that 5(p7) 0 00060 X 1.031 X loyo 001293, hence 

(5T)/ = 1.41(-0.26 + 0.047) - -0 30'" 

For hydrogen, (52")/r = +0 03°, y = 1,41, Cp = 3 4 X 4 186 X 10’, 
5(pV)/poVo = -0 00060, and 7o == 1/0 0000899, hence 


(52")/ « 1 41(0 03 - 0 047) = ~0 024°. 


Thus a fico expansion cools hydrogen just as it does air, only much 
loss, the positive Joulo-Thomson effect for hydrogen is due to the 
decrease in pV upon expansion 

The heat of fiee expansion in calories per gram per atmosphere 

h 

drop, or j. X 86 X IQ’ ^ 0 -^ 0 061 cal for an and about 0.06 cal 

for hydiogen 

10, Isothermal Properties of the Ideal Gas. To make further 
progress wo need now an understanding of the relation between 
molecular energy and the tiling that wo call the ieiUpeiatuie The 
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common method of measuring the temperature of a gas is to place a 
thermometer in it and read the thermometer. Let us see what this 
implies in regard to the molecular motion, 

A molecule of the gas impinging upon the wall of the thermometer 
must sometimes lose energy to it and sometimes gain energy from it, 
for the result of an impact depends, according to classical conceptions, 
both upon the motion of the molecule and upon the motion at that 
instant of the particular wall molecule that is struck. In consequence 
of these impacts, a state of statistical equilibrium soon comes into 
being in which on the whole the gains and the losses of energy balance 
each other, and when this state has been ostablishecl, the mean trans- 
latory energy of the gas molecules and also their will have definite 
values which may be associated with the temperature shown by tho 
thermometer. Now the reactions of tho separate molecules with the 
wall must bo independent processes, provided tho density of the gas 
is very low, the effect of an individual impact being in practically all 
cases unaffected by tho positions or velocities of the other molecules. 
We should expect, therefore, that in the state of equilibrium the value 
of for each type of molecule would bo independent of the density 
and, therefore, a function of the temporatiiro only. This surmise 
wo shall find to be confirmed later by the elaborate method of analysis 
known as statistical mechanics (of. the treatment of cquipartition of 
energy and of temperature in Cliap, IX). 

Accordingly, it will be assumed that in a rarefied gas in tliormal 
equilibrium y® for a given kind of molecule is a function of tlie tem¬ 
perature alone. 

It follows then at once by (3) or (4) that in our ideal gas, when the 
temperature remains constant, p is proportional to p, or pT is constant, 
V being tho volume of a given mass of the gas. This is Boyle’s law, 
obtained here as a deduction from kinetic theory. The law is found 
by experiment to hold very nearly for all real gases when tho density 
is only a small fraction of tho critical density. 

Tho fact that depends only on tho tomperaturo and not on the 
density suggests, as a further concliusion, that the energy, also, oughl 
to be independent of the density at a given temperature. To bo sure, 
the molecules will usually possess not only translational but also 
internal energy of various sorts, such as energy of rotation or of vibra¬ 
tion of tho atoms. The distribution eff the energy between these 
forms, on tlio one hand, and tho translatory kinetic onorgy on tho other, 
comes about, however, through tlic agency of collisions, and there 
should bo, therefore, a definite average ratio for each kind of molecule 
between tho amounts of the different forms; increasing tho donsit;^ 



18 


KINETIC THEORY OF OASES 


[Chap. I 


must increase the fiequeucy of collisions and so inoiease the rapidity 
with which the equilibrium state is set up, but it ought not to alter 
the distiibutional chaiacteristics of the equihbiium state itself. This 
conclusion, again, we shall find to be confiimed by statistical mechanics. 
We conclude, theiefoio, that the energy of oui ideal gas will bo, like 
a function of its tempeiatuio only and not of its density It 
follows then also that its heat of free expansion will be zero 

From the expeiimental standpoint it has been found convenient 
to define a “perfect'' gas as one which both obeys Boyle's law and 
has a zero heat of free expansion. Tho Joule-Thomson effect foi 
such a gas must then likewise be zeio The ideal gas of kinetic 
theoiy has thus the essential properties of the perfect gas of experi¬ 
mental physics. It appears fiom experiment that all gases bccomo 
pci feet in this sense in the limit of zeio density 

11. Avogadro's Law. According to a famous theoiem of statistical 
mechanics the mean kinetic eneigy associated with each degree of 
freedom of a mechanical system m statistical eqiiilibiium has tho 
same value (cf. Sec. 206 in Chap. IX). In the case befoie us, this 
means that in gases in equilibiium at a given teinperatuio the average 
translatory kinetic energy of all molecules has tho same value; for 
two kinds of molecules with masses Wi, m 2 and velocities Vi, Va, wo 
have thus 

I WiPf = i m^l (14) 

According to the theorem of equipaitition this holds whcthci tho 
molecules are in different vessels 01 are mixed togothci. Hence at a 
given temperatuie the rooi-mean-square speed, 

V. = 

for different kinds of molecules is inversely proportional to tho square 
root of tho molecular weight 

On tho other han‘3, if we also make the picssuie tho same for 
separate masses of gas composed each of one kind of molecule, wo 
have by (3a) 

^ n2in^ (16) 

Hence, dividing (14) into (16), wo find that 

^ ni n2. (16) 

Wc reach thus tho very important conclusion that all perfect gasci 
at tho same piessure and temperatuie contain the same number oj 
molecules per unit volume. This statemeixt, which is of considerable 
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utility in chemistry,* was proposed as a hypothesis by AvogacU’o in 
1811 to help in explaining the chemical fact that gases unite in simple 
proportions both by weight and by volume, and it is very often referred 
to as Avogadro’s hypothesis; we shall prefer to call it Avogadro's 
law. It appears here not as a separate hypothesis but ns a deduction 
from kinetic theory. 

From Avogadro’s law it follows that the densiiies of different 
Iierfect gases at the same temperature and pressure are proportional 
to their molecular weights. The values of the product pV are thus 
inversely proportional to the molecular weights if V stands for the 
volume of a gram; but if F stands for the volume of a gram molecule 
or mole (i.e., a number of grams equal to the molecular weight), 
then at any given temperature and pressure V itself is the same for 
all gases. The volume occupied by a gram molecule of a perfoot gas 
under standard conditions is thus a universal constant, and it has 
been made the object of very careful experiment. The usual method 
is to observe at a given temperature the values of pF for a series of 
decreasing pressures and then to extrapolate to p = 0; from the 
limiting value of pF as thus found, F can bo calculated subsoquontly 
for any pressure. The accepted experimental value of F for a gram 
molecule at 0® and a pressure of 1 atmosphere is 

Fo 22,414 cc. (17) 

The volume Fi of a gram of a gas whoso moloeulos have moloculai 
woiglit M (in the chemical sense), and the density p of such n gas, 
under standard conditions are then: 

V, « cc, ^ 10-Wg/cc. (I7a) 

12. The Temperature. In our reforoncos to tomperaturo wo have 
liitherto said nothing at all about any tomperaturo scale. This was 
justiliod by the fact that wo have been employing only the equilibrium 
property of temperature, viz., the fact that several bodies placed in 
contact oomo ultimately into a state of mutual equilibrium, whereupon 
we say that they possess the same temperature. Wo must now intro- 
duco a scale for the quantitative comparison of cUfforent tomperatures. 

Tho first temperature scale to bo widely adopted was that deter¬ 
mined by tho expansion of mercury in a glass tube. This scale 1ms 
important advantages but is limited to tho range between the freezing 

* Sco W. Nhiinst, “Tlieorctical Cliomiatry," or H. S. Tayloii, "Troatiao on 
Physical Chomistry." 
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and boiling points of meicury; furtheimore the selection of a paiticular 
substance such as meicuiy foi the theimometnc substance is a very 
arbitrary procedure Hence, when it was found moie than a century 
ago that at least the common gases expand neaily equally with iiso of 
temperature and also almost uniformly as Judged by the meicury 
thermometer (Chailes’s law), the pioposal was made to adopt the 
perfect gas as the basic thermometrio substance; and during the lost 
century the constant-volume hydrogen theimomcter was actually 
adopted for the ultimate standard as constituting the best piactical 
approximation to a perfect-gas thoimometer All perfect gases would 
necessarily lead to the same scale, since according to eq (14) their 
mean kinetic energies, and hence also, according to oq (3a), their 
pressures, vary at the same late with temperature We might, 
therefore, define the absolute temperature T as a quantity proportional 
to the pressure p of a perfect gas at constant volume The ratio 
T/p must then be proportional to the volume V, since by Boyle’s 
law p « 1/y when T is constant; thus we should have T oc pV ov 
pV ~ RT, where 72 is a constant for a given mass of gas. 

On the other hand, with the development of thermodynamics 
during the last century there aioso the possibility of setting up a 
temperature scale that would not be dependent upon the special 
properties of any body whatevei; and this scale has now come to bo 
regarded as the ultimate one. Fortunately it agrees exactly with 
the perfcct-gas scale, as wo shall proceed to show. The argument is a 
somewhat abstract one, however, and any student who profois to bo 
satisfied with the peifect-gas definition of T can omit the proof and 
pass at once to Sec. 14. 

13. The Thermodynamic Temperature Scale. The thermodynamic 
absolute tcmporatuie T is most concretely defined as a quantity which, 
like the temperature on any scale, has the same value for any two 
bodies that are in thermal equilibiium with each other, but which at 
two different temperatures is proportional to the heats absorbed and 
rejected m a Carnot cycle woiking between those tomperaturos 
The theory of the Carnot cycle for a gas is not especially simple, how¬ 
ever, unless one adds the customary further assumption that the 
specific heat is independent of temperature, which is by no means 
necessary for the validity of the result that we here wish to establish. 
On the other hand, thermodynamic reasoning leads also to the equiva¬ 
lent but more abstract idea that, when a little heat dQ is imparted to a 
body in a reversible manner, we can write for it dQ — TdS where dS 
is the differential of another quantity, called the entropy, which has a 
single definite value corresponding to each possible state of the body. 
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This principle serves to define T equally well with a Carnot cycle and 
it is very easy to apply it to the perfect gas in the following way: 

Let U denote tlio energy of a mass of gas whose pressure and 
volume are p and V, and let a small amount of heat dQ bo given to it 
in a reversible manner. Then, by the conservation of energy, 

dQ = dCf-f p d7, 

pdF representing, as is shown in elementary physics, the loss of 
energy from the gas due to the work it does on its surroundings. 
Now dU ia the differential of a single-valued function of the state of 
the gas, or of any two independent variables such as temperature and 
volume that may be employed to define its state; for the energy U has 
always the same value wlien those variables take on given Values. 
The reversible heat dQ, on the other hand, is not the differential of 
any such function. If, for example, we consider two different paths 
on the pV diagram by which tlie gas can bo carried from a state A to a 

state jB, whereas the change J^dU in U is the same along botli paths, 

JdQ or the total heat absorbed must be greater along that path along 

which the pressure is larger in order to provide for the larger amount 
of external work that is done (the excess being represented, of course, 
by the area enclosed between the two paths on the diagram). For 
the same reason p dV is obviously not the differential of any single- 
valued function. 

But suppose now wo divide the above equation through by pV, 
thus: 



dU 

pV 


+ 


dV 

F‘ 


According to Boyle^s law, pF is a definite function of the temperature 
alone (as measured on any scale); and wo saw in Sec. 10 that for a 
perfect gas, U is likewise a function of the temperature alono. Hence 
dUlpV must be the differential of some function of the temperature, 

which could bo found by evaluating J dUlpV, Also, 


dV 


- d(log F). 


Hence the right-hand member of the equation is now tlie differential 
of a definite function of tlio temperature and volume as indepondoiit 
variables. The same must, therefore, be true of dQ/pF, 
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Accordingly, we can wiite dQ/pV — #, wheie is some function o 
the temperature and volume, Suppose, now, we define the tempera 
ture T by the equation T — apV, wheie a is a constant. Thei 
dQ == Td{^/a), and this agiees with the thermodynamic equation 
dQ == Td8, if we define jS as iS = ^/a The constant a can then b( 
chosen foi each body sepaiately so as to give the temperature th( 
propel ty of being always the same for two bodies in theimal equilib 
rium, for, if this is done at one temperatuie, it will remain tiuo at al 
tcmperatuies because by (36) pV ~ and hence, in consequence 
of equipartition as expressed in eq (14), pV must vaiy with change 
of temperature in the same latio for all gases. Since this requiremeni 
fixes only the latios of the values of a for different bodies, T stil 
remains arbitraly to the extent of a constant factor 

There are, to bo suie, other quantities that might bo employed ii 
ordei to throw dQ into the general foim T dS, fiom the mathematical 
standpoint what we have shown is merely that 1/pV, and hence also 
l/apV *{oT any value of a, is an ‘‘integiating factor*’ foi dQ. It can 
be shown mathematically, howevei, that all intcgiating factors arc 
closely connected with each other, and that all whose leoipiocals can 
be given the necessary comparative propeity foi different bodies arc 
simply proportional to each other and so must be included in the 
general form, 1/apF ^ 

14 , The Perfect-gas Law. Whether we adopt the thoi moclynamic 
or the perfect-gas definition of the absolute temperature T, wo ariivo 
at the usual equation foi a peifect gas, 

pV = RT, (18) 

If we then add the requiicment that the temperature interval between 
molting ice and saturated steam under 1 atmosphere shall bo 100, 
the absolute temperature of the ice point is easily found to be given 
by the formula, piVi — poFo = 100 poVo/To or 

_ 100 poFo 

® piVi-p,Vo 

poVa and piFi being observed values at the ice point To and at the 
saturated-steam point. To -f 100°, lespeetively. This formula cor¬ 
responds to the actual method employed nowadays in the experi¬ 
mental measurement of To, the most recent determination by this 
method gave, * in excellent agreement with others, 

To ^ 273 14° 

• Kbisom, van dbr Hobst, and Jaconis, Physica, 1, 324 (1934) 


(19) 
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The perfect-gas law, eq. (18), can be applied to any desired quantity 
of gas, the proper value-of R being calculated as pVfT, In physics 
the mass is usually understood to be a gram; in that ease it is often 
more convenient to write the equation in terms of the density, 

1 

P =y> 

p == pRT. (18a) 

In physical chemistry, on the other hand, a gram molecule or mole is 
almost always chosen; then, in consequence of Avogadro’s law, the 
gas constant R has a universal value for all gases, which wo shall 
denote by Rm and whose value, found by dividing To from (19) into 
Vd as given in (17), is 

Rif ~ 82.06 cc atm^deg - 83,16 X 10“ cm dynes/deg. (20a) 

For a gas whose molecules are all alike 

Rif = MR (206) 

in terms of the molecular weight M, In the case of a mixture of 
molecules of different masses, if 1 g contains 7/ g of each kind no. j in 
a volume V, the partial pressure due to each kind will bo 


Rf being the constant for a whole gram of kind no. j, and by Dalton's 
law the total pressure will then be p = = RT/V where 


B = (20c) 

i 

and represents the gas constant for a gram of the mixture. 

The perfect gas ooulfl bo defined as one which obeys the perfect- 
gas equation, (18), instead of defining it, as above, by the two con¬ 
ditions that it obeys Boyle's law and also has a zero heat of free 
expansion, For it is obvious that any gas which obeys this equation 
also obeys Boyle's law, and it can bo shown from the laws of thermo¬ 
dynamics that any gas obeying the perfect-gas equation must also 
have a zero heat of free expansion (Sec. 137, problem). 

Problem, Show that for a perfect gas the coefUciont of expansion 
a (at constant pressure) and the coefficient of pressure increase (at 
constant volume) are given, in terms of values Vi or pi whicli hold 
at any base temperature Tj, by 
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1 V -Vi 1 /dV\ ’ 1 
ViT Vi\dT)p Ti 

^ ^ 1 . p ~ ^ ~ J- 

PiT-Ti~ p, \dT)y ~ Ti 

The coefficient at 0®C, ao ~ eo = l/JTo == 0 003661, is of particiilai 
'interest 

15. Molecular Magnitudes. Since the product nm of the mass ni of 
a molecule and the number n of molecules m unit volume equals the 
density p, this product can be calculated at once, but our equations do 
not enable us to calculate n and m separately As a mattei of fact, 
kinetic theoiy by itself does not fuinish any very exact method of 
estimating these two molecular magnitudes The best values that 
we possess today are derived fiom the following indiioct evidence 
The electiical chaige carried by a giam atom of a monovalent 
element such as silver is easily measured and has been found to bo 
96,494 international or 96,489 absolute coulombs (the Faraday)*; 
and each atom carries the same numerical charge as the election 
For the latter it now appears that Millikan’s value (4 774 X 10"^*) 
was too low because of an erroi in the viscosity of air If Kellsti om's 
recent value foi the viscosityt is combined with Millikan’s oil-diop 
results, the value 4 816 ± 0 013 X 10~i° is obtained for the electronic 
charge, this agrees within the probable error with the value calculated 
from x-ray wave lengths as measuied by means of a grating, which la 
4 8036 ± 0 0005 { Since accurate repetitions of some of these expori** 
ments are under way and indicate that the grating wave length is nt 
least not too low, we shall adopt the value 

e *= 4 806 X 10-i« 

electrostatic unit. Dividing this number by 2 9979 X 10®* to oonvoi t 
it into coulombs and then dividing the result into 96,489, we have 
then as the number of atoms in a gram atom, or of molecules in a 
gram molecule or mole, often called Avogadro’s (or Loschmidt^s) 
number, 

No = 6 021 X 1023, (23) 

and for the number of molecules in a cubic centimeter of peifccfc 
gas at 0® and 1 atmosphere pressuie, no = iVo/Fo or, by (17), 

no 2 686 X lO^®, or 2 69 X 10‘® (22) 

* Cf Bibgb, Rev Mod Physios, 1, 1 (1929) 
t Nature, 136, 682 (1935) 

IBirgb, Phys Rev, 48, 918 (1936) 
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to three places. The mass of an imaginary atom of molecular weight 1 
is then the reciprocal of iVo or 

Wo = 1.661 X 10-24(7; (23) 

and the mass of any atom or molecule is the product of this number 
into the atomic or molecular weight. 

A related number of great importance to theory is the Boltzmann 
conatantf or gas constant for one molecule, 

k - ^ ~ wf? = 1.381 X 10-4® cm dyne/deg, (24a) 

w being the actual mass of a molecule and R the gas constant for 1 g, 
In terms of k we can write for the pressure, in place of pF =* RT, 

V - nkT\ (24&) 

for V — 1/p = \/mn. 

On the other hand, from (36), (18), (206), and (24a), 



ZRT = 


M 


ZkT 
•—■> 
7n 


(26a) 


M being the molecular weight. It follows that the root-mcan-squaro 
speed of the molecules, Va ~ varies directly tis tlie square root 
of the absolute temperature, and for different gases inversely as the , 
square root of the molecular weight. The same thing is true of the 
moan speed, which wo shall find in the next chapter to bo i; « 0.921^^. 
The mean translatory kinetic energy of a molecule is also of interest; 

i « I kf. (266) 

This last equation has sometimes in kinetic theory been made the 
basis of the temperature scale. 

Equation (26a) is difficult to test experimentally, but it can bo 
employed the other way round as a means of calculating i;, and 
Values obtained in this way for a number of gases at are given 
in the table on p. 26, along with values of R (for 1 g) in absolute units, 
as well as the molecular weight M and the actual mass of a molecule 
w calculated in the manner described above. 

With three exceptions the values of M were taken or calculated 
from the table of International Atomic Weights for 1931 ti R in atmos- 

* was ohoseii instead of O^C because In moat applioallons the actual 
tomporaturo is room toinporaturo. ' 

t Sec Jour. Amcr, Chm, Soo., 58,1627 (1031). 
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pheres wab then calculated as Ry/M, and those values wore multiidiecl 
bv 1 01325 X 10® to get R m absolute units The tlu'co exceplioiw 
aie as follows The atomic weight of IP, the atom of d(‘utonuni or 
heavy hydrogen, was taken from a note by Bambndgo. i'oi itir, J£ 
in atmospheies was found by dividing 1000 by the accepted mass of a 
normal liter of an, 1 2929 g, and by To = 273,14,^ and then mul¬ 
tiplying by 1 0006t to extiapolate to zeio density Poi the olccLiorij 

M was calculated as R standing foi the Faiaday in electvoinagiu'tic 

6 / 771 

unite, and e/m having the value = 1 7676 X 10’,t m waa calfulalvil 
directly from e/m and e 



U 

m (unit, 
10-=^ g) 

R (unit, lO® 
eig/dcg) 

ti.(16°C) 
(unit, 10’ 
cm/seo) 

ff(16"(l) 
(unit, U)’ 
oni/ni‘c) 

Hi 

2 016 

3 349 

41 25 

188 8 

174 0 


4 027 

6 689 

20 66 

133 0 

123 1 

Helium 

4 002 

6 648 

20 78 

134 0 

123 5 

HiO 

18 016 

29 03 

4 616 

03 10 

68 19 

Neon 

! 20 18 

33 52 

1 4 120 

69 08 

64 OH 

Na 

28 02 

46 64 

2 968 

60 06 

46 67 

Oi 

32 00 

53 16 

2 598 

47 30 

43 00 

HCl 

36 46 

60 66 

2 280 

44 40 

40 00 

Argon 

39 94 

66 34 

2 082 

42 42 

30 08 

COi 

44 00 

73 09 

1 890 

40 42 

37 24 

Krypton , 

82 9 

137 7 

1 0030 

29 46 

27 13 

Xenon 

130 2 

216 3 

6380 

23 60 

21 06 

Hg 

200 6 

333 2 

4146 

18 03 

17 44 

Air 

(28 96) 

(48 11) 

2 871 

49 82 

46 00 

Electrons 

6 49 X 10-* 

m - 9 119 
X 10-^ g 

ie = 1614 
X 10® cig/dcg 

V, = 11 44 
X 10® oin/fico 

« 10 61 

X 10®om/«c<i 


16, Rapidity of the Molecular Motion. Tho first calculation of 
molecular speeds by this method was made by Joulo in 18<I8 Tho 
values found are high as compared with most speeds produced by 
human agency The slowness of gaseous diffusion in spite of tlienu 
high speeds, whiph was at one time advanced as an objection agaiuHt 
the theory, arises, of course, from the continual mtorfoieneo of the 
molecules with each other’s motions Foi example, if chlorine gas in 

* BAiNBHXDaB, Phys Rev , 44, 67 (1983) 

t Cf HoLBORNand Otto, Ztnis Physik, 33,1 (1926), whoiothounltof prosflurq, 
however, is 1 M of* Hg 

\ Birgb, Phys Rev ^ 49, 204 (1936), 
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released in one corner of a room, it may be minutes before the odor is 
perceptible in the opposite corner; a molecple of chlorine goes nearly 
a quarter of a mile in every second, but this long path is converted 
into a complicated zigzag by collisions with other molecules and is 
thereby tangled up into a space less than an inch across. 

A comparison with the velocity of sound is also interesting. The 
familiar formula for the velocity of sound in a gas is 

= {ypV)» = {yBT)» 

where 7 ^ Comparing this quantity with Vt or the square root of 
^ as given by (25o), we see that the velocity of sound is less than v, 
in the ratio or something under f. It could liardly exceed 

Va, since the sound waves are actually propagated by the motion of the 
molecules, so this result really constitutes a confirmation of the theory; 
but it may seem surprising at first sight that the two velocities should 
be so nearly equal. 

The high values of the molecular velocities and the enormous 
magnitude of No or no serve to explain why matter behaves in so 
many ways as if it were continuously distributed. 

Problems 

1. Calculato valiica 'of v, from cq. (3fl) for hydrogen, air and oarbon dioxide at 
0®C, using actual values of p under standard conditions, and comparo results with 
tho values given in the tublo. (Tho slight discrepancy is duo, of course, to depar¬ 
tures from tho perfect-gas law.) 

3 . Compute tho tomporaturo at which tho root-moan-aquaro speed is just equal ' 
to tlio speed of escape" from tho surface of tho earth (i.o., tho minimum speed 
necessary to carry a molecule to infinity) for (o) hydrogen and (i) oxygon. 

Repeat for tho moon, assuming gravity on its surface to bo 0,104 as strong as 
on tiio earth. 



CHAPTER II 


DISTRIBUTION LAW FOR MOLECULAR VELOCITIES 

In. the last chapter we found that the picssuie and tompoiaturo of 
perfect gases depend only upon the mean square of the molecular 
speeds and are independent of the manner in which the molecular 
velocities vary among themselves Theie aie other propoitics of 
gases, however, which do depend to some extent upon the actual 
distribution of the velocities, and a knowledge of these is, theiofoie, 
needed. Accordingly, we shall take up next, in this chapter, the law 
according to which the moleculai velocities aie distiibuted in a gas m 
equilibrium 

17. The Distribution Function for Molecular Velocity. If we could 
follow an individual molecule in its motion, we should obseivo it to 
undergo many and laigc changes in velocity as it moves about and 
collides with otheis, For example, one ,can easily invent collisions 
which, accoiding to the laws of mechanics, would leave one of tho 
colliding molecules aftei the collision momentarily at icst, and othois 
which would give to one molecule, m consequence of a string of 
collisions in which it is struck repeatedly from the side, as laigo a 
speed as might be desired We should expect at any given moment, 
therefore, to find the individual molecules moving in all directions 
and with speeds vaiying all tho way fiom zero up to values many 
times as great as the average 

All that we can hope to do as physicists undei su'oh circumstances 
is to describe the situation in statistical terms To obtain a deserip-* 
tion in mathematical form, let us as usual denote the vector velooitj 
of a molecule by v and its cartesian components by y#, y,; and lot 

us fix our attention upon those molecules whose components at o 
given moment lie lespectively between a certain value y* and a slightly 
greater value v» + dy*, between Vy and Vy + dvy, and between Vx and 
Vg + dvt, We shall say for short that the velocity of such a molecule 
lies in the range dv^, dvy, dy*. When the number of molecules is very 
great, we should expect that even for small ranges the number of 
included molecules will be propoitional to the product dVxdVydVg, 
hence we can write for this number Nfivx, Vy, y,) dy* dy„ dy*, where N 
stands for tho total number of molecules and f for some function 
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of Vx, Vv> brevity it will be convenient, however, to indicate 

the variables in / by writing Just /(v) and. to think of / as a function 
of the vector velocity v. , 

The function / is called the distrihuiion function or probability 
function for molecular velocity and obviously has the fundamental 
significance that / dvx dVy dvg is the fraction of all the molecules that 
have velocities in the range dvx, dvy, dVg, Because of this significance, 
it obviously satisfies the equation 

ffP dvi^ dVy dVg 1, (26) 

the integrals extending over all values of Vxt Vy, t** fi’om — co to + “; 
the total number of molecules thus comes out correctly as 

J'J'J'fV'/ dvx dvy dvg - nJ J Jf dvx dvy dvg = N, (27) 

The situation can be visualized if desired by imagining the veloci¬ 
ties plotted in a velocity space in which Vg servo as cartesian 

coordinates (cf. Fig. 6). A particular 
velocity v is then represented either 
by the vector drawn from the origin 
to that point in this space whoso 
coordinates are Vy, v*, or, if pro- ’ 
forred, just by this point itself; and 
the small velocity range dvx, dvy, dv» 
is obviously represented by a small, 
parallelepiped with edges having 
lengths dvx, dVy, dVg, respectively. ... 

Frequently, however, we slmll write S-—Moiooulnr polnta in voloolty 

more briefly for an element of volume 

in velocity space simply in place of dvx dvy dVg, and the element 
then need not be a parallelepiped but may have any sliape. 

In general / will vary with the time. When it does not, the gas 
is said to be in a steady state, The latter term is often restricted to 
refer to gases in complete equilibrium^ in which not only is the dis¬ 
tribution of molecular velocities a steady one, but also the mass 
acceleration of the gas vanishes everywhere, and neither energy nor 
matter is flowing into or out of it at any point. These further restric¬ 
tions servo to eliminate, among other things, steady states of heat 
conduction or of viscous flow, whoso treatment requires special 
methods of attack, This chapter and the next will be concerned with 
gases in such a state of complete equilibrium. 





30 


KINETIC THEORY OF QAW 


[Chap ll 


The number of tlio molecules which aie under consideration has so 
fai been left indefinite If desiiedj it can bo taken to be the total 
numbei in a certain mass of gas Moic fiequently, howcvei, / rcfcm 
to the molecules in a macioscopically small element of spatial volume; 
in this case / may vaiy with the position of the element, so that in 
geneial it is a function of the seven variables a*, a, y, s:, t In tho 
state of complete eqiiilibiium, however, oven / defined foi tho mole¬ 
cules in an element of volume turns out to be inclepondcnt of a:, y, sr, 
and I and is accoidingly a function only of Vx, ay, w* 

18. Distribution Function in Other Variables. Often it is more 
convenient to employ polar cooidmates in velocity space When 
we do this, V plays the lole of r, the distauco 
from tho oiigin; then the element ol volume in 
velocity space is sin B dO d<fi dv and 

y® /(v) sm Q dd d<p dv (28) 

repiesonts the fraction of the molecules that ai’o 
moving with speeds between v and y + dw and in 
a dll ection which makes an angle between 0 and 
B do with the polai axis and lies in a piano 
thiough the axis making an angle between ^ and 
^ -j- d<^ witli the lefeience plane for ^ 

For futuic refeience several othci ways of grouping the volocitiOH 
may also bo noted at this point When we aie interested for tho 
moment piimaiily only m the directions of motion of the molecules, 
but not in thoir spoeds, it is often useful to imagine long lines drawn 
from an oiigm in the diioctions of the various velocities and to take 
as lepicsenting the velocities themselves the points in which those 
lines cut a sphoie of unit ladius drawn about the origin as center 
(cf Fig 6, m which all the points aie supposed to be on tho suifaco 
of the spheio). 

Consider, now, the impoitant case m which the velocities are 
distributed equally as regards then directions The points will 
then be distiibuted imifoimly ovci the sphere. Now a small solid 
angle dea diawn at the center intercepts an area dco on the unit sphoio, 
whose total area is drr Hence we have the useful result that, when 
the molecules aie moving equally m all diiections, those that are 
moving in a dnection lying within an element du of solid angle con¬ 
stitute a fi action 



Tig 0,—^VoloDity points 
on tho unit spliero 
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of the whole number. If polar coordinates are being used we usually 
write dcj = sin 0 dO d<p. But in the case under discussion we can also 
give to do) the form of a ring including all velocities whose directions 
make an angle between <?and Q dO with a given line, regardless of <p] 
the area of this ring, which is a narrow strip on the unit sphere dO 
wide and 2 t sin 0 in circumference, is 27r sin 0 dO, hence these velocities 
will constitute a fraction 

2ir sin ^ ^ 5 sin 0 dO (30) 

of the total. This holds when all directions are equally probable. 
As a check, we note that sin OdO = L* 

In other connections, however, the distribution function for a 
separate component of the velocity is needed, This is easily found 
from / by integration. Denoting this function for Va by we 

note that all velocity points for which Vg has a value in a given range 
dvxf constituting the fraction f^dVi, of the wholoy lie between two 
parallel planes drawn perpendicular to the v» axis and a distance 
apart (cf. Fig. 6); the fraction of the whole number of points included 

is thus equal to J'J' J*/ dVs dv„ dVt =* to the first order 

in dvs. Hence, equating this expression to/»dy» and canceling dvx, 
we have 

fx- JJfdvpdv,, (31) 

integrated over all values of Vy and while the value of Vx in/(«;*, Vy, a*) 
remains fixed. 

19. Remarks on the Distribution Function. In our mathematical 
work we shall treat the ranges dvx) dvy, dv, as infinitesimals, as we 
have already ddne in writing such integrals as those in eqs. (20) and 
(27). This might seem objectionable in view of the fact that when 
these ranges are made very small the number of included molecules 
must be small, perhaps oven mostly zero, and the number must in 
any case jump discontinuously by unity every time the shrinking 
element of volume in velocity space happens to pass over a molecule. 

This objection can bo met in several different ways. We can say 
that dvxi dVy, dvt are to bo made only macroscopically but not mathe¬ 
matically small, i.e., they are to be small as compared with the scale 
of physical observation but large relatively to the spacing of the 

* The upper limit Ib it and not 2ir, fllnoo nil a»hmithB around tho given lino are 
inoludccl within oaoli <10 (of. Fig. Q), 
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molecular velocities; a piocess of mathematical as m 31} 

IS then employed merely for reasons of convenionco and yioUlB ^ c i 
differing slightly but not appieciably from the trutli A socimd uml 
better way would be to regard NfdK as-icpicsonting inorely tho 
average number of molecules m the element of velocity simcc (/« 
dunng a time that is macroscopically shoit but still long oiiough io 
allow many molecules to entei and leave the clement, tho clomout, 
itself can then be made as small as we please, perhaps so small that m 
never contains moie than one molecule and during most the Umo 
none at all The quantity f (Ik then i epi esents tho fraction of tho timo 

during which the element does contain a moloculo. 

The best view, howevei—but also tho most abstract oiio is 
probably to treat / as being of the nature of a jirobability In this 
view, Nf dK represents the expectation, or f dK itself ropresonts tho 
fractional expectation, of molecules in ch If ^*0 is tho clianco that 
there is no molecule in d^, Pi the chance that thoio is one, Pa that 
there are 2, and so on, then Nf dK = Pi A- ' ~h jP; -H ’ ’ * • 

If we were to make a great many observations with conditions remain¬ 
ing the same, the aveiage of all the diffeient niitnbors of iiiolcculofl 
that we should find in dK would be Nf cIk The moaning hoi o is tho 
same as in the common term, “expectation of life." 

We shall commonly speak of f in this book in terms of tho prob¬ 
ability interpretation and shall work freely with / ratlior than with 
Nf The logical argument is thereby made a little moio conoiao. 
Readers who dislike to attach meaning to the probability of a singlo 
event and piefer to interpret all pi obabilities as representing averages 
of some sort should find no difficulty in modifying our treatment to 
fit their preferences, it is only necessary to multudy our oquatioiiB 
through by N so as to be dealing always with Nf, and to substitute 
for our language a description ih terms of one of tlio altornativo 


views 

20. Proofs of the Distribution Law, The velocity distribution law 
for a gas in equilibrium, known as Maxwell’s law, was first guossod 
and partially established by J C. Maxwell (1869)*; tho proof of it 
by direct methods was fiist earned to completion (in so far as tins is 
possible) by L Boltzmann Pi oofs of this type have been givcm, 
howevei, only for ceitain simple cases The much more general 
methods of statistical mechanics, on the othei hand, furnish a proof 
resting on a fiimer foundation and applicable to all cases (m so far as 
classical theory itself applies) 


♦J C Maxwell, PAtZ Mag, 19 , 31 (1860); Papers, I, p. 377 
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From the Btandpoint of strict logic it might socm more natural 
simply to rely upon this proof by statistical mechanics, which is 
given in Chap. IX. The analysis involved in Boltzmann’s proof gives, 
however, such a lively idea of the processes at work iu a gas that it 
seems worth while to take it up at this point, for the simplest case 
only. The discussipn will be so conducted that the thread of the 
argument can be followed if desired without reading the rather 
voluminous mathematical details; any reader who prefers to do so 
can, os an alternative, pass over the proof entirely and proceed at 
once to the discussion of Maxwell’s law in Sec. 28 without encountering 
any difficulties with the notation. 

21. Molecular Chaos. The Maxwell-Boltzmann proof proceeds by 
calculating the effect of collisions between the molecules upon the 
distribution of their velocities.* This effect depends, of course, 
upon the distribution already existing at the moment. Accordingly 
the procedure is to seek such a distribution that the effect of collisions 
upon it vanishes, and tliis distribution is then taken as that proper 
to a state of complete equilibrium. 

Now the frequency of collisions of any particular type depends 
upon the positions as well as the velocities of the molecules. At this 
point Boltzmann simplifies the analysis by making a famous basic 
assumption called that of "molecular chaos.” This assumption 
states that in a gas whose moleciile.s interact only during collisions 
all possible states of motion occur with equal frequency. Thus eaoli 
molecule is as likely to be found iu one position as in another; further¬ 
more, except for the simple fact that the molecules cannot get inside 
each other, there is on the average no correlation whatever between 
the positions and velocities of different molecules. If, for instance, 
wo know that a certain molecule Is at a certain point and moving with 
a certain velocity, then at that motnent another moloculo is just ns 
likely to be at any given point in the neighborhood of the first and 
to be moving with any given velocity as it would bo if the first molooulo 
were in any other position or moving with any other velocity. 

Perhaps the assumption of molecular chaos may seom plausible 
enough, in view of the highly varied and tangled motion of the mole¬ 
cules. There have been some who refused to accept it, however, and 
it certainly needs further support in order to bo quite satisfactory 
as a basis for the theory. If the molecules wore to be simply scattered 
around at random, the assumption would certainly bo true. In 
reality, however, the distribution comes about as tho result of mechani¬ 
cal motion, and it is quite thinkable that for this reason regularities 

* Cf. L. Bom'ZMANN, ‘'Vorlesungon Ubor Gnsthcorlo," vol. I, 1890. 
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■would occur in it; for example, molecules in a given neighborhood 
might tend, for all we can see, to have similai velocities Fuithcr- 
more, special states that are not chaotic can, of course, easily be 
described; for example, at a given moment half of the molecules might 
be moving east while the othci half weie moving west, and the lafctei 
half might be just on the point of sinking the first half in head-on 
collisions. Such a state of the gas Boltzmann calls “moloculaily 
ordeied." He assumes that such states can be ignored, the gas being 
almost all of the timemoleculaily unoideied (“molekular ungcoidnot'') 

Fortunately it can be shown fioin statistical mechanics that 
in the state of complete cquilibnum the condition of molecular chaos 
does, m fact, exist during piactically the whole of the timo (cf. Sec, 
197) Part of Boltzmann's proof lequiios the existence of molecular 
chaos even when the gas is not m eqmhbnum. This, too, can bo 
justified to the following extent' It follows fiom statistical mechanics 
that states m which theie is an appieciablo depaituie fiom molecular 
chaos constitute only a small part of all possible states and so can bo 
expected to occur only very larely. This is about all that one could 
hope to prove, 

22 The Effect of Collisions upon f. We shall assume fuither, with 
Boltzmann, that the distiibution function is the same at all points 
in the gas. The effect of dropping this assumption will bo considered 
in Sec 60, Its importance lies in the fact that when f is unifoim, 
diffusion of the molecules from one point to anothoi does not tend to 
alter it, since as many molecules with given velocities ariive at any 
point as leave it, and vice versa, changes in / thus arise only as a 
result of collisions 

Finally, to avoid unnecessaiy repetition of details, let us assume 
for generality that two diffeient kinds of molecules aie piescnt, with 
masses mi and m2 and distiibution functions/i(vi) and/2(v2), lespec- 
tivcly. Both lands will be assumed to be hard spheres fieo from 
mutual force-action, except m the collisions which aie assumed to be 
instantaneous. An extension of the aigument to other cases may be 
found in Boltzmann's “Gastheorie" and elsewhere 

We are now ready to analyze the effect of the collisions upon the 
distribution function/ The method will be to select fiist a gioup of 
molecules having the same mass and almost the same velocity, and to 
study their collisions with anothei similarly selected group, calculating 
with the laws of mechanics the effect that these collisions have upon 
the distribution function / of the fiist group This effect depends 
upon the velocities of the colliding molecules, and also upon the 
position of their line of centers, which is a line joining the conteis of 
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two colliding moleoules at tho instant of collision. We then integrate 
over all possible velocities that tlie second group can have and also 
over all possible positions of the line of centers, and thereby arrive 
finally at expressions giving the rate of change of / with time. These 
expressions are stated in eqs. (42a), (426), and (43) below. 

As the two groups of molecules to be considered first, let us select 
a group of the first kind having nms.s mi and velocity Vi lying within a 
certain range dKi and a groiij) of the second kind having mass and 
velocity va lying in a range dxi. During a short time dt some of the 
molecules of tho first group will collide with moleoules of the second 
group. Among these collisions let us select first those in which the 
lino of centers drawn from the first molecule to the second lies within a 
certain solid angle du of pos.sibIe directions (Fig. 7), Tho number 
of these collisions can be written down in suflicient detail for our 
purpose in the following way. Their num¬ 
ber will obviously be proportional to dt, to 
do), to the number of molecules in each 

group, and to the relative velocity between dto 

the two groups, whose magnitude we shall 
denote by Vr - |vi - vg]. Now there are /v, \h. 

wi/i(v,) dKi molecules of the first group and 7 ._a moioouiar collision, 
of second in unit volume, 

Hi and iiz being the molecular densities for the two lunds of molecules. 
Hence we can write for tho number of these collisions in unit volume 



7iini<pVffi{v\)f2(yi) dKi dKi do) di. 


(32) 


Tho factor of proportionality tp in this expression will probably 
depend upon tho angle between tho chosen lino of centers and the 
direction of tho relative velocity Vr (for example, glancing collisions 
may not have the same probability as central ones); but it cannot 
depend upon the velocitie.s themselves, for, with Vr fixed, tho velocities 
can vary only by tho vector addition of a common velocity to each 
group, and suoli an addition obviously cannot directly affect the 
number of collisions, nor can it affect their number indirectly by 
altering tho likelihood of tho various possible positions of tho mole¬ 
cules, since these positions, by tho principle of molecular chaos, show 
no correlation whatever with the molecular velocities, Nor can tp 
depend upon the po.sition of the line of centers, for a rotation like a 
rigid body of the whole situation, velocities and all, while it may 
affect /i and Si, cannot affect (p because Vr and all angles would be 
unchanged and, by the principle of molecular chaos, the now positions 
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of the molecules would be just as likely as the old It follows that 
can depend only upon the angle between Vr and the line of centers. 

The total number of collisions made by molecules of the fiist gioup 
can now be found by integrating (32) ovei all values ol Vz^f vu 
and ovoi all pessiblo positions of the line of conteis. With an eye to 
future developments, it will be convenient al^o to extend the first 
gioup somewhat by integiatmg vix, vip, Vi^ as well over a small but 
finite laiigo Ai. We thus find foi the numboz of all collisions made in 
dt by molecules in the range Ai colliding with any molecules whatever 
of the second kind, per unit volume, 

niTiz dij* dwj' ^Vrfif2 d/iz (33) 

23. Velocities after a Collision. To asceitam completely the effect 
of the collisions upon the distribution, we must now find out what 
velocities the molecules take on aftei colliding At each collision the 
laws of classical mechanics lequne the conseivation of linear momen¬ 
tum and also, since no effect on any possible lotation of the molecules 
can occur, because of their assumed symmetiy, conservation of 
tianslatoiy kinetic eneigy Wave mechames leads to tlie same 
conservation laws wheiievoi an experiment is arianged in such a 
way as to yield obseivations of momentum and kinetic eneigy. 
Accordingly, if Vi, Va be the lespective velocities of the molecules 
of the fiist and second groups after collision, just as Vi, Va aie thoir 
velocities befoie, we have 


miVi^ + mzvzx = -f WiaT’aa, (34a) 

mitiif, 4- msvzv = miViu + maVz^, (34b) 

MiVu mvzt = miVu 4- mzVztf ('34c) 

I muif + ^ mzvl = I miTf + | Wa7|, (3B) 

the first three equations expiessmg the conseivation of the three 
components of momentum. 

In addition to these four equations, however, two moie are needed 
in Older to fix all of the six components after collision, Vu * Vu, 


in terms of those before collision, Vix vu These additional 
equations arc furnished by the position of the line of centeis and can 
be obtained as follows. The increment of vector momentum impaited 
to each molecule by the impact is in a diiection parallel to the lino 
of centers, the momontiim given one molecule being just opposite to 
that given to the other, hence the components of this inclement will 
be pioportional to the diiection cosines \ p,, v of this line and, those 
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components,being Wi(7i» — vi*), Wi(Fit; — etc,, we can write 
, h, etc., or 


X(Fit, 


Viy) = ^(Fla ■ 

v(Vu 


vi«), At(7is “ yj^) 

• Wi*) = X(7i« - Vu), 


v(Vly - Vlv), 

(36a, b, c) 


Only two of these equations are independent, of course, for it is 
easily seen that one can always be deduced from the other two, 
in correspondence with the fact that the line of centers has only two 
degrees of freedom of position; nor do tho corresponding equations in 
terms of V 2 and V 2 add anything, beoauso of (34a, 
h, g). 

24, The Inverse Collisions. It is evidept from 
these equations, and also from elementary ideas, 
that the molecular velocities are usually altered 
profoundly by a collision and that molecules of 
tho first kind which were in tho velocity range Ai 
to begin with, will very often be thrown entirely 
outside of it. For every typo of collision which 
removes a molecule of the first kind from Aj, however, another typo is 
possible that restores one to it. Wo can, in fact, take any two mole¬ 
cules that have just collided in the mannor described above and, by 
shifting their positions without changing their velocities, cause them 
to collide again with the line of centers exactly reversed in direction 
and with the roles of initial and final velocities interchanged (of. 
Figs. 7 and 8). This appears algebraically from our equations in the 
fact that they still remain true if the values of Vi and are interchanged 
with those of Fj and Fa) the necessity of reversing the line of centers, 
however, i.o,, of replacing X, fx, r by —X, —Mi becomes apparent 
only when we reflect that tho molecules must be approaching each 
other just before they collide. 

Furthermore, the whole class of collisions formed by inverting the 
original ones in this manner actually includes all that can restore 
molecules of the first kind to tho range Aij for tho result of inverting 
in its turn any inverted collision is to recover tho original collision, and 
accordingly, given any collision which restores a molecule to Ai, wo 
find an original collision of which it is an inverse merely by inverting 
the given restoring collision. 

Tho number of such inverse collisions corresponding to.tho original 
ones will be given, obviously, by an expression similar to (33), viz., 


////// 
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m which Yt ~ [Vi ~ Vsl, Fi - /i(VO, F<i = /aCVa), d9> is an element 
of direction for the inverted line of ccnteis, and the range of iiitegiation 
for dV\a ' dy%z covers all values coriesponding to values of Vig, 
ViU] Vu in At 

Befoie making use of this expression, however, wo shall make a 
change m the variables of mtegiation m it To simplify tlio pro¬ 
cedure, let us, foi any given position of the lino of oentcis, imagine the 
axes of coordinates to be rotated so that the ^“axls is paiallcl to tins 
line, such a rotation having no effect, of course, upon the value of 
the definite integral containing dVu ‘ dV^B Then in (36ft, b, c) 
X = 1, 5= V = 0, whence, using (34&, c) as well, 

Flv " Vly, Tl* — VlB, Viy ~ Vly, Viz = Vn (38) 

(34o) and (36) then become, since yf — + v% + etc , and since 

the y and ^J-terms all cancel out, 

rriiivi^ ~ Vu) - miiVix ~ y2»), 

“ VI) = rUiiVl - vDi 

and, dividing the first of these two equations into the second and then 
solving, WG find 

y (wi ~ -V 2 miV 2 „ ^ y _ (m^ - mi)v 2 B> + 27niVu /oqn 

mi + m 2 ^ mi -f m 2 ^ 


Accordingly, in (37) we can replace* dVudVis by j/| dv^ dvu where 



Vi., F2A 

^la, 1^2® / 


dVudVu 




dyi, dVix 

1 

mi — m 2 , 

2m2 

dVix dVix 

(mi + wia)^ 

2mi, m 2 " 

- mi 

dvix Ovu 





SO that 1/1 = 1, and, of course, by (38) 


- 1 , 


dViy dVu dViy dViz = dviy dvu dvzy dvu 
The fact that in (37) wc can thus replace dV\x ’ dViz by 


dvu • dVit 

is an example of the famous Liouvillo theoiem that plays so impoitant 
a role in statistical mechanics 

Furthermoio, by (39) Fr® - Fq® - Fi® = -(^ 2 * - yj#) = -yr*, 
whereas by (38) Vrv ^ V^y — Viy = Viy — Viy = Vry and similarly 

* This can be done, of oouiso, only under the integral sign, as a lule, slnoQ 
dvit doix represents a rectangulai area but the corresponding clement dn the V% 9 , 
Vu plane, although of area |7[ dvj* dvu, will not usually bo a lectangle 
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Vrz == Vrz) that is, WG have the familiar result that the component of tho 
relative velocity in the direction of the line of centers is reversed by the 
collision, whereas its components perpendicular to that line remain 
unchanged. As a consequence, not only is Vr == Vr in magnitude, but 
also the angle between the relative velocity and the line of centers is 
the same after the collision as before, and the latter fact, according to 
what was said above about means that <f> = <p. Finally, dfi = dw, 
being just tho vertically opposite element of solid angle. Hence (37} 
can be written 

WiWs diJ* dofj' vJWrFiFa dKi dKs. ( 40 ) 

25. The Rate of Change of the Distribution Function. If we now 
subtract from this expression that given in (33), we have tho gain iess 
the loss, or the net gain, of molecules of the first kind in tho range Ai 
caused by all collisions with molecules of the second kind; the result 
can be written 

nin2 dKiv>Vr(FiI/\ ~ /i/a) dwa cico, (41) 

the order of integration having been changed in preparation for 
the next stop. There are, to be sure, some molecules which arc merely 
transferred by collisions of tho type considered to another point in 
Ai and so are not actually either lost from tho group or restored to it; 
we could show that no error results from tliis ciroumstanco, but wo may 
as well dodge the issue by proceeding at once to make Ai infinitesimal, 
whereupon tho collisions in question become negligible in number and 
can bo ignored. 

A similar expression with the subscript 2 changed to 1 throughout 
will tlien give tho net gain in Ai due to all collisions between tlie first 
group and all molecule.^ of tlie firM kind; and tho sum of this expression 
and (41) finally gives us the total net gain in unit volume during time 
di of molecules of tho first, kind in Ai, On the other hand, this not 
gain can also be written 



Equating the two expressions thus found for tho net gain wo have: 

III dt I ^ dKi == ihnz dt \ dKi 

' ■ dAi 

f «? m\ (Ik, j I piir(F,F[ - /,/!) d*; (h,. 


J J — /,/s) diadu 
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in which we have primed Vi or Vi and functions of them when they 
refei to a molecule of the fiist kind functiomng as the second molecule 
in a collision. 

Let us now suppose, as we have alieady done, that Ai is made 
indefinitely small, then m the limit we can replace each integral over 
Ai by the integrand multiplied by Ai (provided the integrand is 
assumed to be continuous) We thus find finally, after canceling 
niAi dt. 



(42a) 


In a similar mannei can be found for molecules of the second kind 

^ J J - A/i) iufi du + tiij j - ftfi) dm d(^ 

(42i) 

These lesults aie easily extended to cases m which more than two kinds 
of molecules are piesent On the othei hand, if only one land is 
present, we can diop the subscripts and wiite simply 

I = «J ' - //') dK' du (43) 

In this last equation, to repeat foi convenience in refei enco scattered 
statements already made or implied, dw is an element of solid angle 
within, which the line of ceiitois may lie at the instant of collision and <p 
is a geometiical factoi expressing the likelihood of a collision between 
molecules approaching with velocities v and v' and lolative velocity arJ 
f = /(v) and lepresents the distribution function for molecular velocity, 
/' ~ /(v'), and F,'F' stand foi similar functions of the new velocities V 
and after collision; d/<^ is an element of volume in the velocity space 
for v\ The negative term lepresents the effect of collisions in lemov- 
ing molecules fiom a given legion in velocity space, while the positive 
term represents the effect of other collisions in throwing molecules 
into that region Analogous statements hold for eqs (42a) and (42h) 
n is the number of molecules in unit volume and ni, nz the numbers of 
the two kinds taken separately 

26. The Equilibrium State, The values of the time derivatives 
as given by (42a, b) oi (43) tell us how the velocity distribution changoB 
with time in terms of its form at any given moment, whatever this 
form may be, The most important case, however, is that of a gas in 
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equilibrium, and we shall now confine our attention to this case. 
Equilibrium requires that the distribution of velocities shall be steady 
or independent of the time; and this means, when two kinds of molecules 
are present, that 


d/i _ 5/2 _ ^ 
dt dl. 


(44) 


for all values of Vi and Vs. 

If we insert in this double equation the values of the derivatives as 
given by (42a) and (42i>), we obtain two integral equations for the 
determination of /i and fz. Now, no simple general method of solving 
such equations exists, but in the present instanco a solution is easily 
guessed; dfi/dt and dfz/dt will certainly vanish, provided 

Fin = /./i, nn - = uu (46n, h, c) 

for all values of the independent variables. We shall first work out this 
solution in detail, and thou later wo shall take up Boltzmann’s proof 
that it is the only one. 

In (46a, &, c), in turn, wo have/imc/mna^ equations to solve for /i, 
/s. They happen to become easier to handle if wo introduce g = log /, 
so that (46c), for instanco, becomes (after an interchange of the 
members) 

OliVu, Viv, Viz) -f OiiVu, Vit), Vu) 

= (7i(Fi*, Vi„ Vu) + g,(V2., 72,, Vu). (46) 

From this equation wo see at onoo that g must bo such a function 
of the molecular velocity that the sum of its values for two molecules is 
unaltered by a collision. ,Now wo arc already acquainted with several 
quantities that have this property; the kinetic energy is one and the 
three Components of the momentum are three others. Obviously, 
also, any linear combination of those four quantities with arbitrary 
constant coefficients would enjoy tho same property. This observa¬ 
tion suggests that g itself might be such a linear combination; certainly 
such a function does constitute ono possible solution of eq. (46). A 
little reflection will serve, indeed, to develop a healthy doubt whether 
there can be any other form of solution; but really to complete our proof 
we must actually show that there cannot bo another, and this we shall 
now do, It frequently happens in theoretical work that tho correct 
solution of a problem can bo guessed with ease, whereas tho proof that it 
really is the only solution*requires considorable labor; in such a case 
tho proof ought eventually to be sought, but even before this has been 
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done, coneideiable importance should be attached to the result of the 
guess, since it is almost always light 

The reader who is satisfied with the aigument just given can turn at 
once to the results for/i and/z or foi /, as expiessed in cqs. (63ct) and 
(53&) below together with the lestnctions expiessed m (64a, h), or in 
eq (63c) for a homogeneous gas, and proceed from that point without 
reading the ligorous treatment that is now to be given, 

27. Rigorous Treatment of the Equilibnum State. The usual 
method of solving ngoiously a functional equation such as (46) is to 
diffeientiate and then tiy to eliminate the unknown functions one by 
one until a differential equation is obtained for one of them. Equation 
(46) must hold for all values of and also foi all values of 

X, fi, V, that make =5 1, the quantities Vim V'a* being 

determined by f34a, 6, c), (35), and (36a, 6, c) It turns out, howovei, 
that to reach our goal we need only consider such changes of the 
variables as leave Vu * • V^z unalteied, and the work is simplified 

by such a restiiction because the lattei variables can then bo loft out of 
consideration altogether. With this fuithei lestiiction the vaiiablos 
’ * Vie can vaiy only in such a way as to satisfy the following 
equations of condition, obtained by diffeientiating (34a, 6, c) and (36) 
with Fiar * Fz* kept constant* 


Wi dvix 4- mi dvzx — 0, mi dviy + m dv^y = 0, 

mi d\>i» + mz dVie ~ 0, (47) 

mi{vim dvix + Viy dviy + Vu dvu) 

4 - mzipim dvzz 4 ' Viy dViy 4 - v^z dvzz) ~ 6 * ( 48 ) 

Equation (46) will then also remain satisfied, provided 


dwu 4- ^ dViy 4- 

OVlx OVly 


dffi 

dVu 


dviz 4- 


dViz 


dVie 


4- 


dViy 


dViy 4* 


dViz 


dVzt = 0 . 


(49) 


Now we can eliminate some of these difieientials by solving (47) for 
dVix, dViy, dviz and substituting the values so found in (48), obtaining 
thus in place of (47) and (48) 

— Vix) dvix + mi{viy Viy) dviy 4- mi(vu - vzz) dvu = 0. (48a) 

Any values can be assigned to dvi*, dvu that satisfy this equation; 
the corresponding values of dvz*, dvzy, dvu are then given by (47). 
Equations (36a, 6, c) can always be preserved, with no change in 
Vim * * Viz, by varying two of the quantities X, n, v, the thiid being 
then chosen so as to keep X^ 4- ju® 4" = !• The aigument could 
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be completed now by further elimination^ of differentials, but it is 
neater to make use at this point of Lagrange method of ‘^imdetormined 
multipliers.To do this, wo first eliminate dv^z, dvu in a similar 
way from (49) as well; then we add to the equation thus obtained 
eq. (48a) multiplied by a quantity Q, '‘undetermined^^ as yet, obtaining 




OTi dgz 

m<i bviz 
+ 


+ Q'mx{viz> - V2^) 


dvix 






dyjy 

dvii. 


0. (60) 


The coefficients of the three differentials in (60) must now vanish just 
as if the differentials were coinplotely arbitrary, li’or, suppose the 
coefficient of some one differential in (48a) is difforent from zero. Lot 
us choose both of the other differentials in (48a) arbitrarily, and then 
give to the first one such a value as will mako (48a) true; lot us cause 
the coefficient of the latter differential in (60) to vanish by means of a 
suitable choice of Q, Thon the two remaining cooflioients in (60) nuiat 
also vanish because the other two difforentiala aro arbitrary. 

From tliG three equations obtained by equating to zero caoli bracket 
in (60), we can then in turn eliminate Q, For example, the first two 
yield 


(i>., — g—j - (»„ - - — g—J. (Si) 

This equation, like (40), must liold for all values of t»ia, ■ ■ • t/g, as 
independent variables; honco wo can differentia to both mombors 
partially with respect to any one of those variables without destroying 
the equation. Differentiating first by Vu, then by wo thus find 
in succession, many terms dropping out: 


(l^ly 1^21/) 


dUtidOiz 


(yi* - 


y2») 




d Offt 

Ovi, 'Svit, 


0 . 


Choosing two other equations and proceeding similarly, wo find that 
~ indopondent of vi, and Vi^ and so is a 

function of ri* alone, 

In a similar way one fintls that every first dorivative of or {/j is a 
function solely of the variable named in tho derivative. Using this 
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result and differentiating (51) by pi® and Viy in succession and then again 
by Via, we find successively* 


dvl dVi, m2 dV2y 


dvlx 


Ovl 


IV 


dvL 


0 . 


(62a) 
(526, c) 


In (62c) we have finally before us a differential equation from which 
we can find gi Integiating this equation three times we find 


gi — Civlx + CiVis + Gi{viiv, Pi*), 

where Ci, C 2 , Gi are constants of iiitegiation; Gi may, as indicated, be 
a function of and Pi*, but Gi and Ca cannot be because wo found 
dg^/dvix to be a function of Pi® only, Working similarly with pi^ and 
then with Pi*, one finds also that gi = Czvly + CiViy + CtsCpi*, ^i*) and 
gi ~ 4- C'flPi* + Gsivu, Viy) Substituting these various values of 

gi in (526), and in its analogue containing Pi* in place of Viy, wo find, 
however, that Ci *= Cs == Ca Comparison of the three forms then 
shows that gt can be written finally in the form, 

log/i ^ (?i = ~/3i(yf® + Pii/ + Pi*) + a'lPi* 

+ oi['Viy + ai'vig "b -Si, (63a) 

—/?! being written in place of Ci for future convenience and ai, a”, 
being four other constants. 

In a similar way one finds 

log /2 = = -/3|(p|» + v% + vl) + aiV 2 x + Oi 2 V 2 u + « 2 'P 2 * + ^2 (636) 

m terms of five additional constants 

If wo then substitute these values of gi and (72 m tho three equations 
obtained by equating to zero the three brackets in (60) and then set all 
of the vaiiables Pi® * Pg* equal to zero, we obtain such lesults as 

a'l — = 0 , and then, using this and malang only Pi» or P 2 «, not zero 

t7v% 

in the same equations, ~2Sl + Qmi = 0 and 2mi/3^/ma — Qmi - 0 , 
etc ; from these lesults we find that we must make 


W 2 / 3 ? == mifil (64a) 

m2<x[ = miQia, in2Ci'l = m2(x'” = wiag' (646) 

(and incidentally Q — — 2j9^/m2) 

Aside from these restrictions the constants a, j3, and B are arbitiary, 
This assertion requires verification because of the way in which we 
restricted the variations of Pi* P 2 <, but its truth becomes apparent 
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when we reflect that we have carefully preserved the validity of (34a, 
h, c) and (35), and note that substitution of and gs in (46), with 
any choice of the constants that satisfies (64a, 6), yields an equation 
that can also be deduced by adding (34a, i>, c) and (36) multiplied 
respectively by ai, a'/j canceling out mi. 

Bliially, we may note that our work has in no way do ponded upon 
the existence of a difference in the values of mi and m^ and, accordingly, 
it will hold good also if only one kind of molecule is present; the result 
in that case can bo written 

log / ^ (7 = + vl) + -H ot”Vv + H- /-i, (63fi) 

whore a', /3, and B are all arbitrary. 

28. Maxwell’s Law. The usual form of the velocity distribution 
law for a gas in equilibrium is now obtained if in {63c) wo put 

’ zS: ct” = a'‘' - 0, 

viz., 

/(V) ^f{vx,Vy,Vz) (66) 

in terms of /3 and a now constant A = e'K Wo shall eco in Sec, 30 
below that 


^ 2kT 2RT 2 RmT ^ \ 

m being the mass or M the molecular weight of a moloculo and k, 
R and Rm the gas constant for one molecule, 1 g and 1 grain moloculo, 
respectively; hence wo can also write 

f{Vx, Vu, Vz) = ( 57 ) 

When/ has this form, it is obvious from its symmetry tliat t? « 0, or 
the mass velocity vanishes. Accordingly, (66) or (67) has roforonoo to 
a gas at rest. If wo then change to a frame of roforonco rGhitivo to 
which the gas has a mass velocity Vo, thoso equations will still hold for 
the velocity relative to the new frame or tho velocity of tliornml agita¬ 
tion v', so that tho fraction of tho molecules with thermal volocitios in 
the range dw', dy', dv, is /'(vO dy,' dv'y dvi, where 

/'(vO « (67a) 

but now for the distribution of tho now total volocitios or values of 
V = Vfl + v' wo slmll have 

y(y) 5- f{y') ~ 


(676) 
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since for the same group of molecules by definition of f and / we have 
m dvi dvl dVg = /(v) dr* dvy dvg 

and obviously dv^ = dvx, dvl = dVy, du[ = dw*, whence /(v) — /(v')* 
This last expression for /(v) can be obtained fiom the general foim 
(53c) by choosing Pa and A so that — «72(S2, ~ a" 120^, 

vos ~ a"'12^"^ and Thus we see that the more general 

result that was obtained in the last section had lefeience to a gas 
possessing unifoim mass motion with an arbitraiy velocity Vo. 

Equation (65) or (67) represents Maxwell's famous law of velocity 
distribution in a gas at rest In view of what has been said it is obvious 
that a detailed discussion of this equation will suffice to covei the coso 
of a moving gas as well. 

The constant A is fixed by the condition that 

jfdK = = 1 , 

the integral extending over all values of the velocity Now 

since 

- da; ” i \4r, X-V”*' da; = vV, 

as IS shown in books on calculus Hence, by (56) 

^ 7r5« \27rkT) ^ ^ 

Unfortunately a three-dimensional function like / cannot be ade¬ 
quately exhibited by a graph; we have tried, however, to suggest H by 
tlie distribution of the dots in Fig 6 Although only the speed v 
occurs as a vaiiable m /, it must not be forgotten that / has reference 
to a definite direction of the velocity as well, for the meaning is that out 
of, say, JV molecules, Nf(Vs, Vy, Vg) dvx dvy dvg is the number having 
components respectively between r* and w* -f- dy«, Vy and Vy + dVy, 
Vg and Ve -f- dr*, and these limits effectively fix the direction of v itself 
within nanow limits 

Because of the symmetry, however, the distribution function fortho 
moleeulai speeds irrespective of the direction of motion is also very 
useful, and this is easily found. The velocity points for molecules 
having speeds between v and v dv he in a spherical shell m velocity 
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apace of inner radius v and of thickness dv (of. Fig. 6); aiuco dv is an 
infinitesimal, wo can write for tho volume of this shell tho product of its 
thickness into the area of its inner boundary or dv X dTrU®. Tho value 
of f is the same at all points of this shell, heiico the fraction of the 
molecules included in it is / X dv, and if wo also write for this 
fv dv, where/v(v) is the distribution function for the speed v, wo find 

^ (Ola) 

A graph of %fv is shown in Fig. 9, drawn on the assumption that ^ >= 1. 
This graph really serves to give practically a comploto conception of 
the distribution of velocities, for the only feature not exhibited in tho 
fact that all directions of motion occur with equal frequency. 



V or 

. Pia, 0.'— MaxwoH’B Inw. 

» Problems, 1. Show that if f{di’ is tho fraction of tho moIeculoB 
whose kinetic energy, f ^ ^ mv^, lies in a range dl;, then 

= mi) 

2. Show that the distribution function for ono component, say 
/»(*'»)j /sp dvx being the fraction of tho molecules with Va in dvx, Is 



[cf. oq. (31)]. The curve for/* has thus tho shape of an error curve. 
It also is shown, on a reduced scale and with /3 — 1, in Fig. 9, 

3. Show that the distribution of tho y- and the ^-oomponents of 
velocity among molecules selected with a:-oomponont betwoon Vj. 
and Vg + dvg is independent of 
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4 Show that / is the function that would result if each component 
of velocity were distiibuted independently of the others according to Uio 
law expressed by (62) (The assumption that the tliico component^ 
are mdependent constituted the basis of MaxwelTs first attempt ill a 

deduction of his law) ^ a ^ 

29. Use of a Distribution Function in Calculating Averages. 
ICnowing/, we can easily calculate mean values of vaiious fimcUonH of 
the velocity It may be useful to desciibc fiist the gonouil motnod 01 
calculating aveiages on the basis of a distribution function 

Suppose/(a:) is the distribution function for some variable a*, so that 
f(x) dx is the fraction of all cases in which x has a value lying betwooa 

a and a: + dxy and also J fix) dx - 1, the intcgial extending over all 

possible values of x Then, if there are N cases in all; the avorago 
value of any function Qix) is S Qix)IN^ 5) Qix) denoting the sum of tho 
values of Q for all cases In those cases in which x hos in any givctt 
range dx^ however, which aie Nf dx in number, Q has praolu'tilly a 
constant value; hence the contribution of these cases to 21(5? will bo 

QNf dx Thus we can write SQ = 'BQlff dx — N^Qf dx ox N JOf d!X. 
The average of Q is then Q = iVj* Qf dx/N or 

f Qix) fix) dx, (03rt) 


the integral extending over all possible values of x. 

Frequently, however, the ''normalizing factoi " in f that makoa 

Jfdx=>l IS not yet known, i,e, we have not f itsolf but a function of 

X proportional to it, say fiix) = Cfix) Then 

/ = /i/C, Jfdx = fhdx/c = l and 0 = jdn 

In terms of the unnormalized distribution function fi{x), expression 
(63a) for the average value of Q can therefore be written 


0 =* 


j Q(i)/i(x) dx 
J fiix) dx 


(036) 


30. Most Probable and Average Speeds. According to (66), tho 
most probable single value of the velocity is zero, since / is a maximum 
for V = 0 On the other hand, the most probable value of tlio speed, 
or the value of v that gives a maximum value to in eq (61a), is found 
by equating dfjdv to zero and solving for v and is 
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(64) 


To find the mean speed u, and the root-mean-square speed Vg, we 
substitute fv from (61a) in (63a) and sot first Q = i; and then Q = v^; 
this gives us the two equations, 




dv. 


Such integrals are readily reduced with the help of an integration by 
parts, those containing an even power of v reducing finally to (59a, h); 
a table of the ones most used in kinetic theory is given at the end of the 
book. We shall work out only one example in detail: 


L 





-h 



6 -/ 3 * v » clv 



a“** dx 



by (69a), the change to x being made by writing /3y = x, and the inte¬ 
grated part vanishing at the upper limit because, if y —> co, 0 

for a > 0, s > 0 and any value of n, The equations previously 
obtained reduce in this way, after inserting A from (60), to 

(06a) 

( 666 ) 
(66c) 

Wo note that the mean speed U exceeds v,n slightly, obviously 
because the curve for bulges a little toward larger values of v; the 
root-mean-square speed Va then exceeds D in turn because the squares 
of large values of v contribute especially heavily to The relations 
between y,„, v, and w, are indicated in Fig. 9. Some physical phe¬ 
nomena, such as the pressure, depend in a simple way upon v,, but wo 
shall encounter others presently that are more simply described in 
terms of v. Hardly any phenomena involve, Vm directly. For many 
purposes of rough calculation, however, it does not matter much which 
average is employed. , - 

Equations (666) and (25a) in Sec. 16 taken together yield the values 
of /3 given in (60) above. Using these values of wo obtain also the 
alternative expressions; 


D = -4= ^ = -4= == 1.1284 v,n == 0.9213 

VTT 

•M® ss 1)2 — 5 




Vt = == 1.2248 = 1.0864 v. 
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V. ^ (SBT)^-= [-jjf-J '“*• 

i\f being the molecular weight or jn the actual mass of a mol(‘cnln 
Another quantity denvable from / that is sometimes of uhc n 
total fraction of the molecules that have speeds oi vohK’ily 
ponents within some given fmtie range Such fractions an* 
written down in terms of integrals. 







t(x) 
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\-b' 

Vttk 
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Pig 10 —Tho probability integral, $(a;) 


v^Jo 


(lx. 


For example^ the fraction of the molecules that have speeds ^ 
certain value v is simply 



dv = 4jrA 


I 


j;2g-/3>w» 


2 J 

Vtt \ 


J. 


(Rf 




after integrating by parts and inserting A — Tho last inlr*|K(r^ 

here cannot be expressed in terms of ordinary functions hut muwt 
regarded as defining a new transcendental function Tho 
known as the probability integral, is commonly defined thus; 


^(x) = ~ r%-*’ dx, (07^ 

Vrjo 

so that $(0) — 0 and $(oo) = 1 by (69a) Tables of arc given 
many reference books (eg, in Peirce's ‘^Table of Integrals” or <i«i 
Jahnke-Emde's “Table of Functions”), a graph of it, along 
1 — which has the same area under it, is shown in Fig, IC* 

In terms of we can write, since 








da =» 1 + 


2 

■yir 
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Substituting values from the tables in this formula, in which we put 
oii ss ~ (2/-\/T)(v/i)) by (66a), wo find for the percentage of the 
inolecules that exceed various values of v/v the following: 


v/e 

0,6 

1.0 

1.6 

2.0 

2.6 

3.0 

% 

88.80 

46.70 

12.66 

1.70 

0.12 

0.01 


Problem, Show that, if Vi is any cartesian eomponent of Vj 
= (p/p)^^ or Newton’s value for the speed of sound in a gas. 

31. Mixed Gases. Equipartition. When two different kinds of 
inolecules are present, their separate distribution functions for the 
state of complete equilibrium are given by (63a, 6) above. Let us 
simplify these expressions by subtracting the common mass velocity 
Vo given by ao« = «i/2/3j =« Vou = oci/2^1 = 12(31 

that is, we substitute vi = Vo + v(, V 2 — Vo + Vj with the stated values 
of Vo in (63a, h). We thus obtain: 

log/i - + v\l + y',?) + Bi + m 

log/a - + v',^) + B, -h 

whore, of course, vl stands for vg* + -f The fact that this 
Bimplification succeeds with the same value of Vo for both kinds of 
molecules shows that the mass velocity is the same for both. We shall 
drop the primes, however, since it suffices, as before, to discuss the 
imotion of thermal agitation only, and write as the result: 

/i(vi) - / 2 (V 2 ) - 

These equations represent a maxwellian distribution for each 
component gas. As an extension of (666) wo shall accordingly have 
5? ~ ^ V/3i> ^ = I V/?8> and taken in conjunction with (64a), which 
can be written wa/Sf — this means that 

^ mii^ « ^ m^. (69) 

'Xhu.g our analysis of the effects of collisions leads to equality of the 
rnean translatory kinetic energy of gas molecules when mixed together 
txnd confirms eq. (14) in Sec. 11 of Chap. I. This is a special case 
of the general theorem of the eqiiiparlitton of energy which is proved 
iri statistical mechanics (Sec. 206). That collisions in a gas tend to set 
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up tianslatory equipartition of energy was shown in a less satisfactory 
but more direct way by Maxwell * 

All of the results that we have obtained for a homogeneous gas, 
which rested in part upon eq. (14), will accordingly hold with sui table 
modification of the constants for each component of a mixed gas 
This conclusion is easily extended to mixtuios of thice oi moio com¬ 
ponents. Accoidmgly, we can summaiize by saying that in a gaseous 
mixture of molecules of diffeient sorts in completo cquilibiiuin oacli 
kind of molecule has the same maxwellian distiibution in velocity that 
it would have if the othei kinds were not present 

32. Uniqueness of the Maxwellian Distribution. The H-^theorem. 
In Secs 26 to 27 we showed that the maxwellian distiibution was a 
possible equilibiium distribution foi the molecular velocities. Wo 
have not yet shown, however, that it is the only one. Any siioh 
distribution must make the right-hand membeis vanish in (42a, b) 
or (43), but our solution accomplished this in a diastic fashion, for 
the integrand is made to vanish in each miegial foi all values of tho 
variables of integration; it is conceivable that othei forms of the 
function / might exist such that the integials would vanish by mmo 
mutual cancellation of positive and negative contiibutiona from 
different paits of the legion of mtegiation To this question we may 
also add the further one whether theie Avould be any tendency for an 
equilibrium distiibution to be set up if it did not aheady exist, the 
possibility that the distribution of velocity might under some circum¬ 
stances never tend to become steady at all, while peihaps not plausi¬ 
ble physically, is left open by the mathematics. 

Both questions were answered by Boltzmann, f He was able to 
show from his analysis of the effects of collisions that the maxwellian 
distribution actually is the only steady one, and furthoimore that any 
other distribution would almost certainly be altered by the collisions 
in such a way as to approach the maxwellian form. Since the aigu- 
mept by which he did this, called the “H-theoiem,'' possesses interest 
for thermodynamics as well as for kinetic theory, we shall give it licrc, 
but only for the ease of a homogeneous gas; the extension to mixed 
gases IS easy to make 

Boltzmann studies the quantity 

H = JflogfdK (70a} 

* Maxwell, Ph/tl Mag , 20, 21 (1860) 

fb Boltzmann, Weiteie Studien liber das Warmegleichgewicht iintor Ga»- 
molekulen, K Akad Wtss (Wten) Sitzb , II Abt 66, p 275 (’1872) 
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in which as usual dK stands for dVx dv^ dvg, f = /(«*, Vy, Vg, t) or the 
velocity distribution function, and the integral extends over all 
values of v; wo have written t as one of the variables inf to indicate 
explicitly the fact that/may be changing with the time. If / does not 
change, we have a steady distribution, and then H is constant. Other¬ 
wise U will be a function of the time with a derivative 




since the limits of the integral in the expres,sion for E do not involve U 
The 1 added to log / here, however, adds nothing to the integral, for 




0 because 



dK must always remain equal 


to unity. Hence, if wo insert the value of Bf/dt from (43) in Sec. 26, 
we have 


= nj J J<fiVr(FF' — ff') log / dK dK' d«. 

Now this definite integral is distinctly asymmetric in the variables 
of integration. Such a circumstance should always arou.so a suspicion 
that something interesting may turn up if tho variables are-inter¬ 
changed, Wo can, for instance, interchange the variables v and v' 
(i.o., Vx, ifu) with Vgf v', vi) without altering the value of tho integral 
and obtain as another form of tho equation tho following: 

^ «J J J MPF' - ff') log/' dK *' do>. 

But wo can also change to tho velocities after collision as variables of 
integration, i.o., to V and V' as determined by (34a, 6, c), (36), and 
(36a, 6, c) in Sec. 23 in terms of v and v'; tho method of making this 
change is just the reverse of that explained above in arriving at (40) 
of that section. Tho result is [cf, the form of (37)] 

It is immaterial, however, what symbol is written for a variable of 
integration in a definite integral, so nothing prevents us from simply 
replacing tho variables V, V' by v and v', respectively, whereupon / 
and F change places and likQwi.so f and F', and wo can also write 
for then and Vr become those functions of the variables wliiph wo 
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previously denoted by ^ and Or. This gives us another possililo form 
the equation expressed in terms of v and v'; and then intorchangin^ v 
and v' again gives us a fourth We thus obtain 

^ - a J J J ipurif - Fr) log F dK dK' dw, 

J* J 

Now let us add these two values of dH/dt to the fiist two and duidf* 
by 4. This gives finally a form that is symmetric in the varirtlilra v 
and v': 


Here the integrand can never be negative, since log iT^ log FF* 
according as ff' | FF' Hence we have the important icsult llmi in 
all cases 


Now for a steady distribution dll/dt must vanish. But iu 
we now have an integral which can vanish only if the integrand vanif^hif^ 
for all values of the variables of integration If this happens, wo iwm 
led at once to eqs (45a, 6, c) of Sec 26 and, from those equatioim, 
we have seen, to Maxwell’s law This shows that the maxwi’lhmn 
distiibution is the only steady one 

Any other form of /must undergo such changes by collisions that fi 
continually decreases It is easy to show,"** however, that 7/ Imfl H 
minimum value for the maxwellian distribution as compared with any 
other that gives the same value to a quantity that does not cluuiRiy 
with the time in an isolated ideal gas Hence we reach the furtht*f 
conclusion that the effect of collisions upon / is such as to mako // 
approach the value corresponding to a maxwellian distiibution; and 


* In general, let/oj / be any two functions of v such that ^/log/o rfx 
log fo dK and JVdK =■ J/o dK « 1. Then D s Jflogf dx - J/o log/of/K f/ 

log if/fo) da *= J*[/log (f/fo) -~ / + /ol dK (the terms added here oancoHiig 

other), and [/log (///«) — / +/o] has an absolute minimum value of 0 for / ** /* 
Hence D ^ 0 As a special case, the first condition imposed on / Is oquivftlont, 
in view of the second, to the conservation of 55 if /o = Aa"^**’* 
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we can take this as an indication that the distribution must itself 
tend to take on maxwellian character with the passage of time, 

Light could be thrown upon the rapidity of tho approach in any 
given case by calculating the value of dH/dt from (70&). In Sec. 100, 
however, we shall meet with a more convenient means of estimating 
the rapidity; it is shown there that equilibrium is approached exceed¬ 
ingly rapidly as judged by physical standards, 

33, Reversibility and the H-theorem. Although the proof just 
given of tho //-theorem is mathematically rigorous, an illuminating 
objection was formerly raised against it. Suppose wo were to let tho 
gas move, with II decreasing, for a short time and then' instantaneously 
reverse all of the molecular velocities. Since every dynamical motion 
is reversible, the molecules would then retrace their patlis, and U 
would increase, in spite of our proof that it never can do this I 

The explanation of this paradox is connected, of course, with tlio 
fact that the formula for df/dt which we obtained above rests upon tho 
assumption of molecular chaos. Now, after a few collisions have 
occurred, there is no reason to suppose the molecular motion to bo 
ordered toward the future, so that chaos should still exist so far as 
subsequent collisions are concerned; but tho past motion may not have 
been chaotic, Accordingly, when wo roverso tho velocities and 
thereby interchange future and past, it may happen that wo have con¬ 
verted the motion from a chaotic ono to an ordered one (as regards the 
new future), and the //-theorem will then no longer bo appHcablo. 
Only in the case of equilibrium can it bo assumed that tho ro verso 
of every molecularly chaotic motion is again a chaotic one. 

Some further remarks upon tho //-theorem and in particular upon 
an interesting connection between the quantity H and tho entropy will 
be found in tho chapter on statistical mechanics, 

34. Principle of Detailed Balancing. As we have scon, tho equilib¬ 
rium of the velocity distribution is maintained by the mole on lea in an 
exceedingly simple fashion, for in each of eqs. (42a, h) or (43) of Soc. 26 
the two terms of the integrand cancel eaoli other for each individual 
typo of collision. This moans, as is evident from the origin of those 
terms, that for every typo of collision the inverse typo occurs with 
equal frequency and exactly undoes tho effect of the first. 

Many cases can bo cited in which a physical equilibrium is main¬ 
tained in a similar simple fashion. The clmraotoristio feature is that 
for every process which alters the distribution thoro exists an inverse 
process, and in the state of equilibrium each process and its invorso 
occur with equal frequency and just offset each other's offccts tending 
to disturb the equilibrium. This has boon called tho phonomonon or 
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principle of detailed halancing* and it has sometimes been set up as a 
universal law of nature The pimciple seems, howevci, to bo rather 
difficult to state m teims that aie broad enough to cover all eases of 
intei est and yet so as to admit of no exceptions, nor can it i eadily bo 
deduced in general toims fiom the laws cither of mechanics or cf 
theimodynaniics It seems lathei to constitute a gcneialization which 
is subject to a few exceptions but nevertheless possesses gieat utility 
when we aie cndeavoiing to form conceptions of the pioccssos that 
occur in natuie or to make a fiist-tiial analysis of an unfamiliar 
phenomenon 

In some instances the motion involved in the inverse process is just 
the reverse of that in the direct piocess, but in many othei cases this 
is not so, and there does not seem to exist any fiindamoiital connection 
between detailed balancing and the fact that mechanical motions can 
always bo "reversed'' or made to occur m the levoiso diicction (in 
classical theory at least) In the paiticiilar case of molecular collisions 
whicli we have been studying, for example, the mveibc of a direct 
collision which offsets the effect of the lattei is not the same as the 
reveise collision that results if we simply leveise the velocities of the 
two molecules after the first collision and allow them to letiaeo tlioir 
paths, nor is it oven (in geneial) this reverse collision lotated through 
some angle 

On the other hand, in phenomena such as the following it is con¬ 
venient to apply detailed balancing in such a way that the inveiso 
process is the direct one icversed When liquid in a tube is m oqui- 
librium with its satuiated vapoi, just as many molecules condense m 
every second at any point of the suiface as evaporate thoro, so that no 
mass streaming is set up, such as might conceivably occur in the 
liquid from the meniscus at the edge back toward the centci, oi in the 
opposite direction, owing to possible differences m the late of evapo¬ 
ration over a flat and over a curved suiface Examples of detailed 
balancing of this soi t are common in physical chemistry. As a i athor 
similar example in another bianch of physics, we may cite the fact 
that the emitting and absoibing powers of a body for radiation aro 
always equal, not only on the whole but also m every individual direc¬ 
tion and for every separate wave length 

Another case that is of particulai inteiest m connection with tho 
question of mechanical reveisibility is furnished by the motion of ions 

* Detailed balancing appears to be a bettor terra than Tolman’s microscopic 
reversibility" (Nal Acad P?oc, 11, 436 (1926)) beonuso the lattei suggests that 
the motions in the balancing process are just those In the clnect pioooss 
reversed, which is often not tho case 
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or electrons in a fixed magnetic field. This motion is completely non- 
reversible; if an ion moves along a right-handed spiral in following a 
line of force in one direction it will follow a left-handed spiral on the 
return trip. To reverse the motion, we should have to reverse the 
field as well. Nevertheless, even in the fixed field, under conditions of 
equilibrium, there exists the usual maxwellinn distribution of velocity, 
so that at every point there are equal numbers of ions moving equally 
in all directions, and hence, for example, as many cross any area in one 
direction as in the other, as is required by detailed balancing. 

Perhaps the simplest example of a failure of detailed balancing is 
furnished by the effect of the walls of the containing A'^esscl upon the 
velocity distribution in a gas. Suppose, for simplicity, that the 
density is so low that intermolecular collisions are rare and suppose 
that the walls reflect specularly (in other words, like the reflection of 
light by a mirror). Impacts upon the walls- will now serve to sot up 
and maintain an equal distribution of molecular velocities in direction, 
although, of course, without affecting their magnitudes, provided only 
that the vessel has not some special shape such as that of a rectangular 
parallelepiped. The equilibrium as to directions of motion is main¬ 
tained in a complicated circular fashion. For concreteness, let the 
vessel be hemispherical in form. Then each shower of molecules 
moving in some definite direction downward toward tho plane base is 
continually being transformed by impact on it into a shower moving in 
a definite direction upward. Very few of the molecules of this second 
shower, however, are restored to the original downward-moving one 
upon striking tho curved surface; they are scattered equally in all 
directions throughout a certain solid angle, which rises to a maximum of 
2k in the case of tho particular shower that is moving vertically 
upward. The process inverse to reflection from tho base is thus almost 
entirely absent. The first shower is continually being recruited some¬ 
how by reflection from tho curved wall; but tho molecules that are 
thrown into it are drawn from a wide range of different upward-moving 
showers. 

Perhaps wo should sny that detailed balancing fails in this case 
because the equilibrium is not a true one, and wo have, therefore, not 
really employed the fundamental form of tho principle; a mass of gas 
enclosed in a vessel of any sort represonts, in fact, a mctastable state 
of the system. To have true equilibrium, there must exist some path 
by which molecules can pass from one side of the wall of tho vessel to 
the other, since they arc capable of existing on both sides; and if tho 
wall itself is composed of molecules, then the,so mu.st occasionally 
rearrange themselves so as to take on, in tho courso of time, all possible 
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arrangements If such changes were possible, it is probably tnio that 
m the long run detailed balancing would hold In other worda, 
detailed balancing probably holds for all interactions between partielea 
that are statistically free to get eventually into all positions that nr® 
mechanically possible, and also for the omission and absoi ption of india* 
tion by such particles 

36 Doppler Line Breadth. Aside fiom many phenomena in which 
the distribution of molecular velocities plays a lole, in the .soiiHe that 
an average must be taken ovei all velocities, there aro a few wliich 
exhibit details coiresponding to the distiibution itself Tho most 
straightforward one of these phenomena involves an additional hit of 
kinetic theory and is described m the next chaptci as a dolibmate lest 
of Maxwell’s law On the other hand, the effect of molecular niotiOEi 
on the shape of spectial lines, while it involves an additional ])roce«» 
optical in nature, depends so directly upon the velocity distribution 
itself that it will be described briefly here 

The spectrum emitted by gaseous atoms and molecules eouHlsts 
under most conditions principally of lines which have a natural ^^idth 
that 18 too small to be observed with ease As seen by the Hpeetros- 
copist, however, these lines are usually widened into nariow bands in 
consequence of molecular motion When a soiiico emitting light of 
wave length Xo is moving m vacuo away from tho obscivor ivith a 
component of velocity w, the wave length as measured by tho ol)Herv©r 

18 , by the usual theory of the Doppler effect, X = Xo^l + c being 

the speed of light Accoidmgly, if there are du molcculc.s in unit 
volume, which are emitting radiation of natural wave longtli X® ttnd 
are naoving away from the observing appaiatus with a comiionent of 
velocity lying in the range dii, the light from these will bo received in A 
d/ii 

spectral range dX - Xo— If we write J d\ foi this ladiatioii, J 

representing, therefore, the intensity of the line at wave length \ we 

have the equation, J d\ = JXo— = yttf^idu, where y ropresonts the 

amount of radiation received from one molecule If wc thon cancel 
out du and insert the value of /„ for a maxwellian distiibution from 

(02), changing v, in that formula to a = - ft ~ obtain 

Xo 

fflc>(X-Xo)» 

J = 2XoW 

J 0 standing for a new constant 
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A plot of J against X thus has the form of an error curve witli its 
maximum at / = Joj and if log J is plotted against (X — Xd)® for eitlier 
half of the spectral line, a straight line is obtained from whoso slope 
the temperature of the gas can be calculated (cf. Fig. 11). 

An experiment that confirms this form of the curve was performed, 
although for another purpose, by Ornstein and van Wyk in 1932.* 
In this experiment they studied one of the linos omitted from an 
electric discharge passing through helium at very low pressure. The 



observed shape of the line corresponded closely to that duo to a 
maxwellian distribution but at a temperature some 60° above tlio tube 
containing tho helium; this difTorence was ascribed to heating of the 
gas by the discharge. Some clajssical experiments made much earlier 
by Fabry and Buissonf had shown only that the widths of certain lines 
emitted by tho gases helium, neon, and krypton varied "with tompor- 
ature very nearly in the right way to correspond with tho Doppler 
explanation, being directly proportional to the square root of tho 
absolute temperature. 

* OnNSTBiNT and van Wyk, Zcils, Phyaik, 78, 734 (1032). 

t Fabry and Buisson, Acad, Sd.y Oompl. Rend,, 154, 1224 (1012). 


CHAPTER III 


GENERAL MOTION AND SPATIAL DISTRIBUTION OF THE 

MOLECULES 

Up to this point we have discussed effects of the velocities of the 
molecules without paying much attention to then positions, ami wo 
have found that ceitain piopoitics of gases can bo adequately handled 
in this way There are other phenomena, howevei, which dcpoiul 
also m laige part upon the distribution of the molecules in space It 
will be convenient to piepare foi the tieatment of such phenomena by 
taking up at tins point cei tain aspects of the molecular motion which 
involve their distribution m space, The tedium of the abstract 
argument will be relieved at inteivals by the discussion of coiicrotO 
applications. 


UNILATERAL FLOW OF THE MOLECULES 

36, Effusive Molecular Flow, As our fiist topic, we may take up 
for consideration the general flow of the molecules fiom place to place 
in a gas A concrete example suggesting such a study is pie&ontod by 
the ejfusion of a gas through a hole into a legion of lowei piossuro. 

The chaiactei of this lattei phenomenon vanes greatly according os 
the hole is large oi small, If the hole is sufficiently laige, the motion 
can be handled theoretically by the methods of ordinaly hychodynam- 
ICS, the treatment of this cose accordingly lies outside of oiu field, 
but its goneial conclusions may be cited for purposes of compaiisotl. 

It turns out that, as the pressure difference between the gas in tlio ' 
vessel and that m the legion outside is increased, the outflow of 
gas varies at first in proportion to this diffeionce If, howovor, * 
the outer pressuie is lowei ed so as to he below a certain ciitica! value, 
which IS a little more than half of the inner pressuio, then the magnitudo 
of the outer pressure no longer makes any difference at all in the outflow. 
The maximum velocity of tho gas m the issuing jet is then equal to tho , 
speed of sound tin ough it at the tempeiature and density existing in tho' . 
jet, which is cooled by expansion The fact that undei these circum¬ 
stances the outside pressure has no influence upon tho rate of outflow ‘ 
can be explained by saying that it is no longer possible for a signal ] 
to work back through the jet into the vessel and, as it were, notify tho ■ 1 
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gas inside of the very low pressure existing outside. Under such 
conditions, and even before such speeds are reached, the issuing jet has 
a contracted form, narrowing to a certain, minimum cross section at a 
short distance from the hole, beyond which it expands again, but often 
with oscillating cross section; and at speeds of outflow above a certain 
low minimum the jet is also surrounded by eddies and the whole motion 
is more or loss turbulent. * 

Suppose, however, for contrast, wo now go to the other extreme 
and make the hole small even as compared with the molecular ''mean 
free path" or average distance traversed by the molecules between 
collisions. Then, according to classical theory, the molecules must 
issue independently of each other in the form of a molecular stream; 
each ono moving with the velocity it had as it camo up to the hole. 
The loss of a single molecule now and then through the hole should 
disturb only slightly their general distribution insido of it; a trace of 
mass motion toward tho hole must develop because of the absence of 
those collisions that tho lost molecule would have made with others on 
its return from the wall, but this elTect will bo wiped out promptly by 
tho molecular interplay, which is always tending to set up and preserve 
tho equilibrium state. If there is gas in equilibrium on both sides of tho 
hole, a process of effusion of this sort will occur in each direction just 
ns if tho gas on the other side were absent. 

If the hole is now widened until its diameter is comparable to tho 
mean free path, nn intermediate typo of flow occurs. As the hole is 
widened, mass motion toward it develops more and more in the vessel 
as a result of intormolooular collisions (or their absonco), and this mass 
motion, carriod along in the issuing gas, tends to result in the formation 
of a jot of forward-moving gas outside. In this way a continuous 
transition occurs from molecular to what might bo called hydrodynam- 
ical streaming, 

In the case of tho very small hoh tho outflow of molecules through it 
should be tho same as their flow across any small plane area of equal 
size drawn in tho body of the gas. Accordingly, wo shall now consider 
the latter more general case in detail. 

37. Formulas for Effusive Flow. Consider a small plane of area S 
drawn anywhere in a mass of gas that is in oomploto equilibrium. 
Molecules will be crossing S continually in both directions; let us fix 
our attention upon those that cross toward one side only. ’ These 
molecules, might be said to constitute a maxwelUan effusive stream. 

Out of n molecules per unit volume, dv are moving 

with speeds in a given range dv, by (61a), and, since they are moving 
equally in all directions, tho fraction dw/dTr of them are moving in 
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directions lying in a given solid angle do) whose axis makes an angle 
6 with the noimal to 8 [cf (29) in Sec 18] Of these molecules, as 
many will cross 8 during a given intei val di as he at the beginning of dt 
within a cylinder standing on 8 as base and having slant height v dt and 
hence a volume Sv dt cos 6 (cf Fig. 12 ) Hence the number so crossing 

is the number in the cylinder at the 
)Deginning of dl or 



4irnAv^e~fi*'>* dv(^Sv dt cos 0. 

Dividing this expression by 8 and by 
dt, we have, accordingly, as the number 
of molecules crossing 8 per unit area 
per second, with velocities lying in the 
range dv in magnitude and m the solid angle du of directions, 

cos $ dv dw (71a) 


Fio 12 


where A = by eq (60) and § is given by (56) in Sec 28. 

Thus the molecules that cross a plane in a given time are distributed 
in direction according to the law that is familiar in optics as Lambert’s 
or the cosine law 

Aa in the analogous optical case, it is often useful to sum further 
over all azimuths about the normal Taking the normal to 5 as the axis 
for polar coordinates 0, ip, we can write dw = sin d dB dtp and then 
integrate (71a) over all values of (p (cf Fig 13) Since the integrand is 



independent of <p and d<p = 27 r, the result is 

2TaAw®e~^**’’ sin 0 cos 0 dv dO, (716) 

representing the total number of molecules 
that cross 8 per unit area per second with 
speed in the range dv and with a direction of 
motion that makes an angle lying in the range 
dB with the normal to 8; the values of A and Pia 13 . 

^ are as stated above, just below eq. (71a). 

Of course, we could also have obtained this result directly by writing 
sin 0 dB from (30) in the place of du/iv 

The presence of in (71a) and (716), as contrasted with a® in the 
distribution formula, means that high speeds are relatively commoner 
among the molecules that cross a plane than they are in the gas in 
general, obviously because the faster molecules stand a larger chance of 
crossing the plane in a given time 
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These formulas characterize adequately the distribution of veloci¬ 
ties in a maxwellian effusive stream at temperature T, In some con¬ 
nections, however, much less detail suffices; wo may need to know only 
the total number of molecules that cross, regardless of thoir speed or 
direction. 

This number can be obtained by integrating (716) over all values of 

IT 

0 from 0 to 7r/2 and of v from 0 to w, Since sin 0 cos 9 dO ]4,} nnd 

an integration by parts gives = l/(2/3^), wo thus obtain 

\ or, after substituting A = from (60) in See, 28 and 

1//3 = s/vvlTi from (G5o), 


Tn = I nd (72a) 

as the total number of molecules crossing unit area of S per second 
toward one side, Here v stands as usual for the mean molecular 
speed. Tor practical applications, however, it is more convenient to 
replace nv by immediately observable quantities. Writing for tho 
mass and for the volume of tho gas that crosses unit area per second 
toward one side, or r,,v for the pV value of this gas, wo have == 
with nm ~ p — p/RT, Tv ~ T„/n and and honoo, after 

inserting e = 2{2RT/w)^^ from (66ce) in Sec. 30, 



(726) 
(72c, d) 


Hero p is the density and p the pressure of tho gas, IT is its absoluto 
temperature, and R refers to a gram, or R « RmIM, whoro Bur is the 
gas constant for a molo and M is tho molecular weiglit. Equation 
(726) .shows that the rate of molecular flow (in either direction) aoiuss 
S is the same as if tho gas were moving bodily across it with a spood 
equal to one qiiartor of the mean speed of tho molGCule,s, 

According to wlmt has been said above, thoso formulas s lion Id 
apply not only in tho interior of tho gas but also to elTusion through a 
hole in the wall of the containing vessel, provided its diameter is small 
as compared with tho molecular moan free path. Tho symbol p in 
(726, d) then stands for the pressure on the side from which tho gas 
comes. If there is gas on botli sides of the hole, oifusioii will obviously 
occur in both directions independently, for under these conditions a 
molecule runs very little risk of being stopped by a collision as it 
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passes thiough, the net flow thioiigh the hole is then the difference of 
the two opposing iimlateial flows 

For convenience of futme leiereiico a niinibei of other uaoful 
foimulas aie appended below, the proofs being left as oxoicisos foi tlio 
student 

Problems 1 Show that the total numboi of molecules oroHninisi 
unit aiea of S pei second in a diicction lying within an eleiiiout do of 
solid angle is 

-p nv cos 6 du ~ cos 0 do), (73<4} 

47r TT \27rm/ 

[E g, integrate (71a) and use (65a), (66) ] 

2 Show [eg, fiom (62)] that the number of molecules ciosHiiig 
unit area of S per second toward one side with a component of velocity 
normal to S l 3 ung between tij. and + dvx is 

j. vxe-fn< dvx = 

3 Show that, if the a-axis is taken peipendiouUu to S, of tlioi^o 
molecules that cioss S toward one side in a given timo tho fraction 

— dvx dvy dvt ( 74 ) 

TT 

has velocity components in the langcs dVs, dvy, dy*, whoro as usiiivi 
4 - 1;2 -j- i)\ (cf Sec 28, Piob, 3) 

4 Show that the mean tianslational enuigy of tho molcculcfl tliftt 
cioss S in a given time exceeds that of those picsont in a given volumo 
by the factor % and so amounts to 2hT cigs pci molecule or 2RT por 
giam. 

38, Molecular Effusion. The effusion of gases through small lioleat 
is sometimes apphed m technical operations as a convenient I’OUJkU 
means of determining gaseous densities * In such applicaiiona, how** 
evei, the holes employed aie usually so laigo that mass motion ocoura 
and the phenomena are consequently of little intorost for Idnotic 
theory 

Tho first case of true moloculai stiearning to bo subjected to 
expeiimental study was the motion of gases through plates made of 
some poious material, such as gypsum oi mceischaum, tho plienomouon 
being usually called transpimiion If the canals tluough such a plato 
are small enough, oi in any case when the gaseous density is low 

* Cf Buckingham and Edwabds, Bull Bw Bland > 16, 673 (1020) 
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enough, the molecules should wander through them as individuals, 
little affected by collisions with other gas molecules, We cannot 
expect our formulas to apply quantitatively to such motion, but it 
seems clear at least that the mean rate of passage of the gas through 
the plate should be proportional to the mean molecular velocity, as in 
eqs. (72a, &, c, d), and so, according to (66a) in Sec. 30, to 
where T = absolute temperature and M = the molecular weight. 
The presence of another gas on the opposite side of the plate should 
make little difference, since collisions with a molecule of the other gas 
are much rarer than collisions witli the walls of the canal; the two 
bodies of gas should transpire through the plate independently of each 
other or nearly so. 

The predicted variation with molecular weight was tested by 
Graham in the course of a series of experiments (1829 to 1863) and 
was found to hold reasonably well. Rates of transpiration have, 
accordingly, sometimes been employed in the determination bf 
molecular weights, but it is difficult to make this method very exact. 
In his pioneer separation of helium from nitrogen Ramsey employed 
differential transpiration through unglazed clay pipe stoma, the 
helium passing through the clay at a rate (2^)^^ or 2.6 times as fast 
08 the nitrogen so that by repeated fractionation .in this manner it 
could be got out fairly pure. 

True molecular effusion through a visible hole has, however, been 
observed and studied by Knudsen.* lie employed in one series of 
observations a hole roughly 0.026 mm in diameter in a platinum 
strip 0.0026 mm thick and worked with hydrogen, oxygon, and carbon 
dioxide at pressures ranging from 10 cm down to 0.001 cm of Hg, and 
at a temperature of either 22“C or 100°G. The gas was passed steadily 
through the hole under a pressure p' on one side and p" on the other, 
and tliQ quantity of gas that passed through in a given time was noted. 
Effusion being bilateral in this case, eq. (72d) gives us for the net rate 
of flow measured in terms of pF (ICnudsen's (3) 

The general result of Knudsen's work was to obtain a good check of 
the theory wlien the pressure was low enougli so that the mean free 
path in the gas was at least ten times the diameter of the hole. At 
higher pressures the rate of flow was found to be somewhat greater 
than the theoretical value as given above; and at a pressure sufficiently 

* Knudhen, Am, Phyaik, 28, 76 (190D), 
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great to make the mean fiee path less than a tontlx of iho dmmotor of 
the hole he found agreement with the fmmula furnished by hydro* 
dynamics for the case of slow isotheimal flow through an oponing 
Knudsen’s results thus check the Icmetic theoiy voiy satisfactoiily, 
39. Thermal Transpiration. A peculiai caso of cons id (>i able 
theoretical interest is that called theiinal tianspiiation. Suppoho two 
vessels containing the same kind of gas aie coniicctod through a poioua 
plug of the sort described above, and let thorn bo inaintainotl at 
different temperatuies Then, accoidmg to (72&), iho lalcs at winch 
molecules enter the poies of the plug pel unit aiea on iho two sidoB aro 


pioportional to p/-\/T 
Wafer Stedm 


If the poles were mcicly small holes in nil 
indefinitely thin sheet, wo should, accord¬ 
ingly, expect a diffeiential flow io coniiiujo 
until the gaseous densities became so adjusted 

that the quantity p/-y /T had the samo value 
on the two sides, i e , until 


'Bi = (IN 
KtJ 


^ ^ commonly assumed tliat tlio snino coiidl- 

^ tion of equilibiium ought to occui in tlio caao 

^ actual plug, and wo shall support tliia 
ip MMm I theoretical conclusion in a later chapter by 
/ / \ r analyzing the effect of a temperature gi ad lent 

JJ U a veiy narrow tube (cf. Sec 180). 

1 ^/ ^ ^ Expeiiments of this typo weio performed 

To mofnometer Osborne Reynolds. * A plate of 

Fig 14 Reynolds’expen- ICnware, stucCO, 01 inOlO USllftlly ITlCOr- 
mentontranBp.rftnon Schaum, ^6 to m. thick, WaS mOUlliod 

exposed on each side a cfrrim aieaTv^"' 
the rings were then cl^ed L TgI ^ 
shaped spaces containmo- +hn f 

still other spaces were formed outside of thoHO 

could be circulated on one Side aiKlL^nr ^^ thiough which Htmin 

on the other Conduction tin n i tomporatuio 

g.vethega«betw“:rnS 

the^„u.e of the steam or wate., resrcrvelj 

low, thelaw e«d b^eq (76 )'’S“m Ob'*> 7“ '■“ffloioully 

q t ; held as closely as ho could judge 

* Rbtnolds, Phil Trans , 170, II, 727 (1879) 



Seo. 40] QBNERAL MOTION AND SPATIAL DISTRIBUTION 


67 


with his rather crude way of observing the temperature, but at higher 
pressures departures occurred; since the mean free path is, as we shall 
see presently, inversely proportional to the pressure, this is just what 
we should expect. Pie was not able, however, to observe the actual 
size of the passages through the porous plate and so to make sure by 
comparison of these sizes with known values of the mean free path 
that the transition to eq. (75) occurred at a pressure of the right order. 

In an arrangement of this sort it is interesting to imagine the two 
vessels to be connected, not only through the plug, but also through 
a tube large in diameter relative to the mean free path. Then any 
tendency for a difference of pressure to be set up by transpiration 
through the plug will give rise to mass flow through the tube in the 
opposite direction. Thus there will occur a steady circulation of the 
gas as long as the temperature difference lasts. 

It might, perhaps, be thought that this steady circulation, or even 
the pressure difference in the original arrangement, involves a violation 
of the second law of thermodynamics. Ono might, for instance, 
connect an engine so as to take gas from the high-pressure vessel and 
discharge it into the one at low pressure and thereby obtain an indefi¬ 
nitely largo amount of work out of the system. Thermodynamic 
compensation for this process is furnished, however, by the conduction 
of heat through the gas which is in the act of transpir¬ 
ing through the plug; it can easily bo shown* that tlic 
degradation of energy resulting from this conduction is 
ample to protect the second law from violation. 

40. Knudsen’s Absolute Manometer. ICnudson 
proposed to utilize the phenomenon of transpiration in ^ 
the construction of a gauge for the measurement of 
very low pressures.! Ho suspended a copper disk on ft 
a torsion fiber (shown from above at « in Fig. 16); 
this disk hung with half of its surface very close and ^ ^ ^ i 6 —• 
parallel to the plane face of a copper block /3 which KmulHoli'a nb- 
was heated electrically and surroundod by another aoiuto mnuomo- 
unheated block y, designed to serve as a guard ring. ® ‘ 
Temperatures of disk and block were read on mercury thermom¬ 
eters inserted into them. The narrow space between the disk a 
and the block jS should then act more or less like a vessel in which tlie 
gas has a temperature halfway between the temperatures of the 
block and T\ of the disk, and if the pressure is so low that the mean free 

* Kennard, Nat, Acad,, 18, 237 (1932), 

f Knudbbn, Ann, Physik, 82, 809 (1010). 
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path m the gas is long relative to the distanco between disk and block, 
the formula for thermal transpiiation should apply 

Knudsen assumes that the disk has sensibly the same temperature 
as the sill rounding gas, whose pressure p is what we desiio to measure, 
and this assumption seemed to be justified by his obsoivations The 
piessure in the layer of gas between disk and block will accordingly bo, 
by (75), 



M(yi + n) 



So that if T 2 — Ti is small, there is a net outward force per unit area 
on the disk equal to 


since 



This force can be deteimined by observing the lesultiiig small dis¬ 
placement of the disk with the help of a minor mounted on it, and 
since Ti and T2 aie known, p can then be calculated Knudsen 
showed by obseivations that the foimula held when the pressure was 
low enough and ~~ Ti small enough; foi laiger T 2 — Ti ho voiifiecl 
a more accuiate formula that he obtained by making a detailed 
analysis of the moleculai motion between disk and block and so intro¬ 
ducing a small collection on the mean tempeiaturo of the gas there, 
his result being that p' = pliTi/TT)^^ — 1] 

Because of the absence of doubtful constants in these formulas 
Knudsen called his instuiment an "absolute'* manometei In the 
moie convenient direct-reading foim devised later by Rieggcr, how¬ 
ever, this featuie is sacrificed and calibration at one piessure with a 
MacLeod gauge is neeessaiy * 

41. Evaporation The foimula foi effusive molecular flow obtained 
in See 37 finds an interesting application to the late of evaporation of a 
substance fiom the solid 01 liquid state. The eqmlibiium between a 
condensed phase and its saturated vapor is a kinetic one, molecules aio 
rapidly evapoiating all the time and passing off into the vapor, but at 
the same time a stream of other molecules is condensing out of the 
vapor, and when equilibrium exists, these two processes just balance 
each other If we upset the equilibrium by lowering the density of tho 


Ribgobr, Zeila iech Ph^stK, p 16, 1920 
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vapor a little, the rate of condensation is lowered in proportion; then 
evaporation exceeds condensation and there is a net passage of naole- 
cules frona the solid or liquid into the vapor. What is commonly 
called evaporation is this net flow of molecules, Similarly, if the 
density of the vapor is raised a little above the saturation value, the 
continual precipitation of molecules is augmented and not condensation 
occurs. In the ease of volatile substances the unilateral evaporation 
and condensation go on at such enormous rates that only an imper¬ 
ceptible change in the density of tho vapor is required to produce the 
relatively slow net evaporation or condensation that ordinarily occurs 
under the limitation imposed by the necessity of supplying or removing 
the heat of vaporization. It follows that in. such cases the density of 
the vapor in contact with the liquid can be assumed not to depart 
appreciably from its Saturation value. 

Tho maximum possible rate of net evaporation would occur if 
arrangements could be made to remove tho vapor as fast as formed, 
so as to eliminate condensation entirely; observations of this maximum 
rate would then give us also an experimental measure of iho unilateral 
rate of evaporation or condensation, which is not itself observable. 

On tho theoretical side, a direct calculation of this maximum 
rate of evaporation is hard to make, but we can got at it indirectly by 
utilizing the fact that when the vapor is saturated, unilateral evapor¬ 
ation and condensation are going on at equal rates, and tho rate of 
condensation can bo calculated from kinetic theory. Tho mass of 
vapor molecules striking the surface of tho solid or liquid por second is 
easily found from oq. (72&). A difiiculty arises, howovor, from the fact 
that some of these molecules upon striking the surface of the solid or 
liquid rebound from it without condensing. Tho best that wc can do, 
therefore, is to introduco an unknown factor « to ropresont the fraction 
of the impinging molecules that do condonse; a has been called the 
coe-fficient of evaporation. The amount of a substance oontin ually being 
evaporated from a liquid or solid phase, and also being returned to it 
from the vapor when this is saturated, measured in grams per unit 
area per second, is thciiG' = «r«, or, by (726), 

0 = 

Hero R is the gas constant for a gram, T the absolute temperature, and 
p the density or p tho pressure of tho saturated vapor, so that p « pRT, 
G then represents likewise the “maximum rato of evaporation," which 
is observed when the vapor is removed as fast as formed, 
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Unless a can be determined somehow independently, thoro is no 
hope of testing this result experimentally, beyond the fact that, since a 
cannot exceed unity, the equation obviously sets a theoretical upper 
limit which the rate of evaporation cannot exceed Wo can, however, 
turn the argument around and use obsoived evaporation lates in 
combination with eq (76) to determine « This will bo done in tho 
next section 

It should be remarked that throughout the discussion up to this 
point we have been assuming foreign gases to bo absent In a caao 
such as the evaporation of water into the atmosphcio, dcpaituio of tlio 
vapor from the neighborhood of tho watoi suiface is impeded by tho 
presence of the air, so that if there is no wind to keep swcoping 
the saturated air away from the water, the vapor is compelled to 
diffuse away through the air, In such cases evaporation may bo a voiy 
slow process indeed. 

42. Observations on the Rate of Evaporation. Intoicsting 
observations of the maximum evaporation rate G foi moicury have 
been made by Knudsen, by Bi ousted and 
Hevesy, and by Volmcr and Ksteimann.* 
The principle of the methods employed waa 
to introduce the mercury into a high vacuumi 
between the walls of a vessel shaped some¬ 
what like a Dewai flask, and then to contiol 
its tempeiaturo by means of a suirounding 
bath while cooling the inner wall of tho vessel 
Fig 16 —ibrangement with liquid air or other refrigerant so as to 
tion rate of mercury condense and hold upon it the mercury that 

evaporated. The arrangement is shown in 
principle in Fig 16 The pressure was kept low enough so that 
the evaporating molecules on their way to the cold suiface would 
stand little chance of colliding with another molecule, and thoro is 
good reason to believe that reflection of mercury molecules from (v 
mercury surface at liquid-air tempeiaturcs is negligible; tho rate of 
deposition on the upper surface should therefore equal tho rate of 
umlateral evaporation from the mercury below In tho exporimonts 
of Bronsted and Hevesy the deposit on the cold surface was moasuiod 
by melting it and then running it out and weighing it 

Knudsen, Ann Physik, 47, 697 (1915), also a book, *‘Tho Kinotio Theory of 
Gases—Some Modern Aspects" (Methuen) BuOnstbd and IImvbsy, Nature, 
107,619 (1921), and Zeits Phys Chem , 99,189 (1921) Vodmbb and Ebtbrmann, 
ZeiU Phys , 7,1 (1921) 
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The accuracy obtained in such experiments does not go beyond 
possible errors of several per cent, but the results obtained by all 
workers point consistently to the conclusion that a is at least very 
close to 1 for liquid mercury, and also for solid mercury below ~ 140®C, 
while for solid mercury above — 100°C it is certainly less than 1, 
perhaps by 8 or 10 per cent. The fact that no definite evidence was 
found for a value of a exceeding unity constitutes a confirmation of 
kinetic theory. 

Tlie rate of evaporation of mercury is diminished very greatly by 
any contamination of the surface, as was shown by Knudsen; for the 
surface of a certain brownish-looking drop he found « to bo only 
Mooo* This is presumed to be the reason that even very small drops 
of mercury may lie around in the laboratory for days before they 
finally disappear. 

On the other hand, if we assume the truth of eq. (76) and somehow 
know (or assume) a, we can employ the formula the other way round 
for the calculation of vapor pressures from observations on the maxi¬ 
mum rate of evaporation. This was actiially done for mercury itself 
by Knudsen;* and later a similar use of the formula was made by 
Langmuir, t The latter investigator had made an extensive study 
of the rate of evaporation of tungsten to servo as a guide in the prac¬ 
tical handling of tungsten filaments in lamp bulbs and vacuum tubes, 
and as a by-product ho calculated from his results the vapor pressure 
of tungsten at various temperatures, which would bo very difficult to 
measure directly in the case of .such a nonvolatile substance. The 
rate of evaporation was found by keeping a tungsten filament at a 
known temperature for a given length of tiin(i and then weighing it to 
find the loss of material from its surface. Several not too definite 
considerations convinced him that a wa's probably unity, so that tho 
equivalent of eq. (76) with a omitted would give correct values of p in 
terms of tho observed values of Q, Some of the results thus found 
were: at 2000% 0 == 1.14 X lO-^^ g/emVseo, and p = 6.46 X 10-1=^ 
mm Hg; at 2400°K, which is not much above the operating tempera¬ 
ture of a common tungsten lamp, (? = 8 X 10“^® and p = 4.9 X lO”*; 
at the melting point of tungsten, 3640®K, 0 = 0.00107 and p — 0,08 
mm. 

43. Test of the Velocity Distribution in Effusive Flow. Several 
experiments have been performed which permit a more or less direct 
test of the distribution of volocitie.s in an effusing gas, and those are 
of considerable theoretical interest becaiiso they constitute a fairly 

* KNODSEjr, Ann. Physik, 29, 179 (1000). 

t Langmxjiu, Phya. Rev., 11, 320 (1013). 
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(liiect test of Maxwell's law In these cxpeiimcnts use is mado of the 
method of pioducing moleciilai lays that was woiked out by Stern 
and his coworkois at Hamburg * Fiom an oven heated unifoimly ao 
as to become filled with vapor of some substance in theiinal equilib- 
iium, vapor is allowed to stieam out thiough a veiy naiiow slit in 
one side, and a nanow beam of molecules is selected out of this stream 
of vapor by means of a second slit placed opposite the first and at some 
distance from it Beyond the second slit the beam thus foimcd is 
split up 01 otheiwise expeiiraented upon and is then measuied in some 
soit of lecoiving device The cntiie path of the beam outside of the 
oven lies in a high vacuum, all issuing molecules being condensed as 
they strike vaiious parts of the appaiatus, which aic cooled if noecs- 

saiy by liquid air 

Special interest foi kinetic theoiy attaches 
to the airangement invented by 15 H. Hall, 
constructed by Zaitmanf and impiovcd by 
Ko J In this apparatus there is mounted 
above the second collimating sht (^^2 ui Fig 
17) a rapidly levolving chum having a nar¬ 
row slit in one side and cairying on its inuoi 
suiface, opposite this slit, a glass plate P 
The molecular beam is thus received foi the 
most part on the extcrioi of the dium, but 

Fio 17 velooity-apeo- levolution, whcn the slit 111 tllP 

trum HrTBiigoniBnt ' , 

drum comes opposite the exit slit m oi the 
beam, a sliort spurt of molecules enteis the dium, crosses its mtenoi, 
and IS deposited upon the glass plate Since, however, the drum has 
time to tuin through a certain angle while the molecules aie oiossing 
its mteuor, the point of deposition on the glass plate vanes With the 
molecular speed, and in this way a velocity spectium is formed 

According to eq (71a), the number of molecules issuing through 
the slits with speeds between y and y + dy can bo wiitten da, 

C being a proportionality factor The point at which molecules with 
speed y strike the glass plate is displaced a distance s from the point 
at which they are directly aimed as they entei the drum, given by 
s = (I)/v)(TrDn) — 7rnH®/y, D being the diameter of the dium and n its 
frequency of revolution The molecules in the range dy will thus bo 

spread ovei a distance ds =-^ dv, and, if 7 is the number depos- 

* Stern, Zetts f Physik, 39, 761 (1926) 
f Zartman, Phys Rev ,37, 383 (1931) 

flCo, Jour Franihn Insl, 217, 173 '1934) " 
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I = 


7r7lD2 


y6g-/9«v» S= — e 


si 


in terms of a new proportionality factor G'* 

The substance studied by both Zartman and Ko was bismuth, 
which deposits readily at room tomperaturo, provided tho surface is 
coated with a preliminary layer of bismuth. Unfortunately for tho 
point we are interested in, however, bismuth evaporates partly as Bi 
and partly as Bi 2 , and probably even slightly as Bis, so that several 
kinds of molecules are present in tho beam; the determination of the 
molecular composition of bismuth vapor was, in fact, Ko's main 
object, rather than a check of Maxwell’s law. He found that the 
observed deposits as measured photo- 
motrically after a run with the oven 
at 827°C were in fair agreement with 
the assumption that in the beam 44 per 
cent of the molecules were Bi, 64 per 
cent Bis, and 2 per cent Bis. In Kg. 

18 is reproduced Ko’s Fig. 10, showing 
tho observed points for tho mass 
deposited, in comparison with tho theo¬ 
retical curve; in calculating the latter 
the relative magnitude of the three 
component curves was adjusted to 
secure the best fit with tho observa¬ 
tions, but the form of each was deter¬ 
mined theoretically in terms of the observed oven temperature, 

Fi'om his data Ko deduced in the following way a value of the heat 
of dissociation of tho bismuth moloculo; and this ho regarded as his 
most significant result. According to the last member in (72&), for 
the separate components of a beam p « « Vm/’s/M, since 

the molecular weight M « 1/22; but tho number of atoms passing is 
proportional to ; hence tho pressure is proportional to tho num¬ 
ber of atoms multiplied by Now the ratio of M for Bia to M 

for Bi is 2. Hence in tho example cited above the atomic ratio 64/44 
or 1,23 in tho beam means a partial-pressuro ratio 
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for Bia as compared with Bi. In addition, a second relation involving 
tho partial pressures was obtained experimentally by observing tho 
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total rate of loss of bismuth through the slit, the bismuth in the overt 
being weighed before and after a run; the aiea of tho slit being knowrtf 
these observations give the sum of the values for Bi and Eia of tlie 
quantity denoted by in (726), and from this sum another oxproB«iort 
containing the partial pressures in the saturated vapor could bo found 
The two relations thus obtained were solved for the acliinl partial 
pressures, and from values of these corresponding to two dilToront 
temperatures the heat of dissociation was calculated with tho help of 
the theory of dissociation 


THE GENERAL DISTRIBUTION FUNCTION 


44. A Gas in a Force-field. Up to this point wo havo doalt only 
with gases that are free from the action of external forces other than 
those exerted by the containing vessel Theio are many eases, how* 
ever, in which forces such as giavity are picseiit, and it is iinpoitaiit to 
investigate the effect of such foices upon the raolociilar motion 

In almost all cases of this sort the external forces may bo regard ocl 
as due to a force-field, by which is meant that tho force on oaoli mole¬ 
cule depends in some definite way upon tho position and other charac¬ 
teristics of that molecule alone In by fai the most important cn»o* 
furthermore, the forces are derivable fiom a scalar potential function, 
so that a molecule possesses a potential energy depending only upon 
its spatial position. An example of a force-field of a more gen oral 
type 18 presented by ions in a magnetic field 

When a potential function exists, the force tliat acts on tho inolo- 
cule is the negative gradient of the potential-oneigy function; its diroo 
tion 18 that m which this function decreases most rapidly and its 
magnitude is equal to this maximum rate of dociease of tho function. 
In vector or in cartesian notation the force, denoted by F oi /'Vi 
can be written thus m terms of the potential-energy function w: 


or 


jp ~ 

r* — —T-) 
dx 


F = -vw 


9<o 


= -Ty’ 


d(a 


(77) 


. ensity in a Force-field. The effect of a simple potoiitin.!- 
ener^ orce-field upon the spatial distribution of the molecules can 
be obtained very simply without any use of kinetic theory. Consider 
the gas inside an element of space having the form of a short riglit 

Zll K area hS and height hh (Fig 19). Its imim 

wi be p6S dh, where p is the density of the gas. Let denote tho 
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potential energy of unit mass of the gas due to the field; then the eom- 
ponent of the force on unit mass in a direction normal to the faces of 
the cylinder can be written —312/5/*, where /* as a variable denotes 
distance in the specified direction. (We must choose one of the two 
directions along the normal as positive and then represent all dis¬ 
placements dh and components of force by positive numbers when they 
have this direction and by negative numbers when they have the 
opposite one.) The field thus exerts on tho gas inside the cylinder a 
component of force normal to its faces whose magnitude can be written 

oil 

after replacing hh B^/dh by dl2, the difference in 12 at perpendicularly 
opposite points on the two faces. Tins is allowable at least in the 
limit when tho cylinder is made indefinitely 
small, tho difference between tho values of dS2 
for different pairs of opposite points becoming 
then negligible in comparison with dU itself. 

To preserve equilibrium, this force must 
now be balanced by an equal and opposite force 
arising from the pressure of the surrounding 
gas on the surfaces of tlie cylinder. Pressure 
on the curved sides, however, causes no force 
in the direction normal to the faces. Lot p Fio. lo.—E^uiilbrltiminn 
denote tho pressure at any point on the lower ' 

face and p + dp tho pressure at the perpendicularly opposite point on 
tho upper face ("upper” meaning, situated toward larger values of /i); 
then the difference of tho pressure forces on the two faces can bo 
written 

p dS - ip dp) SS » —dp 

this expression again being accurate in the limit, 

The sum of this force and tho force duo to tho field must now bo 
zero. Hence —p$SdU — dpBS— 0 and 

dp ~ —p dQ. (78) 

By properly locating tho cylinder, whose axis need not be vortical but 
may have any direction, dp and dU can obviously be made to repre¬ 
sent differences between values of p and Q at any two neighboring 
points. Hence eq. (78) holds throughout tho foroe-fielcl. 

If a general relation between p and p is known, the integral of (78) 
can bo written clown at once, Supimse, for example, the tomporaturo 
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T IS uniform thioughout Then, the gas being aRSumocl poifcct, 
p = pRT, R being the gas constant foi a gmm, and by (78) 

^ = -da 
P 

Integiating this equation, we find RT log p — — -j- conal, whicli 

can be written 

_ft _ft 

p = poe p = Poe (70a) 

wheie po or po = po/RT leplaces the constant of intogratioii and has 
the sigmficance of the piessuie or density at points (if thoro aio any) 
wheie 0 = 0. Equation (79a) expiesses the law of isothermal 
buhon of a gas in a foice-field. Sometimes, howovor, it is inoio con¬ 
venient to wiite 0 = w/w, m being the mass of a moleculo and «, as 
before, its potential eneigy in the field, if at the same timo wo intro¬ 
duce k = mR, (79a) becomes 


?> = Poe"*^, p-po(? (79t) 

In a uniform gravitational field we can also write = gh, mght 
in terms of the gravitational acceleration and h^ the elevation above* 
some chosen datum level, then (796) take^ the special foiin 

mgh wgA 

p = Poe“*2’, p = poe^«’ (79c) 

In Fig 20 the isothermal distribution is compaied with tho adia¬ 
batic distiibution described below, foi an, which has 7 « 1 , 4 . It m 
assumed m both cases that T ^ To where 0 = 0 . 



T w is adiabatic, so that pV” is 

constant from point to point, ( 79 a) is replaced by ^ 
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P = P.(l-^Mr)A P = />o(l-^3|r)^. (80) 

where y = ratio of specific heats and po, po and Tn stand for values at 
any point where U ~ 0 (or may bo regarded as merely representing 
integration constants). According to these foriniilns p ~ 0 (and also 
p = 0, y = 0) at any point where Q, *= yRTfi/{y ^ 1), and there can 
be no gas at all in regions of larger 

46. Maxwell’s Law in a Force-field. The next question that 
naturally presents itself is whether Maxwell’s law can hold for the 
molecular velocities in a force-field or whether, perhaps, it requires 
modification. As molecules move into regions of higher potential 
they must lose kinetic energy, and vice versa; it might be thought, 
therefore, that there would be a tendency for a differeneo of temper- 
a-tiu’o to be set up through the agency of thermal agitation, conceivably 
like the temperature gradient that is actually observed in the atmos¬ 
phere. The equilibrium distribution would then bo one in which the 
temperature is a function of ft. 

To throw light on this question, lot us consider first the concrete 
case of a homogeneous gas in the earth’s 
gravitational field. Take two horizontal 
planes Pi [and P 2 so close together, that a 
molecule can cross from ono to the other 
without appreciable] chance of a collision, 
and take the i^-axis vertically upward (of. 

Fig. 21). Then if Maxwell’s law holds in 
the neighborhood of thd' lower plane, the 
mean density of the gas being ih and its 

temperature P, according to (736) with (9® ^ m/2hT insertod from (66) 
in Sec. 28, there will bo , 

molecules that leave unit area of the lower plane per second moving 
in an upward direction with 0 -components of velocity in the range dvt. 
Each of these molecules upon reaching the upper piano will have lost 
kinetic energy equal to its increase Aco in potential energy. Only the 
0 -componont of the velocity is affected, however; hence, if wo let v’ 
denote the velocity at the upper plane of a molecule that left the 
lower with a 0 -componont w*, wo have 

i == ^ — A<o, | mvl — ^ + A«. 



(82) 
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From this equation we have Vt dvt ~ v'^ dv^ Hence, remombeiing that 
~ + t;2 -j- y'2 = v'2 -f. y'S ^ y '2 noting that 

vi = v'y = Vy, 

we can write in place of (81) for the number of tho molecules under 
consideration 

Upon arriving at the upper plane P\, these molecules form part of 
whatever distribution exists there, then they pass on upward as an 
actual part of the stream of molecules that is continually leaving m 
an upward direction from Pi The last expression found foi their 
number is, however, the same function of vi and dv[ that (81) is of 

Aci) 

and dv,, except for the added factor e Thus the expression 
is just what it would be if the gas at the upper plane had likowiao a 
maxwell!an distribution at the same temperature T but a density 

Ati> 

decreased in the ratio e and this lattei is just what the ratio 
of the densities must be in order to agree with the law of isothermal 
distribution in a force-field, as expiessed by (796) We may coiicludo, 
therefore, that a maxwellian distribution at the unifoim temperature 
T will be left undisturbed by the flow of the molecules and, accordingly! 
that such will be the actual distribution when the gas is in a state of 
equilibrium 

There are, however, two points that require further examination. 
In the first place, those molecules that start upward from the lower 
plane with v* so small that i mv^ < Aoj never reach the upper piano 
at all However, they aie not missed there, foi those molecules that 
have exactly i mvl — Aw just barely arrive with = 0, and obviously 
all greater values of aie adequately represented in the stream that 
crosses Pi. On the other hand, we can obviously deal m tho same 
way with downward motion, locating the second plane below the 
first; then molecules leaving with y# < 0 will arrive with 

yi < — (■-2wAw)^i 

(Aw being now negative), and very slow molecules might thus seem 
here to be missing at the second plahe But now the molecules that 
should cross the second plane with a negative of smaller numerical 
magnitude than ( —2mAw)^ will be supplied by exactly those mole¬ 
cules noted above which leave the lower plane in an upward direction 
and, after failing entirely to reach the upper plane, fall back and 


IllG 


r^&t>/kT 


I m 
\27r/cT. 
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recross the lower one in a downward direction with y, just reversed 
(cf. Fig. 21); the maxwellian how downward is thereby made 
complete, 

The second point concerns the effect of collisions, which we have 
completely ignored in our discussion. If, however, a maxwellian 
distribution exists at each point, collisions will throw as many mole¬ 
cules into a group moving in any particular direction os are removed 
(from it, so that their net effect will be nil and we are justified in 
ignoring them. 

Since all of this reasoning is obviously applicable to a gas in any 
force-field that has a scalar potential, wo may conclude that when a 
gas is in complete equilibrium in any such field its density varies in 
accord with the eq. (79a) or (79&) that we obtained above, and also 
that the temperature is uniform throughout and a corresponding 
maxwellian distribution of velocities holds at every point. 

47. The Temperature of Saturated Vapor. The conclusion that 
Maxwell's law holds in a force-field with aio inequalities of temperature 
can be drawn also from the general differential equation for the molec¬ 
ular distribution which we shall obtain presently [eq. (87) in Sec, 51], 
or, still more satisfactorily, from the Boltzmann distribution law 
[cf. (92) in Sec. 66]. On this latter basis the conclusion holds uni¬ 
versally for systems in equilibrium. It throws an interesting light 
upon the question as to the temperature of freshly formed vapor. 

One might suppose that tho vapor would be cooler than the liquid 
or solid from which it comes because the evaporating molecules do a 
large amount of work in escaping from tho attraction of others that 
stay behind, this work forming in fact almost the whole of the ordinary 
heat of vaporization. Our results on the motion of molecules in a 
force-field indicate, however, that it should bo only the fastest moving 
molecules which escape at all and that, by tho time they have escaped 
from the attractive field of the liquid or solid, they will have become 
slowed down exactly into a maxwellian distribution corresponding to 
the temperature of the region from which they came. 

Freshly formed vapor, therefore, ought to have tho temperature of 
the surface of the evaporating liquid or solid. Tho experimental 
facts bearing on this point seem to be somewhat uncertain but at 
least it may be said that they do not definitely contradict tho theo¬ 
retical prediction, 

48. The Terrestrial Atmosphere, The most famous cose of a gas 
in a force-field is, of course, the earth's atmosphere. Modern work, 
however, has shown that many different influences are at work hero 
and, in consequence, the state of the atmosphere does not exemplify 
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any one simple theoiy * We have space heio only to discuss brio/lya 
few aspects of the subject that aie of paiiiculai niteiest fiom the 
standpoint of kinetic tlieory. 

Observations made from balloons show that with inoieasing height 
the tempeiatuie of the atmosphoie, as a lulo, diops at fiist appioxi- 
mately at the adiabatic late, ie^ it vaiics with the pre&suro in the 

same way as it would in an adiabatic expansion oc p i' The 
decieasc ceases, however, when a certain minnnum tempeiaUivo is 
reached, this temperatuio varying fioin about at a height of 
12 km {1)4 miles) m latitude 45° to -84^0 at a height of 11 1cm 
(10)^ nulcs) over the cquatoi The atmosphere below this height is 
called the tiopospheie» In the legion above, called the strato&pliore, 
the temperature cither is constant oi actually liscs with incieasing 
height 

The accepted explanation of these observed feaiuies asciibes thorn 
to the eiicumstance that the tioposphere loceives heat primaiily by 
oonduotion at its base fiom the eaith and loses it thioug’h infra-rod 
ladiation to the stratosphere, the absorption of the sun's lays by tho 
troposphere being only a mmoi faotoi The continual warming of 
the tiopospheio at its base then seta up the famiUai pxocesscs of 
convection by which the air is continually earned up and clown in 
storm movements and in the geneial terrestiial cii dilation, and is 
thereby subjected to icpeated adiabatic expansions and compreasionSj 
as a lesult of which the approximately adiabatic distnbution of tom- 
peratme is brought about. The continual mixing also causes tho 
composition of the air to be closely the same eveiywhere, except, of 
couise, for the vauable content of water vapoi 

Thus it IS only in the stiatospheie that considciations based upon 
kinetic thcoiy are likely to be of impoitance Hcie clouds are rate 
and there is probably httlo lapid veitical movement Obseivations 
of avuoial heights indicate that the atiatospheie extends at least to 
300 km (or 200 miles) and even slightly to 1000 km (oi 600 miles) 
The density is oxtiemely slight at such great heights, of course, and 
it seems to vaiy greatly from day to night, and from winter to summoix 
For example, at a height of 100 km (62 miles) the density, lelativc 
to that imdei standard conditions, has been estimated to be some¬ 
thing like 6 X 10"® on a summer day, 6 X lO"'^ on a summci nigljfc, 
10 ”^ on a winter day, and 3 X 10"'^ on a wintci night ^ At 300 kni 
(nearly 200 miles) the estimated figures are neaily 10 million times 

* Of W J Humphreys, ''Physios of the Air," 2d ed , 1929 
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smaller, but even at the latter height there arc still around a million, 
molecules in each cubic centimeter. 

The most interesting feature for kinetic theory is to be found in the 
very long free paths of the molecules at such altitudes, At 100 km 
the free paths are only a few cm long, but at 300 km the mean freo 
path ranges from 200 km (125 miles) on a summer day up to a maxi¬ 
mum of perhaps 15,000 km (over 9000 miles). At still greater heights 
the molecules can be thought of as moving like tiny satellites in ellipti¬ 
cal orbits with the earth at the focus. At sucli heights as these the 
atmosphere must be very far from a state of thermal equilibriiim. 
Many ions must be formed tlirough ionissation by the sun’s ultra¬ 
violet rays, and these ions will then spiral for long distances about 
the magnetic lines of the earth’s field; a spray of such ions produced 
ill equatorial regions and spiraling off to descend into loivcr altitudes 
in the region of the earth’s magnetic poles has been suggested recently 
as a possible cause of the aurora. 

Interest attaches also to the question of the distribution of the 
various constituents of the atmosphere. If the latter were in iso¬ 
thermal equilibrium, we could apply eq, (79c!) to each of the constituent 
gases separately, each one being distributed according to this law just 
as if the others wore not present. Tho coeffioient of k in the exponent 
in (79c) increases with tho molecular mass m; hence it would follow 
that the heavier gases are much more concontrnted near the surface 
of the earth than tho lighter ones. On the basis of tliis rc.sult from 
kinetic theory, tho view has frequently boon expressed that at great 
heights helium must form a much larger fraction of the atmosphere 
than it does lower down; at tho earth's surface helium forms only 
0.04 per cent of the total, but from 100 km, or 60 miles, up it should 
predominate over nitrogen and oxygon. At still greater heights the 
atmosphere should be nearly all hydrogen. 

Unfortunately, satisfactory observations to test those conclusions 
do not yet exist. liHirthormore, it is by no means certain that there 
must bo any appreciable amount of hydrogen at great heights, even 
if there is a trace of it at tho earth's surface, which is in itself not 
certain; for.any hydrogen that wanders up into the upper atmosphere 
may be promptly oxidized to water vapor by the ozone which is 
known to occur there in considerable quantities. 

49, Cosmic Equilibrium of Planetary Atmospheres. The problem 
of tho upper boundary of a planetary atmosphore presents features of 
interest not only for the astrophysicist but also for tho student of 
kinetic theory. If such an atmosphere wore isothermal^ it would 
extend to indefinite distances from the planet, for in (79a) the potential 
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a would be finite even at infinity An adtahakc atmosphoro, on the 
other hand, distributed in accord with eq (80), would Imvo a shaip 
upper boundaiy at the level at which — yUTo/iy ) " 

of other properties of gases it is obvious, however, iliai such a bounciary 
could not persist foi any length of time, foi the lapidity with wliioli 
inequalities of temperature aie ironed out in a gas in consoquenen 
of the conduction of heat becomes infinite at vanishing donsily, a»cl 
consequently the gas immediately beneath a bounding aiufnoo of 
zero density would be brought quickly to a condition apjn'oxi mating 
uniformity of temperature and would thereupon jn'oeoed to eproacl 
out toward infinity. 

Only two possibilities are open, thercfoio, in regard to tho tippot- 
most part of a planetary atmosphere Either it passes coirtiiuiously 
into a general distribution of matter in thorinal equilibrium, filling tlio 
surrounding space, or it is not in equilibiium and is continually stream¬ 
ing off into space, or being built up, although perliaps at a very slow 
rate 

Now, it IS a fact that ceitain absorption linos in stollai speotia 
pomt toward the existence of diffuse mafcicr scatteiod tliroughoul 
space, consisting largely of atoms of sodium and calcium, to tho oxLoiit 
of something like 10"®^ g or 20,000 molecules pci cubic inoter. Tho 
density of an atmosphere that would be m oquilibiium with suoli an 
interstellar gas can be estimated and turns out to bo consistent with 
the observed densities On the other hand, a serious dilTioiilty ia 
presented for such a hypothesis by the oiioiinous variation lu tho 
observed composthon of planetary atmospboios, foi on tho outer 
planets prominent atmospheric constituents aro ammonia and moth- 
ane,* which are not found in measurable amounts on tho caitli. 

In view of this latter fact it seems most likely that tho atmoaphorca 
of the planets are only in pseudo-equilibiium, it is usually supposed 
that they are continually leaking away into .space but that tho rato 
of this leakage is so slow that the loss even during cosmological ages 
is not large An exact calculation of the rate of escape from an 
atmosphere into empty space would loquiie a knowledge of conditiouH 
in its uppermost layers, and these conditions aro hard to dotorniinc 
theoretically because of the extiemely long paths that occur thcio. 

We can probably obtain a sufficiently accuiato estimate to reveal 
the various possibilities, however, if we imagine simply that (1) tJio 
upper part of the atmosphere extends in isothormal oquilibnum at 
least up to a certain great height ho, and (2) above that height tho 
density is so low that collisions may be neglected altogother, Tho 

* Cf Science, 81, 1 (1936) 
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reasonableness of assumption (1) is supported by tlie fact that, as we 
saw in Sec. 46, a maxwellian distribution of velocities in a force-field 
is preserved automatically without any help from collisions as the 
molecules move about in the field. As a matter of fact, a slight 
extension of the analysis of that section loads to the conclusion that 
the stream of molecules leaving any level in an upward direction 
is the same in number as if the upward stream entering the bottom of 
the isothermal layer simply rose unhindered to higher levels, collisions 
merely substituting other molecules for the initial ones without pro¬ 
ducing any other change. 

Accordingly, to find the rate of loss to infinity we need only find 
at what rate molecules start upward from the bottom witli speeds 
exceeding the “speed of escape” from the planet. This speed, which 
we shall denote by Ve, is so defined that a molecule leaving with speed 
Vc has barely enough energy to carry it to infinity and leave it at rest 
there, provided it makes no collision on tiic way out; its initial Idnetio 
energy therefore, equals the total work that it must do against 

gravity. Now the gravitational force on a molecule of mass m can 
be written where r denotes distance from the center of the 

planet, ro the radius of the planet, and g the acceleration duo to gravity 
at its surface, the force thus reducing at the surface to mg. The 

work done in escaping is, accordingly, f (mgr^/r'^)dr => hence 

= mgn and 

= 2j7ro. 

On the other hand, by (71&) the number of molecules leaving unit 
area with an upward component of velocity and with speeds above 
Ve is 


CO /^jr/2 ^ 

—7=1 /3* I I g cog 0 do ^ - -p. (/3*yS “b 

“NAt a Jo 2/3 Vir 


It is convenient to divide this number by a and thei'eby obtain the 
rate of loss expressed in terms of centimeters of thickness of the gas, 
a form of statement that is independent of the density. Introducing 
ti| = 2(/ro as just found, = M12UmT from (66) in Sec, 28 in terms 
of the molecular weight Jlf, Um = 83.16 X 10® and the absolute 
temperature T, we find finally for the rate of loss, in centimetoi’S of 
the gas at the bottom of the isothermal layer lost per second^ 
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In a mixed atmosphere this formula will obviously apply to each 
kind of molecule sepaiately As a final result it is pci haps most 
illuminating to calculate the temperatuie at which a given depth of 
gas would be lost fiom vaiious bodies of the solar system oi fiom the 
sun itself during a period of time that is cosmically long The follow¬ 
ing table shows a few absolute tcmpeiatuies, calculated in this way, 
at which a kiloinetei of vaiious kinds of gas would bo lost in 10 billion 
(10years, which is several times the age of the oldest known rooks 
on the eaitil's surface The rate of loss is natuially veiy sensitive to 
the temperature, a change of only 10 to 20 pei cent in the latter would 
suffice to change the time of loss either to 10^ oi to 10 years, or to 
make the removed layer, say, 10 km in thickness Foi difforont 
gases the teinpciatures are propottional to the molecular weight 



H2 

He 

HiO 

N* 

1 

1 

Electro ne 

Earth 

360° 


3130° 

4860“ 


Moon 

16° 

32° 

146° 

226“ 


Mars 

Sun 

i 

70° 

140° 

630° 

080° 

978,000° 


In using this table it must be remcmbeied that the temporatuies 
refer to the stiatosphere or to an equivalent isothermal layer in the 
upper part of the atmospheie. So undeistood, it is clear fiom the 
table that accoiding to our estimate the eaith ought now to be holding 
all gases, in the past when it was molten it should piobably have lost 
hydrogen and helium Perhaps the free helium now in the atmosphere 
has been produced subsequently as a consequence of radioactivity. 

The case of the moon is less clear, howevei Since its illuminated 
side is observed to reach a tempeiatuie of well over 300®K, it can 
probably hold nothing, and this conclusion agrees well with the entire 
absence of any detectable atmospheie on the moon; but whether it 
might be able to hold a layer of nitiogen oi heavier gases of sufB.ciont 
thickness to develop a stratosphere at a temperature consideiably 
below that of the surface is a question not capable of offhand decision. 
Perhaps such gases were all lost long ago when the moon was hot 

Mais should now be retaining water vapor, in agreement with 
the fact that, according to its temperatuie as calculated from theimo- 
pile observations of its radiation, the polar caps can scarcely consist 
of anything other than ordinary snow Perhaps nitiogen and heavier 
gases were lost when the planet was molten, but m that case the water 
vapor must have been evolved from the interior during the latei stages 
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of cooling. Finally, not even the sun at 5600®C or higher can. retain 
electrons by means of gravitational attraction; they may, of course, 
be retained by the attraction of a positive charge, but there is some 
reason to think that electrons are actually being emitted freely from 
the sun. 

All of the other known facts concerning planetary atmospheres are 
in similarly good agreement with the view here described. 

60. The General Distribution Function. In discussing above the 
distribution of a gas in a force-field we considered only the state of 
equilibrium. More general cases wore dealt with in the last chapter, 
but the distribution function was assumed to bo the same throughout 
the gas. At this point it will bo convenient to tako up Boltzmann’s 
treatment of the still more general case of a gas that may not be in 
equilibrium, and in which both the density and the distribution of 
velocities may vary from point to point. 

We shall assume, however, that this variation is slow enough so 
that in any macroscopically small element of volume the molecular 
distribution can bo treated as practically uniform and as possessing the 
property called molecular chaos. Usually the number of molecules 
ill any such element is assumed to be large, but this condition can bo 
dropped provided we interpret the distribution as referring to averages 
taken over a molecularly long but macroscopically short interval of 
time, an interpretation which will not invalidate any of the conclusions 
that we shall reach. 

Such a distribution can lie expressed by writing for the number of 
molecules per unit volume n(:v, y, z, t) and for the (fractional) dis¬ 
tribution function /(x, y, z, Vg, 0) the product nf has then the 
significance that 

nf dx dy dz dva dv^ dv, 

is the number of molecules lying in the spatial element dx dy dz and 
also having velocities in the range dvg dvy dy*, so that nf can bo regarded 
as a distribution function for position and velocity taken together. 

61, Differential Equation for the Distribution Function. As a 
general foundation for statistical calculations, let us now seek an 

expression for the variation of nf with time, as represented by 

to replace the expression obtained in the last chapter for the variation 
of / alone. Wo shall do this only for a homogeneous gas, but the 
resulting equation will then hold also in a gas composed of different 
kinds of molecules for each constituent separately. For generality 
we shall also allow external forces to be acting; the external force F 
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on each molecule will be allowed to bo a function of both its position 
and its velocity, but we shall assume that this function is the same for 
all molecules of a given kind In actual cases the foico upon a mole¬ 
cule moving with given velocity usually is also sensibly constant over 
any region that is macioscopically small, as when olcotiic oi mngaoiic 
fields are applied to a gas, and such legions can usually be takon lai’g<‘ 
enough to include many molecules; but even if the density m too low 
for this condition to be satisfied, the theoiy dovolopoci below oan bo 
shown to apply piovided we inteipiot 'nS as loprcsonting an average 


over a macioscopically small inteival of time 

To find the rate of vaiiation of nf with time, wo select for study 
those molecules that simultaneously have ihcir centers in an olumout 

A^ Ay A& diawn about any point (ar, 
y, z) in space and thoii volocitios in 
an element Av» Avy AVt diawn about 
any point (r®, Wy, Vz) in velocity space. 
Theio will obviously bo, to tbo flist 
oidei of small quantities, Ax Ay Az 
Avs AVp Avt of these molecules, and then number will chango at tho 
rate of 



— (nf) Ax Ay Az AVs Av^ AVg (83) 

molecules per second, both nf and its deiivativcs having lioro their 
values at the six-dimensional point (x, y, z, Vg, Wy, r*) and at timo (. 

Such a change in the numbei can occur, however, only fchroiigli 
passage of molecules across the boundaiy of one of tho olomciilfl. 
Let us calculate the change pioduced m this way, and lot us fust 
consider the effect of molecules that cioss those two faces of tlio 
element Ax Ay Az which are peipendieular to the .r-axis (of, Fig 22). 
The space density of molecules with velocities in tho range AVg) AVv AVg 
is nf Avx Avy Ay* Hence, by an aigument such as wo havo used aovoial 
times before, the numbei of molecules with those volocitios that outer 
the space element per second by ciossmg the left-hand face in the 

direction toward +x is Avx,AvyAVgJJnfv»dydz intogiatocl over 

the face, and a similar expiession foi the right-hand face gives tho 
rate at which molecules leave the element by ciossmg that faoo. 
The diffeience between these two expiessions then gives the net gain 
of molecules in the element due to passage ovci those two faces | it 
can be written in the following way as a single integral, Vx having tho 
same nearly constant value ovei both faces • 
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Ay* LVy Ay* y* 


ffim - Mr] dy dz, 


(84a) 


the integral extending over Ay and Az, Hero [(n/}i — (?^/)r] stands 
for the dilTerence between values of nf at two iDoints having the same 
values of y and z and located on the left and right faces, respectively; 

by the “mean-value theorem“ we can replace it by —A^ 


d(n/) 
Ox Ji 


where 


da; 


is the value of 


d{nf) 


at some intermediate point on 


li dx 

the line joining the two points on the faces. This value of the deriva¬ 
tive, however, becomes indistinguishable from its value at the fixed 
point {Xf y, z, y,, Vy, Vg) in the limit as we make both of our elements 
indefinitely small; so wo may as well insert the latter value in place 
of it at once. The integrand is then independent of y and Zj and if 
we put all constant factors in front of the integral sign we have ns an 

integral simply dy dz, which equals Ay Az, Expression (84a) 
for the not gain of molecules thus becomes 


y*”^ Ax Ay Az Ay* Avy Ay*. 


(846) 


The other two pairs of faces yield similarly 


d(n/) , Qjnf) 


dy 


+ Vi 


dz 


Ax Ay Az Avsc Avy Ay*. 


(84c) 


Now the crossing of a face of the element Ax Ay Az by a molecule 
involves no change in its position in velocity space. Accordingly, 
the molecules just considered remain in that element in velocity 
space in which they lay to begin with. The expressions just obtained 
represent, therefore, contributions to the not gain in the number of 
those molecules that lie simultaneously in both elements. 

On the other hand, molecules lying in the space element Ax Ay Az 
may, without leaving this element, cross the faces of tho velocity 
element Ay* Ay^ Ay* through experiencing a chango in their velocities. 
The force F causes tho vector velocity of each molecule to ohangc 
eontinually at a rate equal to the acceleration F/w and so causes tho 
representative point to move through velocity space at a velocity 
equal to F/m. Tho resulting net inflow of molecules lying in Ax Ay Az, 
into tho element Ay* Ay,, Ay*, across those two of its faces which arc 
perpendicular to y» can, therefore, be written, in close analogy with 
(84a) and (846), 
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{K X dVf/ diVty 


the integral extending ovei Av^ and Ay*, or 


1 

m dvx 


A^ Ay Az Avx Avy Ay*, 


(86a) 


Fx must follow the sign, of differentiation heie unless we know that it 
IS independent of y. The other two pans of faces of the element 
Ay* AVi, Ay* yield similarly 


1 

m 


5Vy 


+ 


d{Fx fyf) 
6v* 


Ax Ay Az Ay* Ay^ Ay* 


(85&) 


In addition to the effect of the external force F, theie lemains 
then finally the effect of collisions As molecules in Ax Ay Az and 
AVzAvyAVi collide with otheis, they aie thrown entiioly out of the 
velocity element Ay* Auy Ay*, and at the same time other inoloculcs 
in Ax Ay Az undergo collisions of the inverse type and aio thereby 
thiown into the given velocity element This is the same effect of 
collisions that was studied in detail foi a paiticiilai type of molecule 
in the last ohaptci Instead of attempting a similai analysis here, 
we shall simply wiite down a symbolic expicssion to denote the con¬ 
tribution of collisions to the rate of change of the number of those 
molecules that lie in both elements, wiitmg for it 


Aa; Ay Az Ay* Ay,, Ay*| 


dinf) 

bi 


( 86 ) 


If no association or dissociation of the molecules occurs, so that n 
IS unaffected by collisions, we can also write this in the form 

n Ax Ay Az Ay* AVy AvJ ^ ) 

and if the molecules aie hard spheies (3//d/)«oii has then the value 
given foi dfidtm eq (43) or by an expression similar to (’42a) and (426) 
in the case of a mixed gas We shall employ here the more general 
form in order that our final equation may hold also in the case of a 
dissociating gas 

We may now add up all of the expressions (846), (84c), (86a), 
(866), and (86), theieby obtaining the total change in the number 
of molecules due to all causes, and then equate their sum to (83) 
above, After canceling out Ax Ay Az Ay* Ay^ Ay* on both sides of 
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the resulting equation and moving all terms but one into the left 
member, we thus obtain 


.ltd 

"r 


dt 




d(n/) 

dz 


m 


dv= 


(F.nf) + ± (F,nf) + ± (F,nf) 



*d(n/)' 


di 


croll 


(87) 


62. Applications of the Differential Equation. In eq. (87) we 
have a differential equation for the general distribution function 
iyf in a homogeneous gas or for the distribution function of oaoh 
constituent of a mixed one; as remarked above, it holds even for 
each constituent of a dissociated gas. The equation Jios a nurabor 
of uses. 

In all practical cases, however, it can be simplified somewhat 
because Fy> is independent of Vi, Fy of and F^ of vp, for this reason 
the force term is usually written 


I' 

m 


F. 


jl 

dVz 


inf) 







Furthermore, the external force is usually either derivable from 
a potential or gyroscopic in character, or a combination of tliesc 
two types; as a general expression for such forcoa wo can writ© 


TH I 

F, = —^ + y,Vv - yvv> 

rt dw , 

-^^ + y.v.-y.v. 

rt do) , 

F, = + 7i/y» - yxv„ 

where w(a;, y, 2, t) is the potential energy of a molocule in tho external 
field, which may perhaps vary with tho time, and y*, y^, ye are com¬ 
ponents of a vector y which may likowise bo a function of position in 
the field, and perhaps also of the time. 

Examples of tho potential type of force have already been oucount- 
ered in considering a stationary gas in a gravitational field, An 
example of forces of gyroscopic character is furnished by a group 
of ions in a magnetic field; if e is the charge on each ion in electro¬ 
static units and H the vector magnetic intensity, then y eH/c,* 
Another example is encountered if we employ a rotating frame of 
reference, .such as a frame rotating with the earth; tho effect of such a 

* Cf. L. Pa am and Adams, “Piinciplea of Ehctncity,*’ p. 24»L 
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rotation with umfoim vectoi angulai velocity w, when without it 
7 = 0, can be allowed foi simply by adding a tcim mw^s^ in 0 
and setting y — 2/nw, m being the mass of the molecule and s its 
porpendieulai distance fiom the axis of lotation * In the case of 
the earth the term —irnw^s^ simulates a slight change m the potential 
eneigy due to giavity, and its effect is automatically included in tlio 
ordinaly “aecelciation due to giavity” g 

P)oblems 1 Show that when the forces aie doiivable from 
a potential or else aie partly 01 wholly gyio&copic in chaiactei (1 e , 
of the foim wutten for Fs) Fy, F» just above) the steady distiibution 
function 


W OTV* 

nS = Be 


( 88 ) 


IS a solution of (87), the collision teim vanishing by the argument 
given m the last chapter and the teiras that contain donvativos with 
lespect to y, z, v„, Vy, Vg canceling out; i? is a constant such that 


J fSf f ~ numbol of mole¬ 


cules, and hT is just aiiothei arbitrary constant so fai as iho difteiontial 
equation is concerned but can be shown to have its usual physical 
significance, ^ being the Boltzmann constant and T the absohito 
tempeiatuie. 

Equation (88) contains as a special case eq (79&) and leads also 
at once to the conclusion i cached in Sec 46 that Maxwell's law holds 
even in a foico-field along with unifoimity of the tompeiaturo [cf eq 
(65) in Sec. 28], heie we have established the result foi the moio 
general type of foice-field dosciibod above As a paitioular example, 
we may draw the impoitant conclusion that the presence of a magnotio 
field does not affect the oquilibiium 111 space of ions 01 electrons, nor 
their maxwellian distribution of velocity, in spite of the lesulting 
curVatuie of their paths 

2 Show that a gas can rotate as a rigid body with MaxwolBs 
law holding at eveiy point (velocities being defined in toims of sta¬ 
tionary axes), provided the density is piopoitional to 
where v) = angulai velocity and s == distance fiom tho axis of rotation. 


THE BOLTZMANN DISTRIBUTION FORMULA 
63. The Classical Boltzmann Distribution Formula. Our treatment 
of the distribution function in the last section was icstiicted in scope 
in two ways For one thing, we tieated the molecules as if they were 
* Cf. Ih Bamb, "Dynamics," p 88, or othoi books on analytical meohanw’ 
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mass points, ignoring thoir internal motions. Thon in tho second 
place we also restricted the forces to be of tho nature of a foroo-fiold. 
The mutual interaction between molecules, however, cannot bo 
regarded as a force-field, for the force exerted by one mohmulc! on 
another varies not only with the position and intorJial condition of 
the molecule acted on but also with tlie position of tho other inohusiilo. 
Accordingly, we have been able hitherto to introduce sucli iutoraction 
only in the special form of occasional collisions b(5tween oxtreunely 
small molecules, a restriction which docs not eorrospond to tho true 
situation in gases of appreciable density, 

A treatment in which both of these restrictions arc removed can 
be profitably developed only by moans of tho methods of Htatisthial 
mechanics, and the fundamental basis for such a treatinont will 
duly appear in Chap. IX below. Tho principal rosulta there obtained 
are so simple and so useful, however, that it is couvoniont to cito them 
here and to proceed hereafter to make free use of them. The rciadcr 
who prefers a strictly logical order can readily secure it by reading 
alternately in Chap. IX and in the present chapter. Tiio rest of tlio 
book can be understood, however, without reading Chaps. IX and X 
at all. 

In order to state conveniently the statistical results just mentionod 
we need to have in mind the language used in g(?iioral dynamical 
theory, which is explained in books on analytical mciehanic.s. blacli 
molecule can be described by mcan.s of a certain numlmr of variables 
called coordinates, which we shall denote by yi, (7,i ’ ’ * <?«; their 
number is often called tho number of degrees of freedom of tho mole¬ 
cule. Corresponding to these coordinates thoro are then s other 
variables called gonemlizod momenta, wliich wo shall denote by 
Pi, Pu, * ' • p«. The three coordinates of the center of mass can bn 
taken as three of tho (j-’s, the corresponding p's being the com])onants 
of the ordinary momentum; then, in general, the three I'luleriau 
angles representing the orientation of tho molecule coiistitiite 
three more; and there may bo any number of others roprosenting 
different possible modes of internal vibration. It is often imoful 
to think of tho ff’s and p's as cartesian coordinates in a spaco of 2,s 
dimensions. 

Now consider, first, the case of a homogeneoits rarefied gas in 
which, as hitherto assumed, molecular interaction occurs for each 
molecule only during a very small part of tho time. In aucii a ga.s, 
when it is in thermal equilibrium at an absolute tomporaturo 'i\ 
statistical mechanics tells us that at any given moment tho fraction 
of the molecules that have the coordinate qi lying between a given 
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value q\ and qi-^ dqi, similaily in a lange dqz, and so on thiough 
the p’s, is P dqi dqz dq^ dpi dp^ • dp^, where 

P ~ Cl ~ dqi • dq,dpi • dp,] \ (89a) 

Here e is the eneigy of the molecule when its vaiiables have the values 
stated, k is the Boltzmann constant, and the mtogial in the expression 
given foi the constant Ci is to be extended ovoi all possible values of 
all of the vaiiables so as to make 

JP dqi dq^ dqs dpi dpi • dp, = 1. 

[Cf eq (249c, e) m Sec 199 below] Or, fixing oui attention upon a 
particular molecule, we can mterpiet P dq\ dp^ as the piobability 
that any given molecule is, at a given moment, in the condition speci¬ 
fied, or the fi action of the time duiing which it is The cncigy e 
may include a teim w representing potential eneigy of the moleculo 
as a whole in an extemal fixed foicc-field, and this field may incluclo 
gyroscopic teims of the soit desciibed m the last section, these being 
without influence on the piobability 

When the gas is not homogeneous, a foimula like (89a) exists for 
each kind of molecule separately, containing a common T but, in 
geneial, different values of Gi, 

When, on the other hand, %niei action between the molecules extends 
beyond the occuriencc of almost instantaneous collisions, this foimula 
no longer holds, at least not-accurately Then, however, we can fall 
back on a still more general conclusion from statistical mechanics. 
Let us number off in a single senes all of the Ns cooidmatcs of all 
the N molecules in the gas, denoting them by q^i, - • • qNa, and the 
momenta similarly; pi, • p//. Then we can suppose that, while 

it is in thermal equihbiium at absolute tcmpeiatiue T, the whole 
gas spends a fi action P dqi dqi * • dqNadpidpi • • • dpNa of its 
time, or has a probability of that magnitude of being found with its 
variables lying in the ranges specified, where 

P ^ C 2 = [^J*e~^d(?i ' dqsadpi 

jE being now the energy of the whole gas [Cf eq (254) in Sec. 207 ] 
If the gas IS in contact with other much laiger bodies so that its 
energy can fluctuate a little, it actually does what we here suppose it 
to do; if, on the othei hand, the gas is isolated and its energy is there¬ 
fore constant, it does not really behave m thU manner, bqt ct^lculn- 
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tions based upon fcho assumption that it does will nevertheless lead to 
correct pliysical results; for the physical behavior of a gas in equilib¬ 
rium does not depend, either in theory or in observation, upon the 
nature of its surroundings. 

Equation (89a) is coming to be known as the Boltzmann (dis¬ 
tribution) formula and is of extremely wide usefulness. Equation 
(89&) expresses what Gibbs called a canonical distribution in 'phase^ but 
it can obviously bo regarded simply as an extension of the Boltzmann 
formula to the whole gas (the physical reason for the validity of the 
formula is of the same sort in either case). The canonical distribution 
can be shown to lead to the ordinary Boltzmann formula as a corollary 
in any case to which the latter formula is applicable. 

64. The Boltzmann Formula in Quantum Theory. AVc must next 
note the modifications that are required in these principles when 
quantum theory is substituted for classical mechanics. According to 
quantum mechanics the description of a system in term.s of g's and 
p's is only an approximate method whose usefulness is limited to cases 
of sufliciently high energy; the fundamental mode of description is 
quite different. The general quantum theory of gases will bo taken 
up in Chap. X, but only a few simple details aro needed hero; they can 
easily be understood without ever reading that chapter. 

In dealing with a system in thermal equilibrium we can speak as 
if it wore always in some one of a definite series of jiossible quantum 
states (disregarding the fine question whotlier it really is in a single 
state); to each quantum state tliere corresponds a certain value of the 
energy. Each of these quantum states then tako.s the place, for sta¬ 
tistical purposes, of a certain region in the classical q, p space of the 
system. By a "quantum state" without further qualification we shall 
always moan, as hero, one of the complete fundamental series of 
stationary states for the molecuio. When several of these states have 
the same energy, liowever, they are often grouped into a single multiple 
"state"; the number of fundamental states composing the multiple 
one is then called its multiplicity or statistical weight. 

The Canonical Distribution. The principle of the canonical dis¬ 
tribution now takes the following form. The probability that the 
whole system is in quantum state i with energy Bi can bo assumed to 
be 


Pi - Ce 



the summation in the expression for C extending ovoi* all quantum 
states that are possible for the system. [Cf. eq. (272) in Sec. 226.] 
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The resolution of a gas into molecules, oil other hand, is rt- 
more ticklish matter in quantum than m classical theory, It Uivna 
out, however, that in neaily all piactical cases tho use of quantum 
theory is essential only as legaids the internal condition of the niolo- 
cules, including then motions of lotation, and hliat a hyliiid tlicoiy ill 
which classical methods aie employed for the tianslatoiy motion is 
quite accuiate enough (cf Sec 241) Using hliis foini of theoiy, wo 
suppose each molecule to be in a ceitaiii inteinrtl quaiitiim state wliilo 
moving as a ^\hole with a ceitain momentum, and, under the conditiona 
under which this theoiy is appioximatcly valid, it appears that tho 
Boltzmann distribution holds in the limiting caso of a pcifoot gas ill 
the following form 

General Distribution Formula The fiaction of tho molcouloa 
that at a given moment aie in moleculai quantum stalo j and also 
have the caitesian cooidinates and momenta, of tlioir centeis of 
moss in certain laiiges dpg in tho olomeiifc 

dx dy dzdpx dpt/ dpt of molcculai phase space) is P^m da dy dz dpx dpu dpt 
where 


P,.. = Ce (00) 

here e is the total eneigy of the molecule and tho oonstant C has tho 
value 


U = dy 

3 

integrated over the volume oi the vessel and over all possible values of 
px, pv, Pt and summed over all of the inteinal quantum states Wo 
can also write for the energy 

e = f + w + (91) 

where f represents the lanetio eneigy of the center of mass, so that 

f 1 ^ Pu Ve 

^ 2 2w 

whereas w is the potential energy of the molecule os a whole in whatever 
fixed foice-field may be present and i;, is the internal cucigy cor¬ 
responding to the jth quantum state The foice-fiold may include 
gyroscopic terms of the type described m Sec, 62 This principle has 
been shown to hold well whenevei the scale of variation of w is laige 
relative to the molecular wave length \ ~ h/p 
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Ill a mixed gas there will be a separate formula like (90) for each 
kind of molecule, T being the same in all but usually not C, These 
formulas are valid for actual gases only at low density, of course; even 
the division of the energy into parts as in (91) tends to fail at higher 
densities. 

66. Special Cases of the Boltzmann Formula. All of the dis¬ 
tribution functions obtained previously and many others are included 
ill the Boltzmann formula as special cases, and this fact gives them a 
basis independent of the special analyses of molecular processes by 
which we originally obtained them. It will be convenient to collect 
here some formulas for the principal cases that can arise. 

Distribution of Centers of Mass. Suppose that we are interested 
only in tlie traiislatory motion of the molecules. Then, disregarding 
all internal features and summing P,',« as given by (90) over all of the 
internal quantum states with the energy split up as in (91), we obtain 
as the fraction of the molecules with their centers of mass in the range 
dx dy dz dp* dp^ dp» the value P„, dx dy dz dpj, dpv dp^ where 

p„ = (82) 

J 

Cm being a new constant’ of magnitude C^e Since p* = 

j 

py = mvyf Pi = mvi, WG SCO that dx dy dz dpx dpy dpt = dx dy dz 
dVx dVy dvt in the notation of See. 60, so that f ~ Accordingly, 

i* being also equal to mv‘^/2^ the value of P,,, just found leads at once to 
eq. (88) and so also, among other things, to Maxwell's law. 

Distribution in Position Alone. If wc aro interested, not in the 
velocities or momenta, but only in the positions of the molecules, wo 
can also integrate P„, over momentum space aird so obtain os the total 
number of molecules in the element dx dy dz of space the number 
Pmq dx dy dz where Pmqt the total distribution function for spatial 
position, is 

Pma = (92a) 

Gq being a now constant standing for j J* e dp* dpy dp,. 

Molecules in a Particular Internal State. Sometimes, viewing the 
situation in greater detail, we wish to select for consideration only 
those molecules that happen to be in a particular internal quantum 
state. According to (90) and (91), of all the molecules in state 
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the fraction d% dy dz dpx dpy dp^ will have their centers of mass m 
the range here specified wheie 


pM — 

*■ tn 



r+w+Tf/ 

Ce _ 

dxdy dz dpx dpy dps 


the denominator lepiesenting the total fraction which molecules 
in state 3 form of the whole numbei and serving to make dx • • 
dps = 1, or, aftei canceling the ij, factoi, 

P^’ - Ce , C'' - [ J a dx dy dz dp„ dpu dps\ 

Molecules with Defimie Posthon and Velocity Reveising our choice 
we might select those molecules in a given range dx dy dz dp» dpy dpt 
of translational phase space and ask for their internal distiibution, 
The fiaction of them that aie in state j is 


dx * dps 

} } 

Since PJJ^ is independent of the quantum state and P}"*'' of the spatial 
motion, we see that the distiibutions of the molecules in space, in 
velocity, and in internal condition aio quite of each other. 

General Internal DisUihuiion It follows also that the fraction of 
nil the molecules in the gas that are in state 3 is the same as PJ”’ and 
so can be wiitten, for future reference, 


P, - 


g-)i,/*r 

i 


(036) 


If multiple quantum states aie employed, with multiplicities and 
energies ij*, we have from (93a) or (936) for their probability 


p, = p(«i = JMZfL., 


(93o) 


the multiple states being numbered here in order and the indicated 
summation extending over all of them 

MoiEecw^es with Intei action For further use we may mention a 
special result that can leadily be obtained in the classical case from 
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the canonical distribution and constitutes a sort of extension of tho 
Boltamann distribution law to the relative positions of tho inoleciiles. 
Suppose each molecule is surrounded by a force-field so that when 
another comes near it the two possess a mutual potential energy 
depending upon the relative positions of tlioir centers of mass. Then 
if we fix our attention on two particular molecules and assume tho 
first to be in some definite position, the chance that the second is 
at the same time in a given clement of volume dx dy dz or dn near the 
first is proportional to 

mi 

G dn', (94a) 

or, under the same conditions, the chance that of iwo other molecules 
one is in an element dra and the other in a second clement drs is pro¬ 
portional to 

e dn drs, (94b) 

and so on. Here stands in general for tho mutual potential energy 
of molecules i and j. In all such cases the distribution in velocity is 
independent of tho distribution in po.sition. 

These latter results are obtained readily from (89b) by fixing 
the variables of all the other molecules than those under consideration, 
and also the velocities of the latter, and noting that thon a>ia or 
«i 2 + coi8 + o >28 is the only variable part of the total energy El and dr 
or drz dn are the only variable differential ranges, 

Problem, The ordinary states of the sodium atom are multiple; 
for the normal or lowest (a state) w — 2, whereas for the next 
higher or first excited state, jumps put of which into the normal 
state result in emission of the familiar D lines, 6 plus ^P^i), 
The two states lie hvo = 3.37 X erg apart. If a little sodium is 
introduced into a Bunsen flame at 1800®C and if thermal equilibrium 
may be assumed to occur, what fraction of the sodium atoms are 
excited? (All higher excited states may be neglected. Ana,: One 
atom in 4.3 X 10^) 

FREE PATHS AHD COLLISIONS 

56. Molecules of Finite Size. Up to this point in the present 
chapter we have been considering aspects of tho molecular motion 
in which the finite size of tho molecules is merely a disturbing feature, 
*one which has to be made negligible by assuming their size to bo 
extremely small; these phenomena would not, therefore, be altered if 
we imagined the molecular diameters to decrease further toward 
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zero There are other featuies of the motion, howevoi, which depend 
directly upon molecular size, and it will be useful to turn now to some 
of these, particularly in piepaiation for the treatment picsently to 
be given of tianspoit phenomena 

The molecules will still be assumed small in coinpaiison witli 
their average distance apait, but no longei vanishingly small The 
Jesuits that wc shall obtain will thus he accurate only m the limit of 
vanishing density, but, of couise, they will apply appioxiraately also 
to cases of sufficiently low but finite density, and consequently a 

theoiy strictly valid for zeio density 
constitutes a valuable fiist appioximation 
to the collect theoiy foi an actual gas. 

Except as otheiwise specified, wc shall 
in the rest of this ehaptei make the fui ther 
simplifying assumption that the mole¬ 
cules are entnely fieo fiom mutual foi’CD- 
action, except when they aio veiy close 
togethei We shall call molecules of this 
soit smalUfield molecules, The existence 
of a finite limited legioii in which the moleculai field is effective is more 
or less equivalent to the molecule’s having a ceitain size oi diamctci; 
and, of course, the requnemeiit would be met if the molecules wero 
in reality small elastic solid bodies free from force except when in 
contact 

57. The Mean Free Path and Collision Rate. The path of the 
center of mass of a small-field molecule must be an iiregular zigzag 
having at each corner a collision with another molecule and con¬ 
sisting of straight free paths between these (Fig 23) The individual 
lengths of these free paths will vaiy widely; if, howovei, we follow 
the molecule until it has traversed a great many fiee paths, the avciage 
of their lengths will have a definite value, which is called the mean 
free path and will he denoted by L The collisions will likewise bo 
distributed in time in a veiy niegulai mannei, but ovei a pciiod 
long enough to include a great many theie will be on the aveiagc in 
each second a definite numbei of them, this numbei is called the 
collision iate and we shall denote it by 6 The mean fiee path and the 
collision rate necessanly stand in a simple and important i elation to 
each other. Foi in a longiah time t the molecule moves a total dis¬ 
tance U, i) being its average speed, and this distance is bioken up by 0^ 
collisions into free paths of average length L; hence vi = QtL and 


V == 6L 


( 95 ) 
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Both L and 0 may also be regarded as having reference to a group 
of molecules instead of to a single one, and this ^ther viewpoint 
is often useful. For it is obvious that if we take the mean, value of 
all the free paths that are executed in a given time by all the molecules 
in a given volume, we again obtain!/, provided the time and the volume 
are not too small. Similarly, if we select at random a group of mole¬ 
cules containing a huge number iV, this group will make collisions 
to the number of iVO per second; for, when Nl is very large, tills rate 
is sensibly steady, and the total number of collisions mado by the 
group in any time t must obviously be N times the number made by 
one molecule or NBi. The total number of molecular impacts made 
by n molecules in unit volume is, therefore, nO] but the corresponding 
number of. complete collisions, each involving two impacts, is, of 
course, only nO/2. 

Up to this point we have ignored the variation in molecular speed. 
For a given molecule, liowevor, the chance of a collision must vary 
with its Sliced, being certainly greater when the molecule is itself 
moving rapidly than when it is merely standing still and waiting to 
be struck. In some connections it is necessary to make allowance 
for this variation, and for this purpose wo need to consider separately 
those molecules that arc moving at each particular speed. 

Suppose wo select just those free paths that are executed by a 
molecule wliilo it is moving with a speed between y and v Ar dv] lot 
tlie average of these paths bo Ly,, Then if U denotes tho total inte¬ 
grated time during which tho molecule so moves, not counting time 
during which it moves at other speeds, tho total distance covered 
during this time will bo This distance being assumed to be 
broken up into paths of average length Ly,, tho number of collisions 
that terminate these paths is vty^lLv', and if we write for this number, 
wo have 

V = Qy/Ly) (96) 

in exact analogy to (95), 

Tho quantity 0,i, tho collision rate for a moloculo while moving 
at speed y, can also be thought of in terms of prohabililyf and this viow 
of it is perliap.s tho simplest and most useful one. As a particular mole¬ 
cule moves along, during each short interval of time di there is a certain 
chance that it collides with another one. This chance will bo pro¬ 
portional to the length of tho interval di\ but if molecular chaos exists 
(cf. Sec. 21 above), the chance cannot vary otherwise so long as v 
remains the same, since in molecular chao.s the position of one moloculo 
iias no correlation with the positions or velocities of others. Accord- 
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ingly, if Pv di denotes the chance of a collision dtning di, out of a 
laige niimbei N Of molecules moving similarly with speed v the numbei 
NPv dt will collide during di Let us suppose that, as each molecule 
of oui chosen group collides, we select anothei moving with the same 
speed to take its place, thcieby keeping the total numbei constant 
Then we can integiate with lespect to t, legaiding Nf and Pv as con¬ 
stants, and obtain JNP y dt = NPvt foi the number that collide m a 

finite time t But this is also lepiesented by NO^ti accoicling to the 
definition of 0,, Hence 0„ = Py Thus the collision lato Oy at 
speed V lepiesents the chance pei second that a paiticulai molecule 
collides; it might appiopiiately be called the collision probability per 
umi hme 

Even in a maxwellian gas we shall find that 0^ and Lv vary some¬ 
what with V and aie therefoie equal, respectively, to 0 and to L only 
at one definite speed, 

68, Dependence of L and 0 upon Density and Temperature. The 
actual values of the mean fiee path L and the collision late 0 foi 
small-fiold molecules will obviously depend m pait upon their shape 
and size, i e., upon the chaiactci of their foice-fiolds Without 
knowing anything moie about these fields, howevei, than is implied 
in oui assumption that they arc confined within small limited legions, 
wo can disco VC i the mode of dependence of L and 0 upon density and 
tcmpeiature 

Eoi, m the first place, increasing the temperature is equivalent 
merely to multiplying the velocity of each molecule by a certain 
uniform faotoi, the iclativo distiibution of volocitios being the same 
at all tempcratuiGS. The collision piobability per unit time 0„ of 
each molecule theieby becomes multiplied by the skmG factoi as tho 
velocities, and so does the general collision late 0 Thus 0 « y « ^/T. 
But then, according to (96), the mean free path L is independent of 
the tempeiature. 

The situation is quite diffeicnt, however, when we keep tho 
tompGiatuie constant and inciease the density. Then, as a moleculo 
moves along, its chance of meeting anothci one is increased, if tho 
othei molecules weie distiibuted at random, this chance would bo 
exactly propoitional to the mean density of the other molecules and 
the collision rate would accordingly be diiectly, and the mean freo 
path indiiectly, propoitional to the density Now, according to 
the pimciple of molecular chaos, the molecules actually are dis¬ 
tributed at random, with the single restilotion that when they como 
too close together then fields tend to keep them apart The effect 
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of this limitation must bo to produco a shortening of the mean free 
path and a corresponding increase in the collision rate; this effect 
must bo large when the molecules are jammed tightly together, as in a 
liquid or solid, but it must become small as the distances between the 
molecules are made large as compared with their effective diameters, 
and it must vanish in the limit of zero density. 

Thus wo may conclude that in a gas composed of small-field 
molecules, as this term was defined in the last section, the moan free 
path varies only with the density and is inversely proportional to it, 
being, therefore, at a given temperature inversely proportional to 
the pressure. The collision rate, on the other hand, is directly pro¬ 
portional to the density and also to the square root of the absolute 
temperature. Those conclusions are of fundamental importance. 

69, Distribution of Free Paths, Absorption of a Beam, In 
addition to the mean free path the distribution of the lengths of the 
individual paths is a matter of interest. The method of finding this 
distribution is the same as that for dealing with the important problem 
of the absorption of a beam of molecules or ions in its passage through 
a gas, hence we shall develop first a general formula applicable to 
both problems. 

For this purpose lot us consider a group of similar molecules of any 
sort that are moving with velocity v through a region whore there is 
gas. They may have been shot into it from the outside, or, as a 
special case, they may bo a group of molecules of the gas itself which 
wo select for contemplation. As time goes on, these chosen molecules 
will collide one after the other with molecules of the gas; as each one 
does this, wo shall drop it out of the group under consideration. Let 
the number originally in the group at time i *= 0 bo A^o, and at time 
i let N of them still bo going without having had a collision. Then 
during tho next interval di the number NOv dt will collide and drop 
out of the group, ©„ denoting the collision rate for a molecule of the 
group when moving at speed v among molecules composing tho gas. 
iV is thereby changed by the amount 

dN ^ -NQ,dt. 

If we divide this equation through by can integrate it, 0^, being 
a constant as explained above, thus; dN/H = ^Ovdt, hence log 
iV = —Ov^ + const.; choosing tho constant of integration so as to 
make JV « 7/o at i — 0, wo thus find 

N = iVoc-o^‘ = (97a) 

if we write I for the length vt of free path that has been covereci at 
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time i by each molecule fiom the stait The number of molecules 
that collide between i and t + dt and so terminate a path whoso length 
lies between I and I dlia thus 

IdATl = -c^iV = dl (97b) 

I y 


These results can be expiessed also m the following useful form. 
Let us writo <p{l) for the fiaction of the oiigmal Nfo molecules that arc 
still going after tiavcrsing a distance I without collision and dl 
for the fraction of all the fiee paths that have a length between I 
and 1+ dl. Then <f> = N/No and dl = |diV"|/iV‘o) whence from 
(97a, b), in which we may intioduce fiom (96) in place of ©v, 

(98a, b) 


08 


06 


04. 


02 


Both <p{l) and i/{l) aic thus exponential in foim (cf. Fig 24) 

If we aie dealing with a 7 nolecular beam, ^ lepiesents the latio by 
which its intensity is diminished aftei going a distance Z, Oj, and Lv 

having Values appiopiiatc to the 
motion of a beam moleculo 
thiough the gas 

On the other hand, to apply 
these lesults to fiee paths in a gas 
we consider a group of molecules 
that have ]ust collided and aro 
now moving with speed v Then 
tp IS the fi action of those that go at 
least a distance I without collision, 
and f is the distiibution function 
foi flee paths at speed v, ypil) dl 
being the fraction of all of the fieo paths executed in the gas at speed 
V whose lengths lie in the lango dl It is obvious fiom the foiraulas 
that very long fiee paths, while not absent, aie comparatively laie, 
whereas unusually shoit ones aie compaiatively common, the single 
length of maximum frequency being I = 0 

In either case the aveiage of all the free paths comes out equal to 
Z/v, as would be expected, for our foimiila gives (of 63a in Boo, 29) 
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Fiq. 24—Distribution of freo paths, 
I <=* length, Lv = mean length 


J 0 0 


le dl = L„ 


Problems. 1 Show that, of the fiee paths executed by a moleculo 
at speed u, 37 per cent exceed Lv, but only 14 poi cent exceed 2L„ in 
length and 0 7 per cent, 
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2. Show that in throwing a dio the probability that just n throws 
(i.e., acts of throwing) occur between two successive occurrences of a 
six (or any other given face number) is Compare this with 

L 

as given by (986) with Z/^ = 6, I = {n — 1) The average 

number of throws between sixes is, of course, 6. 

60, The Mutual Collision Cross Section, The relation between 
molecular dimensions and collision probabilities is perhaps best 
approached by way of the conception of a mutual collision cross section 
for any pair of molecules. To define this quantity, suppose we have a 
beam of molecules all of the same kind, and suppose they are moving 
with the same speed along parallel paths but are otherwise distributed 
at random; in this beam let us hold in 
a fixed position a single molecule, 
which may be of a different sort. 

Let all of the molecules be of the 
small-field type described in Sec. 66. 

Then a certain fraction of the beam 
molecules will collide with the fixed 
one and will be scattered by it out of 
the beam; if we draw a plane through 
the fixed molecule perpendicular to Pig. 26.—Soaitoring of n moiooulnr 
the direction of motion of the beam, 

the molecules that are scattered will be just tliose whoso directions of 
motion pass through a certain area on this plane, The magnitude of 
this area is what is called the mutual collision cross section for a beam 
molecule and the scattering molecule. We shall denote it by S, 

If both of the colliding molecules are hard elastic spheres, the area in 
question is a circle; for, if o-i, vu are their respective diameters, the dis¬ 
tance between centers at the instant of collision will bo «r„v + 0 ^ 2 ) j 

and obviously the beam molecules that collide will be just those whoso 
paths of approach pass the fixed molecule at a distance less than 
and so pass through a circle of radius (r«v on the plane (cf. Mg. 26). 
Thus when both molecules are hard spheres 

S ” Tra-ftv®. 

If also (Xi ~ C 2 = v, 

S = w® 

or four times the cross-sectional area of one molecule. The sphere 
of radius cr„v is often ctilled libe mixtual s-j^heve of inftuenqe fov tllQ tVfO 
p\oloQ,i\les, 
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If the molecules aie not elastic spheres but aie at least of the 
small-field type, there will still be a definite collision, cross section of 
some magnitude or other. The chance of a collision may depend now 
upon the relative orientation of the molecules (being smaller, for 
instance, for disks when meeting edgewise than when meeting flat wise), 
but if the beam molecules are oiientcd according to some definite rule, 
for example at random, the number scattered will be the same as the 
number that aie incident upon some definite aiea ;S, and this area can 
then be taken as the mean or equivalent cross section The final 
result is thus in any case the same as if the molecules had a certain size, 
and it is convenient to define a quantity a-„ by the equation 



and to call it the mean diametei foi tlie pair of colliding molecules, or, 
moie explicitly, the equivalent elashc-s'phencal mean diameter, in case 
the molecules actually are elastic spheres o-nv as so defined is simply 
the average of then diameteis, and in othei cases it gives a useful 
idea of their compaiative effectiveness in mutual collisions In 
geneial, S and <r*Tmay, of couise, depend upon the relative speed of the 
impinging molecule 

The collision cross section obviously has simple and important 
relationships with scattering rates and with collision jrequencies Tho 
number of the beam molecules scattered pei second, if there aro n of 
them in unit volume and they are moving at speed V, will bo 

01 = nSv] (99a) 

for those that collide in a second aie those that aro contained in a 
cylinder of cross-sectional area ^Si and length v 

The same collision late, obviously, would result if wo brought tho 
beam, molecules to rest and set the scatteiing molecule itself moving 
among them at the same speed in the opposite diieotion, the relative 
motion being then the same as before In doing this we may leave tlic 
beam molecules fiee to lecoil when struck and restoie the scatteier to 
its original velocity aftci each collision, oi we may hold the other 
molecules fixed and lot the moving one bounce off each time in some 
new diiection; the collision late will be the same in either case, since 
the other molecules arc assumed to be distiibuted at random Accord¬ 
ingly 01, as given by (99a), icpresents also the colluion rate or proba¬ 
bility for a molecule moving with constant speed v among a collection 
of stationary ones which are all alike and distiibuted at random, 
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whether those are free to move or are hold fixed. The mean free path 
of the moving one among the others is then clearly L\ ~ v/Q\ or 



If several kinds of stationary molecules arc present, we have only 
to replace (99a, h) by 

01 = Lv ~ — -> (99c) 

i X^iSu 

i 

Ui being the density in molecules per cubic centimeter of kind i and 
Su the mutual collision cross section for a molecule of this kind 
colliding with the moving one. 

In the special case of hard elastic spheres of diameters cri and <rz 
(99a) becomes 

Oi = i nir{a\ + o-2)®t;. (99d) 

If all the molecules involved have also the same diameter r, Oi and 
the corresponding mean free path are 

01 = niTffhj hi = —(99e, /) 

We shall have many uses for these formulas in dealing with molec¬ 
ular collisions. 

61. The Mean Free Path in a Constant-speed Gas, The first 
extensive calculations of the general mean free path in a mass of gas 
were made by Clausius (about 1867). The law of distribution of 
velocities being unknown to him, he assumed for definiteness that all 
the molecules move at the same speed. The analysis required by 
this case forms a convenient stopping stone toward the treatment 
of the actual case, and wo shall therefore take it up ns a preliminary. 
The molecules will bo supposed, ns uspal, to bo of the small-fiold type 
as described in Sec. 56. 

In order to obtain results of wide applicability, which wo oan do 
with almost no increase in labor, lot us first calculate the collision 
rate for a single molecule of a certain kind moving amojig others of a 
different typo which are nil moving with the same speed but chaotically 
ns to direction. Let the vector velocity of the first be denoted by Vi 
and the constant speed of the others by v% 

The collision probability per second for the first molecule will be 
given by oq. (99a) above with v replaced by the average of its speed 
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lelative to the other molecules, which we shall denote by «r, and can 
therefore be wiitten 


012 = nSvr] 


(lOO) 


here n is the molecular density of the others and 8 is the mutual 
collision Cl OSS section for the fiist molecule and one of the oihcis If 
this statement is not immediately obvious, it suffices to divide iho 
other molecules into gioups accoidmg to the value of then speed u, 
relative to the first one; then we can add expectations of collision with 
the vaiious gioups and can wiite for the total expectation of collision 
duimg an infinitesimal time dt, in an obvious nota¬ 
tion, 



Oi2 dt = ^riiSvr, dt = S'^n,Vr, dt = /Sniir dt 


Pia 26 —Rolntivo 
volooityt 


The problem of finding 0i2 thus i educes to the cal¬ 
culation of Vr 

Now, under the conditions assumed, the speed of 
the fiist molecule relative to one of the otheis vanes only with the angh* 
between their respective diiections of motion; and since the other mole¬ 
cules are moving equally m all directions, a fraction I sin 0 dO of thorn 
[cf eq, (30) in Sec 18] will be moving in diiections making an angle 
6 with the direction of Vi Hence for the average value of the iclativo 
speed Vr we have [cf (63a) in Sec 29 for the method of averaging] 

Dr = I Jjvr sin 0 do. 

But V* = vf + v| ~ 2 viV2 cos 0 (cf Fig 26) Hence 

= h Jq (i^i + v| — 2viV2 cos sin 6 dO 
1 


6ViV2 

1 

6ViV2 


(vf v| — 2 viV 2 cos oy* 




[(t'l + ^2)® ~\Vi ~ V 2 I®]. 


Here |vi — y 2 |’ is written foi (vf + v| — 2 vi«2 )^^ == I(vi — 
instead of (vi — V 2 )* because the lattei will bo negative if > Wi, 

whereas of the two values of {v\ H- vt — 2 tfiV 2 cos oy^, one positive 
and the other negative, we must choose the positive one because 
this is the one whose derivative contains the positive value of (wj + 
v\ •“ 2 viV2 cos <?)^^, which occurs in the integial If Vi > Vz, |vi -- va] *=» 
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Vi — Va, whereas if Vi < Vu, |vi — Vi\ = 1^2 — vi; hence we get different 
results according as vi or V 2 is the greater: 

if Vi > vz, (101a) 

if Vi < vz. (1016) 

Insertion of the proper one of those values into (100) gives us the 
desired collision rate. 

To obtain the S'pecial case of the homogeneous gas of Clausius wo 
then put V\ = \)2 ^ v, whereupon both values of roduoo to 


Sr = + 

Vr = Vz -h 


Svi 

vf 

Svz 


5r = f W. 


Gi 2 in (100) then also becomes simply the general collision rate 0 
for a molecule of the gas. The mean free path in such a gas is, there¬ 
fore, 


_ V _ 3 
0 4njS’ 


(102a) 


n being now the total number of molecules per unit volume and S 
their mutual collision cross section. In case they arc all spheres of 
diameter o- we have S — iro-^ and 


r = 5_L. 

4 mrer^^ 


(1026) 


which is Clausius’ formula. 

Comparing (102a) with (996), we see that the simultaneous motion 
of the other molecules has the effect of raising the collision rate, and 
reducing the mean free path, in the ratio ^ or respectively, obviously 
because a given molecule is often struck from the side by others which 
it would not strike in consequence of its own motion alone. 

62. A Molecular Beam in a Maxwellian Gas. The results just 
obtained can now be utilized in treating collisions in an actual gas 
having a maxwellian distribution of velocities. In order to do this, 
however, we shall again begin with quite a general case; lot us first 
work out the rate of collision and the mean free path for a raolceiile 
that is moving at a definite speed v through a maxwellian gas. Let 
the molecules of the gas be all alike but different in kind from the first 
molecule. Such generality scarcely increases the labor of arriving 
at our main goal, and the more general result has an interest of its 
own. 
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Out of all the possible collisions of the fiist or lay molecule with a 
molecule of the gas, let us select those in which the second molecule 
IS moving bcfoic collision with a speed between v' and u' -|- dv^; the 
number of such molecules in unit volume will be, by ( 61 a) in Sec 28 , 
dn =‘h-n dv* Since these molecules aio moving equally 

in all diiections, the chance pel second of a collision between one of 
them and the lay molecule will be O12 as given by (100) with n icplaccd 
by dn 01 

ivn dv' 

The integral of this expiession ovoi all values of a' then gives the total 
expectation of collision pei second between a lay molecule and the 
molecules of the gas, which we shall denote by 0«3> Inserting values 
of Vr fiom (101a, h) accoiding to the relative values of v and v\ which 
aie to be put in place of V\ and 112,1 espectively, we can wiito the result 
thus 

dn' + J] " {v’ + 

The mtegials occuiiing heie can be simplified and in part evaluated 
completely by means of scveial intcgiations by paits, or with the aid 
of the table at the end of the book Wo can thus obtain: 


0i,r = 4^nAS 


\\ 2 / 3 * 4 j 3 ' 


1 

" _L ^ J_ 

6|32 ^ 2/34 ^ 


— 4- 

2/32 ^ 6/37 


or, if we now insert A = / 3 ^/ir 5 ^ from ( 60 ) in See 28 and wi itc x ~ / 3 «, 
y = 


0„3> as given by this expression repiesents the expectation of 
collision pel second for a lay molecule moving with speed v tluough a 
homogeneous maxwellian gas at absolute tempeiature T, for which 
J32 — l/( 2 i? 7 ’) m teims of the gas constant R foi a giam; n is tlic 
number of molecules pei unit volume in the gas and >8, assumed con¬ 
stant, is the mutual collision cross section foi one of the molecules 
of the gas and the lay molecule Unfortunately the expiession cannot 
be reduced fuithei in terras of oidinaiy functions, but nuinciical 
values for it can easily be found if one has tables of the "probability 
integral,” 
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‘I>(a:) ™ r c""’ dy 
VttJo 

[cf. (67) in See, 30 and referonees there]. As a cheek, we may note 
that if V —> <x>, dy '\/t/2 and so 0„r nSv, which is the 

.same as the collision rate when the other inolo(iuI(}S are standing still 
[cf. Oi as given by (99«)]. 

The mean free path for the ray molecule in the gas is then 

T = JL. 

For reference wo may note that the generalized result for a mixed 
gas is now easily written doAvn. If the gas contains several kinds of 
molecules which have mutual cross sections with the ray molecule 
denoted by ^Soi, ^02 • • • jSo;. and have molecular densities tii, n% • ' > 
and values of ^ denoted by pi, B 2 • • ♦ Pn (103a) is to bo rcidaced by 

T«»l 

where av — PrV> It is still true, however, that L»r = «/Ovt. 

One possible application of these results is to a homogeneous beam 
of molecules moving through a foreign gas. Beams of this sort con- 
.sLsting of neutral molecules are seldom produced, liowover, at present 
in the laboratory; homogeneous beams of ions are often worked with, 
but in such cases the velocities are usually so high that the motion of 
the molecules of the gas through which the ions pass can bo neglected 
altogether and the simpler approximate value Gi = nSv, as in (90a), can 
bo employed in place of the more complicated form. 

63. Mean Free Path and Collision Rate at Constant Speed. 
Another application of the results just obtained is to those molecules 
of the gas itself which happen momentarily to be moving at a par¬ 
ticular speed. For this application let us replace p by its value 
/3 ~ 2/( ^Arv) in terms of tlie mean molecular speed 5 in the gas; and for 
convenience of reference lot us also anticipate a little and insert the 
values presently to be found for the general collision rate 0 and moan 
free path L in a homogeneous gas. Then, from (106a, h) below, 

« Q ^ 

■s/^P ^P 2v^ 

and, writing 0« now in place of OvT) wo have from (103a) for the collision 
expectancy per second of a molecule of a homogeneous maxwellian gas 



110 KINETIC THEORY OP OASES (CiiAr III 

that is moving at speed 

wheie X ~ {2/-\/ir){v/v) and ^( 1 :) ~ (2 /s/r)dy as in Sec 3(h 



The coiresponding mean free path is Ltf == v/Qv = x/^Qv = 
or, since I/O = L/v^ 

i, =-- (lOjb) 

e-’‘ + {2x + ^^H») 

m terms of the geneial mean free path L 

From (104a) wo see that for a molecule standing Bill I 

(a: = 0) Ov = O/V 2 In Fig 27 aie plotted the latios 0t,/O iiml 
Lv/L as functions of v/v Both cuives use as v inci eases, but the uut‘ 
for the mean free path L„ starts, of couise, fiom Lv/L ~ 0 and bccoin(*« 
asymptotic to Lv — ■\/2L as v —^ 00 , wheieas that for the collision rutt* 
starts fiom the finite value mentioned above and lises indcfimlcly 
64 Mean Free Path and Collision Rate in a Maxwellian Gaa* 
The geneial collision late for the molecules of a gas in equilibiiuin cnii 
be obtained now simply by avei aging 0v ovei all values of a. Litth* 
complication is caused if, in order again to kill two buds with a HUigh* 
stone, we allow at once for possible heterogeneity ot composition 
Accordingly, we shall calculate first the late at which a maxwelliaii wot of 
molecules of density n\ per unit volume for which /? = collide willi 
another maxwellian sot of molecular density foi which /3 = /ilsj tUo 
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di^erences in. /3 being due, of course, to a difference of molecular weight. 
At the end we can then obtain the value for a homogeneous gas simply 
by putting /Si = /Sj. 

The total number of collisions made in a second by the ni molecules 
of the first kind with all molecules of tho second kind is ttiOia in terms 
of the collision rate On for one molecule. Now, of the ni molecules, 
dvi are moving in the range dvi [cf. (61a) in Sec. 28]. If 
we multiply this number by Qvt, as given by (103a), with v changed to 
Vi, n to n 2 , S to jSfi 2 , /3 to ^ 2 , ^ to ^ 2 Vi, and y for simplicity to and 
then integrate over all values of from 0 to w, we obtain another 
expression for the total number of the collisions in question; hence wo 
can write 


1 


V'en 




dvi. 


niOn = (i-y/irnmAiSn) J 

The iterated integral occurring in this expression can be ovaluated 
without trouble, provided we first invert the 
order of integration, a device that is fre¬ 
quently useful. Tho original range of integ¬ 
ration is shown by the shading in Tig, 28, tia 
running for a given value of Wi from 0 to Vi 
and then vx from 0 to «3. Obviously wo can 
just as well let Vy run from V 2 to «> and then 
V 2 from 0 to CO. In this order the integra¬ 
tions can be carried out because odd powers 
of the variable now occur in that integral 
which has finite limits. Thus we find, with the help of integrations by 
parts and formula (69a) in Sec. 28 (or the table of integrals at the end 
of tho book): 
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Jo 

— r r4, 4- 
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j:( 
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^2/ 




2i9ai^! + - dvx 
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The first pait of the integral in the oiiginal expiossion for niGij, 
on the othei hand, has the value 


/. 


P2 


1 


The entile integral is then the sum of these two expressions oi* 


1 V£ / A±M_ 4.1 

2^2/31 Wi + 2 (/3? + /3|)?V 



m -h 


Inserting this value in the expiession obtained foi niOi2 and also insert¬ 
ing and then dividing thiough by Ui, we find. 

01! = (lOSa) 

in terms of 


Vi = 




Heie 012 lepresents the collision late poi molecule of a group distiibutod 
in velocity in a maxwellian manner with mean speed Di, moving through 
anothei maxwellian gioup ol a different sort whoso density is and 
mean speed V 2 , Sn is the mutual cross section for a moloculo of the first 
kind in collision with one of the second. 

If moie than two kinds of molecules arc piesent the appiopriato 
generalized foimula can at once be wiitten down, for the total col¬ 
lision rate 0, for the tth land will simply be the sum of cxpio.s.sions such 
as (105a) lepresenting the effects of collisions with all of the vaiious 
kinds of molecules that aie present, including its own kind. By (66a) 
m Sec 30 1/a® cc M, the molecular weight, hence Ot and the coiicspond- 
ing mean free path, L, = a,/0„ can conveniently bo written thus, 
with obvious meanings for the symbols 


e. = + wT' 


(1056) 

(106c) 


Finally, if only ono kind of molecule is present with density n 
molecules per unit volume, mean speed v and mutual collision cross 
section S, we need only put Sj = 82 = w and Sn = S m (I06a) in ordei 
to obtain the collision rate 0 and the mean free path, L ~ d/0, in a 
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homogeneous maxwellian gas: 

0 = -y/^nSv, L = 

For hard elastic spheres of diameter o- these become 


1 


0 == 's/^Tcnw^, 



(106a, h) 

(106c, d) 


which are the formulas most commonly given. 

65. Magnitude of the Correction for MaxwelPs Law, It is instruc¬ 
tive to compare formulas (lOQh) and (102a). The comparison shows 
that the introduction of Maxwell's law in place of Clausius' assumption 
of equal speeds, after greatly complicating the calculation, only changes 
the final result in the ratio l/\/2 -r ^ ~ 0.94, or by 6 per cent. The 
effect of hitroducing Maxwell's law is very much greater than tliis in the 
case of some phenomena, such as heat conduction, which depend 
essentially upon differential motion of the molecules; when, however, 
the motion affects the phenomenon only indirectly, the maxwellian 
correction amounts quite commonly, as in the present case, only to a 
few per cent. In view of our ignorance as to the true molecular forces 
the smallness of the correction often justifies the expedient of saving 
labor by assuming uniform speed instead of Maxwell's law. 

66. Mode of Determining L and S or d, If we were now to 
attempt to compare the results just obtained with experimentally 
determined magnitudes we should encounter the difficulty that eqs. 
(106a, h) contain two new molecular constants, L and S, concerning 
which the development of the theory up to this point has given us no 
other information. A second relation between them is, therefore, 
necessary before either one can even be calculated from observed 
data. The best source of additional information for this purpose lies in 
a comparison between the theoretical and observed values of tho viscos¬ 
ity; this will bo discussed in the next chapter, and a table will be given 
of values of L and cr for a number of tho commoner gases. 

67. Collisions in a Real Gas. Up to this point in , our discussions 
of collision phenomena in a gas wo have uniformly made the as.sump- 
tion that the molecules exert forces upon each other only when they 
come into close proximity. Various considerations indicate, on the 
contrary, that in reality tho mutual force does not quite vanish at any 
distance, however great. If this is true, then strictly speaking every 
molecule is in collision with every other one all tho time and there are 
actually no free paths at all. The mutual collision cross section for any 
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pair appeals, therefore, to be infiriite, a molecule hold ni a beam os 
contemplated in Sec 60 throws a shadow fice fiom beam moloculos 
which flaies out to an infinite diametoi at infinity. 

This ciicumstance piesents a difficulty that has been met in practice 
m various ways. In connection with some phenomena deflections of 
veiy small size aie unimpoitant and in such cases it may bo sufficient 
simply to say that, by definition, a collision occuis only when the 
resulting deflection exceeds a ceitain arbitiaiily chosen minimum 
amount A finite cioss section then exists by definition, but, of com so, 
it will vary somowliat with the choice of the critical deflection. 

Such a solution of the difficulty is not likely to be widely useful, 
however, and fiom the theoietical standpoint it is iinsatisfactoiy. A 
better procedure, and one often tacitly employed, is to replace tho 
actual gas in thought by a set of elastic spheies moving clas.sically and 
of such a size that they aie equivalent to the actual molecules insofar 
as the particulai phenomenon under discussion is conceincd; tho cross- 
sectional aiea of one of these spheies is then taken as the cross section 
or, to speak precisely, the equivalent classicalrsphei e ooss section of the 
molecule for the phenomenon in question, the diametoi of tho sphoro 
representing the equivalent mean diameter foi tho two inoleciilca 
Such a procedure has the disadvantage of yielding, as we shall see in the 
next chapter, diffeient equivalent cioss sections for diffusion and foi 
viscosity and heat conduction, ncveitheless, it seems to bo the best sort 
of conception for practical use in thinking about tianspoit phenomena 

When we substitute wave mechanics for classical theory, tho diffi¬ 
culty in a sense disappoaiS, for accoidmg to wavo mechanics tho 
number of molecules thrown out of a beam is always finite Ilowovcr, 
this advantage over classical thcoiy docs not tuin out to be very help¬ 
ful, for the collision cioss section as defined above is in actual casoH 
enormously influenced by a pieponderating number of small deflections, 
and for this reason it is not actually a very useful quantity As a 
matter of fact, the most inteiestmg theoretical lesults obtained from 
wave mechanics have refeience to finei details of tho collision phenom¬ 
enon, especially the angular distribution afteiwaid; this distiibiition, 
furthermore, besides its great importance in scatteiing oxpciimonts of 
various sorts, is what wo shall have to employ when wo come to develop 
an accurate theory of transport phenomena Accordingly, we sliall 
now drop our gross view of the collision process and proceed to consider 
it as a phenomenon of scatteiing 

For this purpose we shall return first to the use of classical theoryj; 
then later the results will be desciibed that have been obtained by wavo 
mechanics 
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MOLECULAR SCATTERING 

68. The Scattering Coefl3.cient. The phenomenon of molecular 
scattering can be analyzed quantitatively as follows. As before, 
let a homogeneous beam of particles approaching along lines that 
are parallel, but otherwise distributed at random, pass over a given 
molecule held in a fixed position; but consider, out of all particles 
incident on unit area of a plane perpendicular to their direction of 
approach, only the fraction which undergo a particular deflcotion by 
the fixed molecule. Let us consider tho.se molecules that acquire a 
velocity whose direction lies in a definite element of solid angle dot. 
We can write for the fraction that these form of the total, G dco; the 
quantity G thus defined is called the scaUering coefficient for collisions 
of this type. 

If N particles arrive in the beam per unit area per second, NG do) of 
them will be scattered per second, or NG do) dt is the chance that one 
is scattered during an infinitesimal time dt, in the direction of dw. G 
has theref ore the dimensions of 1 /Nt or the dimensions of area, If there 
are N* scattering molecules per unit volume, then NN'G do) of the beam 
molecules are scattered within dw per second upon their first encounter 
with a scattering molecule. The same definition can be applied also 
to the more important case in which the second molecule, although 
momentarily at rest, is free to move, provided we require that after 
each collision it shall be brought to rest before being struck again. 

Clearly the scattering coefficient will vary in general with the direc¬ 
tion of scattering; we can conveniently regard it as a function of polar 
coordinates whose axis is parallel to the incident beam, and if wo prefer 
we can write G{0, <p) dco = G{0, (p) sin 0 dO d<p, G will also depend upon 
the nature of the colliding molecules and upon their velocity of 
approach, and it will bo dilferent according as the scattering molecule 
is held fixed or is left free to move; furthermore, it may depend upon 
the orientation of the molecules. Que.stions involving orientation Ho 
far beyond the reach of present experiment, however; all that we can 
hope to observe is an effect averaged over all orientations of both of the 
colliding particles. Such average effects will necessarily bo sym¬ 
metrical about the direction of the incident beam, and they can there¬ 
fore be desoribod^n terms of a mean scattering coefficient which is a 
function of 0 alone. Hereafter we shall understand G to stand for 
this mean coefficient and shall regard it as a function G{0), 

The mean solid-angle scaUering coefficient G{0) must not bo confused 
with a differently defined coefficient that may bo more useful imdor 
some circumstances. We might define n polar scattering coefficient F{0) 
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by the requirement that Fid) dO shall lepresent the fraction of the beam 
molecules incident on unit aiea which aie scattcied by one scatteiing 
molecule in all diiections making an angle between 6 and 0 dO with 
the direction of the incident beam Then, if we give to dco the form of a 
nng so that dw — 27r sin 0 dO, wo can wiito foi the molecules soattoiecl 
into the range dd eithei G do) ^ sm 6 dO or Fid) dO, and it follows 
that 

Fid) — 2nGid) Bin d. (107«) 

In any case the scatteiing coefficient necessaiily boais a simple 
1 elation to the collision cross section The mutual collision cross 
section S leprosents the total fraction scatteied out of unit aiea of the 
beam at all angles by one molecule Hence it is 

fj Fid) do => GiO) sm 0 dd = GiO, sm 0 dd d<p, 

” ° ° (107&) 

the last expiession being a more general foim in terms of the original 
nonavoraged G Those two equations must hold whether the scatter¬ 
ing molecule is held fixed or is left fiee 

It will be worth while now to calculate the classical scaUeiing 
coefficient foi a few simple cases. 

69. Classical Scattering Coefficient for Symmetrical Molecules 
with Fixed Scatterer. In the case of field-free haul spheres G is very 
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easy to find, but it is also not very difficult to find a more geneial 
expression applicable to any spherically symmetrical typo of force. 

To do the latter, let us suppose that the scatteiing molcoulo has its 
center fixed at a point 0 (Fig 29), and that a beam molecule approaches 
with speed v along a line AB passing at a distance h from 0, Let the 
mutual potential energy of the two molecules be ^7(r), where r is the 
distance between their centers Because of the force the beam mole¬ 
cule will be deflected so as to move along a plane curve having as 
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asymptotes the line of approach AB and another line making the angle 
of deflection, 0, with AB, 

Let 6i denote the instantaneous angular position about 0 of the 
approaching molecule, measured positively from a line drawn through 
0 parallel to AB but backward toward A, and lot the mass of the 
molecule be m. Then at any moment tho molecule has angular 
momentum about 0 equal to r being its distance from 0, and it 
has kinetic energy § 7n{f^ + ; since the initial values of these 

quantities are clearly mvh and § mv^, respectively, we have, according 
to the laws of tho conservation of angular momentum and of energy, 

= mvh, ^ + U{r) = | mv"^. 

Solving the first of these equations for and substituting this value in 
the second, we have, therefore, 

dOi vh . dr / „ 2f7 

> 

and finally, dividing these two equations, 


h i 

dr r^ mv^ 




~Vi 


Now the path is symmetrical about its point of closest approach to 
0, at which we shall write r = ro. Hence wo can write for tho total 

increase in 0i during the entire collision 21” {dOi/dr) dr. This is equal 

also to TT ~~ 0 in tho case of repulsion, and the same relation can bo used 
in tho case of attraction provided wo lot 9 be negative in that ease 
[cf. Fig, (29)]. Honco in either case we have for tho angle of deflection 


0(b) - TT 2hj^^ _ 2U(r)/rni^] 

or, in terms of a: =» ro/r, .since dr/r = ‘-dx/x, 
n (lx 

0(h) = tt ~ 2j^ [[1 - 2U(n/xY/mv^][r?7W^^^^^' 


Since tho original lower limit ro is that value of r for which r = 0, wo 
SCO from the general expression for r given above that it is tho value of 
r that makes the denominator in the integrand vani.sh in (108a) or tho 
root of tlio equation 


1 


mu) , 
mv^ J ° 



the denominator in (1086) vanishes for a; == 1, 


(109) 
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Equation (108o) oi (1086) gives 0 as a function of h From this 
function 0(6) the scatteiing coefficient 0(0) oi F(0) as defined in Sec 68 
can then be obtained as follows In the homogeneous beam that is 
contemplated in the definition of 0 oi F the lines of approach of the 
beam molecules aie (on the aveiage) umfoimly distiibutcd ovei any 
plane peipendiculai to their common diiection, and in paiticulai over 
such a plane diawn through 0, and those lines foi which 6 lies m a given 
lange db pass thiough an annulai iing on this plane of radius 6 and 
width dh and thus of area 27r6 d6, so that they form a fraction 27r6 db of 
the lines ciossmg unit aica This fiaction is also the fiaction of the 
molecules that aie scatteied into a lango dO such that dO — |0'(6)j db 
Hence 27r6 db ~ F{0) dO ~ 27r(7(0) sin 0 do = 27rC?(0) sin 0 |0'(6)[ dh and 

The absolute-value sign is needed on 0'(6) because iii defining G and F 
the diffeiential dO is supposed to be positive wheicas 0'(6) may bo 
negative; 0'(6) might also be positive foi some values of 6 and negative 
for others, in which case the foimiilas would have to be made moio 
complicated but m a lathei obvious way 

From these equations G and F can be calculated, piovided the 
potential function 6/(?) is known or assumed 

70. Examples of the Scattering Coefficient. There aie two special 
cases of considerable intoicst in which the calculations aie easily carried 
out. 

Suppose, fiist, that both molecules are hard elastic spheres free from 
foice except at contact Then 67 5 = 0 except duiing the voiy short 
mteival of collision, and dining the latter the change in 0i is negligible, 
so that the coriesponding pait of the integral in (1086) can be neglected 
Hence in that mtcgial we can without appreciable error put £/(?) = 0 
everywhere Finthcimoie, the distance of closest appioaoh is in this 
case 1*0 = <ri 2 - ((Ti + cr 2 )/ 2 , the mean of the diametois of a beam 
molecule and the fixed one Accoidingly, (1086) gives 



then 
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G{0) - 


1 

2 


(7^2 COS 



sin 0 



(110c) 


As a check we may note that this value of 0 substituted in (1076) 
gives a cross section 


S 



sin Q do 


(llOd) 


wliich is obviously correct. 

The fact that according to (110c) G is independent of 0 moans that 
uniformly distributed spheres incident upon a fixed sphere are scattered 
by it equally in all directions, a result which is, of course, more easily 
obtained directly. 

As a second example, let us consider the general ease of slight 
deflections, characterized by the condition that 217/mt<®is small through¬ 
out the collision and 0 is consequently also small. (With some forms 
of the function U a small 0 might, of course, occur without 2U/mv^ 
being at all times small.) Then, if wo expand in powers of U and drop 
all after the first, wo can write, from (1086), after substituting for 
r§/62 from (109), 


0 = TT 


ri fr 

I { 1 -- 
Jo IL 


2C/(roA) 




1 4* 


2U{n) 


mv‘ 


1 


dx 




or approximately 


_2_ r i7(r.) - 

(1 “ 


dx. 


As a special case, suppose U(r) — C/r“, where n is some positive 
integer and C is a constant, positive or negative. Then, if we sub¬ 
stitute X = sin wo have 


0 = 



cos=> 

in».-i 

cosf / 


+ {n - 




after integration by parts. Here the integrated expression equals 
— 1 at ^ — 0 if = 1 but otherwisG vanishes at the limits, for wo can 
write it 


sin ^ — sin**"”^ f __ sin^ ^ ^ ^ (n — 2) cos ^ ■ ■ 

cos .(* cos f (sin f + sin”"'^ f) sin f + sin''"*^ f 
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after substituting sm^ f — 1 — cos® f, highei powois of cos f not being 
wutten Let 


= Jo 


2*4 

sill" f df ~- 


(a - 1 + 5i) 


1.3 


(n ~ 1) IT 


2 4 


1*3 

foi oven n 


for odd ?i, 


(5^ = 1 if n = 1 but otheiwisc == 0) Then it is easily soon that for 
any positive integial n, ro being leplaced by h because^ wo aro kocpiiig 
only the first powei of the small numbei G, 


For the scatteiing coefficient wc have then fiom (110a), lotting 
6 stand now foi its absoluto value, 


G = 


^ 1 / 2nKn\C\ \ 
In^KnC sin 0 n\ my® / 


Z/n 


1 +- 

0 " sin 0 


(110c) 


after eliminating 6 in favor of 0 

Foimula (IlOe) indicates a spmehke concentintion of the scattincd 
molecules in diiections near that of incidence, the fact that it conlrib- 

1 f ^ ^ 

^Gsin 6do the infinite pait L^O/O ” = (a/20«)jo merely 

illustiates the infinity of the classical cioss section that was icforred to 
above Foi n — 6, which is suggested by wave mechanics for tlio 
attractive or van der Waals molecular field of all moloeulcs, 
G oc l/(y?i$Hsin 0) and, by (107a), F{0) oc l/(p5^t?H) 

Piohlems 1 Show dnectly that elastic spheios falling with equal 
and parallel velocities but otheiwise at landom on a fixed sphere aro 
reflected equally in all diiections 

2 Show that if a = 1, i o , t/ = (7/? as in a Coulomb field, 

G (7® 1 

^ ^ SI’ ® = 4^. 8in< (0/2) ' 

(These formulas are easily obtained directly, oi from (108&), by elimi¬ 
nating with the help of (109) fiist G and then, in the icsult, ro. The 
case n ~ 2 can hkewise be worked out completely ) 

71. Relative Scattering The pieccding calculation had referenrio 
to the veiy simple situation in which the beam molecules all havo tho 
same velocity and the scatteiing molecule is held fixed In actual 
experiments, on the othei hand, the beam passes thiough a cluatoi of 
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molecules that are not only free to move but are already in motion, 
perhaps forming a gas in thermal equilibrium; and the beam molecules 
themselves may be distributed in velocity either in a maxwellian man¬ 
ner or otherwise. The general treatment of such eases is complicated 
and will not be given here; it may be worth while, however, to take one 
or two easy steps toward it by investigating the effect of the motion 
of the scattering molecule alone. 

This effect can be divided into two parts, one arising from the 
initial motion of the scattering molecule, the other caused by its 
acceUraiion during the collision process. The first effect reduces to a 
simple problem in change of axis. It turns out, furthermore, that the 
second effect can be handled in a similar way; wo have only to make use 
of the well-known theorem concerning the two-body problem of 
planetary theory which states that, when just two particles move under 
the action of mutual central forces, the motion of either one relative 
to the other is the same as would be its actual motion if the other one 
were held fixed and if at the same time its own mass were reduced in a 
certain ratio, 

The truth of this theorem is so quickly soon from the differential 
equations of motion that we shall prove it here. Let ??^l, be the 
masses of the two particles and ri and ra their vector distances from the 
origin. Then, if /(r) is the magnitude of the force that each particle 
exerts upon the other, expressed as a function of r and measured 
positively as a repulsion, Newton’s second law of motion leads to the 
vectorial equations; 

^ ri == /Wro, mg rg = “/(r)ro, 

To being a unit vector drawn from the second particle toward tlie first. 
From these two equations we find for r — ri — rg, the vector position 
of the first particle relative to the second, 

dh diti dhi _ ??ii 4- mg . 

dP dP miwg ^ 

This is exactly the same equation that would hold for the first particle if 
the second one were fixed while the first had a mass, not but 

= miW2/(wi + wg)- 

Accordingly the tlieory of the scattering by a fixed molecule can bo 
utilized in arriving at formulas appropriate to the more general case in 
which the scattering molecule is free to move; wo have only to apply 
that theory to the relative motions and to make the proper change in 
the mass, 
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Suppose, now, a scattering molecule of mass OTz moves with velocity 
V 2 into a uniform beam of molecules of mass Wi moving with velocity Vu 
Then lelative to the scatteiing molecule, the beam molociilcs appionch 
as a umfoim beam moving with vector velocity V = Vi — V2 (cf. 
Fig 30) Let us denote by Or the angle of deflection of a beam moloriilo 
m this lelativo motion, 01 the angle thiough which the velocity of tlio 
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first molecule relative to the second is turned by a collision Then the 
scattering coefficient foi Or will be, by (110a, 6), 


Gr{0r) 


b 

|0J(&)| sin oj 


FriOr) - 


2Trb 

\om’ 


(Ilia, b) 


h denoting the peipendiculai distance of the scatteiing molecule fiom 
the imtial line of relative appioach of the beam moloculo, Or(b) is tho 
same function 8{b) as is given by (108a) or (1086), in terms of ?o 
determined by (109), but with m leplaccd in all three equations by 
m' = mi7n2 /(mi + m 2 ) and with v now lopiosenting tho magnitude of llio 
relative velocity. The collision does not alter ilio magnitude of v, 
as we showed in Sec 24, using only the same principles of momentum 
and energy that were employed above in calculating the deflection 

72 Classical Scattering Coefficient for Free Symmetrical 
Molecules, By means of the coefficient Gr{0r) or Fr(Or) for scatteiing 
in the relative motion we can then find the coefficient G(0) or F(0) for 
scattering in terms of the total motion of tho beam molecules, it is only 
necessary to find the lelation between 0 and Or Tho goncial foimulas 
thus obtained are lathei intiicate, however, so wo shall treat in detail 
only the simplest case, that in which the scatteiing molecule is initially 
at rest The lesultmg foimula should give some idea of the aveiago 
relation between G{0) and Gr(Or) for a beam passing thiough any gas 
that is flee from mass motion 

To have the scatteiing molecule initially at rest, wo put V 2 — 0 in 
the analysis of the last section. Then the beam velocity Vi is ilio samo 
as the initial lelative velocity v, while 6, which was defined above iu 
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terms of the relative motion, represents also the distance of the second 
molecule from the actual initial line of approach of tho first. Further¬ 
more, the entire motion occurs in this case in a single plane. 

Let the velocities of the two molecules after tho collision bo v^ and 
Vg, respectively, and let the subscripts 1|, X denote components rospcc- 
tivoly parallel and perpendicular to the beam velocity Vi (cf. Fig. 31). 
Then, the relative velocity v' after collision being still of magnitudo v 



(ct) <b> 

m, « ^ m^. rn, » 2rr\^, 
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but inclined at the angle Or to the beam direction, wo can write for its 
components 

yy' ?= y'li — CS V COS 0^ Vx^ = v'lX ~ ^ 

Conservation of momentum during the collision roqiiiroa now that 


in\Vi\\ 4- ^2^211 “ mwi = PitVix "h 

From these equations and the obvious relation, tan 0 « wo 

readily find that 


tan 0 


sin Or __ tan j Or ____ 

—^ + cos Or 1+ - l') J Or 

m2 2ym2 J 


( 112 ) 


It is then ea.sy to find for F{0)\d0\ = Fr(&r)\(lOrl aaloulating 
dO/dOr from (112), we thus find 



L 



1 I 

1 4- —^ cos 

mi 


FriOr), 


Or 


(113) 


This gives us F{0) as a function of & in terms of tho value of F, given 1 >y 
(1116), and then by (107a) 0(0) = 

As a special case of these formulas, wo may note that if Wi *=* ma, 
by (112) 0 ^ lOr, and by (113) F = 2F,. Thus in this case, as Or 
ranges from 0 to tt, is confined to tho first quadranti so tho-t tho beam. 
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molecule retains at least a slight foiwaid component except in the ouo 
case of a central impact If^ on the other hand, irit < ni 2 , tan 0 passes 
through « and 9 increases continually with inoieasing Or up to a 
maximum of tt foi a central impact [case (a) in Fig. 31] Finally, if 
mi > mz, a calculation using (112) shows that 0 attains a maximum 
value when cos 9r — —mzfmi, beyond which 0 deeicases to zcio again 
[case (6) in Fig 31], at the turning point F(0) and G{0) boeomo infinite, 
while coiiespondmg to any otlici angle theie aic two valuos, say, Fi and 
Fzf or Oi and Gz, and the particles scattoied into a given lango (Hf 
consist of two groups moving at difteient speeds and foim a fiaction 
+ Fz{9)] do 01 2Te[Gi{Q) + t?2(0)] sin 0 dO of the whole The two 
groups for the same 0 aie shown by the two diagrams foi case (h) lu 
Fig 31 

The speed of the scattered beam molecule is easily found to be 
„/ ... („ j, I _ »(™S + m| + 2muni coa 

The ends of the vectors vj and v^ can be shown to ho for vaiying b on 
two semiciicles as indicated in the flgiue, 

Problem, Show directly that for field-fiee hard elastic splicics of 
equal mass, when the scatter mg one is initially at rest but loft free to 
move 


G{9) = (7^3 cos 0, F(0) = TTtrJg sin 20, 

where (7i2 = ^ (o-i + o-a) and 0 g 0 g 7r/2. 

73, The Experimental Determination of the Collision Cros3 
Section * Veiy mteiesting oxpeiimonts have begun to bo reported 
in recent years which furnish diicctly values of tho collision cross scc~ 
tion and of the scatteiing coofflcient. The general arrangemont in 
such experiments consists of a source chamber emitting a stream of 
molecules, out of which there is selected by means of a pair ol collimat¬ 
ing slits a nariow beam moving in a fairly definite diiection, as shown 
schematically in Fig 32. The beam then passes through ft region 
into which various sorts of scatteiing gas can be mtroducod, and tho 
number of molecules that pass through it oi are scatterod m various 
directions is determined by means of some sort of device for detecting 
and measuring molecular beams Tho density is Icejit VGiy low 
throughout by pumping, and often also in pai t by keeping the walla 
sufficiently cool to condense all molecules that strike them, if tho souico 

* Of R G Frasbii, "Molcculai Raya," 1931 
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is an oven in which a substance is being evaporated at high tempera¬ 
tures, the outer walls of the tube may be at room temperature, whereas 
in other cases they may need to bo cooled with liquid air. For accuracy 
it is important that collisions of beam molecules with each other bo 
rare occurrences, and also that those beam molecules which have col¬ 
lided more than once with the scattering gas do not enter the detector 
in disturbing numbers. 

When determinations of the total collision cross section are to bo 
made, the detector is placed in line with the direct beam (at Di in tho 
figure) and tho intensity of the beam is noted both with and without 
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the presence of the scattering gas. Let I\, Ii be tho niiinbors of beam 
molecules received per second by the detector in these two cases and let 
X denote tho distance traversed by tho beam through the scattering gas, 
which can be made effectively equal to the distance from Si to Du 
Then, if the beam molecules are moving with uniform velocity v, wo 
liave, by (98a) in Sec. 69, 



from, which tho mean free path of tlio beam molGcuIe.s moving 
through tho gas can be calculated; the mutual collision cross section is 
then S ~ l/{nLv), 7i being the number of scattering molecules per 
cubic centimeter [cf. (996)], Unfortunately, however, it is difiiciilt in 
practice to select out a beam of uniform speed, and consoquontly up to 
the present only a maxwellian distribution in the )) 0 am has been worked 
with, tho results being then taken to represent scattering at tlio mean 
speed witli an accuracy that is sufficient in view of tho rather largo 
experimental errors. 

74. Knauer’s Observations on Scattering; Some extensive obser¬ 
vations made in this way have been reported recently by Knaiier.* 
His results on the passage of several gases through mercury vapor 
illustrate beautifully tho variation in tho apparent mean free path witli 

* KNATjiiJa, ZeilsJ. Physik, 80, 80 (1933); 90, 669 (1034). 
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the ciitexion adopted for a collision Since it is always possible in 
jguch expciimeiits foi a molecule to be deflected veiy slightly and yet 
entei the detecting device and be counted as an imdeflected molecule, 
Kiiauei estimated for each of his detectois the aveiage maximum angle 
till oilgh which a beam molecule could be deflected by collision with a 
moicuiy atom and still entei the detectoi His values foi the mean 
fiee path in ccntimcteis of hycliogen and helium in merciuy vapor at a 
piessuie of 1 dync/cm^ aio shown below foi vanous values of the limit¬ 
ing angle, which was fixed cxpeiimentally by the size of the slit placed in 
fioiit of the detectoi; foi companson wo have added undei the heading 
“by 7?’' the eqiuvalent-spheie value as calculated fiom the molecular 
diameteis given in the table m Sec 86 below and the equation 

L = ~= 4(w(.r, + 


[Cf (99d) 1 The temperatures given aie those of the beam, the mer¬ 
cury vapoi was at loom tempciatuio 
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0 9° 
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0 9° 

6° 

n 

10-16° 
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120° 

IB 

2 7 


2 6 

3 0 

6 6 

4 7 


295° 

IB 

3 6 


8.0 

3 4 

7 2 

6 8 1 

12 4 


If these icsults arc loally typical of the behavior of uncharged 
gaseous molecules, the enoiraous vaiiation of the appaient cioss 
section with the limiting angle seems almost to i ulc out, in such cases, 
any application whatevoi of the conception of a collision cross section, 
or even of the idea of a progiessive absoiption of a beam of molecules 
A beam passing thiough a scatteiing gas must undei go a weakening as 
judged by any test, but these results indicate that it also straggles 
moie and moie duiing its passage and that the line of distinction 
between stiagghng and weakening is decidedly indefinite. 

The most probable cause of the large diffeicnco between the 
mean free paths obscivod by Knauer and the values deduced from 
viscosity data is picsumably to be found m the occurrence of an 
enormous number of small deflections This is stiikingly boino out, 
indeed, by Knaiioi’a own piincipal results, which had to do with the 
scattering coefficient itself In Fig 33 are shown on a log-log scale 
his values of f{0), piopoitional to our G(d), foi IH and IIo passing 
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through inerciiry vapor at 295°K; one crirvo is also plotted for f{0) 
sin 0,. proportional to our ^(0), in order to give an idea of the total 
distribution with respect to 0, Because the mercury atom is very 
heavy and consequently moves very slowly, w’^e might perhaps expect 0 
to be somewhere near constant, as was found above to bo the case 
theoretically for spheres incident at random upon a fixed sphere) 
but on the contrary the observations exhibit an enormous increase 
with decreasing 0, The upper parts of the curves corrospond roughly 
to an increase in f{0) by a factor of 
10 for an increase in 0 by a factor of 
4, which would make G proportional 
to the (log 10/log 4)th or 1.66th 
power of 1/0; according to (IlOe), 
such a variation would result from a 
classical force varying as the inverse 
fourth power of the distance between 
the two molecules (2/??. = 0.66, n == 3, 

U « r~^ and the force At 

larger angles, however, the curve is 
steeper, suggesting a higher power. 

The continued rapid decrease of O'at 
large angles, o.g., from 46° to 00°, is 
surpri.sing. It seems unlikely that 
the quantum effects to bo described 
in the next section could be large in 
the present case, although they 
would no doubt amount to some¬ 
thing; the de Broglie wave length of 
the hydrogen or helium molecule 
should be only 1.0 or 0.8 angstrom, 
respectively, as against a mean collision diameter, ealoulatod from 
the viscosity data, of 3.4 or 3.2 angstroms. The final oxplauatioii of 
these phenomena must await the results of theoretical caloulatioiiH 
for the actual typo of collision involved, and also, perhaps, tho obtaining 
of more accurate data in this difficult but fascinating hold. 

76, The Wave Mechanics of a Particle* Tho olassical calculations 
of scattering coefficients tliat we have just made can only bo regarded 
os a preliminary exploration of the possibilities. For any accurate 
treatment of molecular scattering tho use of wave mechanics is esscn~ 
tial. Tho general wave-mechanical theory of gases is reserved for 
a special chapter (Chap. X), but the approximate method that is 
usually employed in handling collision phenomena is sim])lo enough 


(Xio-3) 


~ 

■ 

Bl 

B 

. 

■I 

III 



Hj.ftO) 


Bl 

ill 


m 

P! 

-U 

_ . _ 

Bl 

i|l 

E 

m 

1 

i 

— 

— 

— 

n 

wm 




_ - 

H 

■ 

B 


_- 

_ 


B 

a 

Bl 

& 




■ 





— 

lHe,f(O)sin0^ 


\ 





-ST 







\ 







X, 


1 

_ 

_ 

_ 

— 

_ 

■1 



; 











1 ^ 


li’ia. 


0.6 1 2 4 6 1 2 4 6, H,4 

(XI0) (XlOO) 

Sca+l-erlng Anfllq 0 In DegKflos 

83.'—SoattorliiR by moroary. 

(ICnaucr.) 






128 


KINETIO THEORY OF GASES 


[Chap. Ill 


so that a desciiption of it, and of the lesults that have been obtained! 
by Its use, can be given heio For the undoistanding of this method 
the material in Chap. X is not necessary 

The new mechanics staits out from radically novel conceptions 
concerning the fundamental piopeities of mattei. In classical theory 
it was supposed that a molecule oi othei particle could bo imagined to 
move along a shaiply defined path, possessing at every instant of time 
a definite position in space and a definite velocity, just as a thiown 
ball can be seen by the eye to tiace out a definite cuivo in the air. 
Accoiding to the new theory, this is not so; sharply defined tiajcctoiios 
do not leally exist, and the motion of molecules can be described 
acciuatoly only in terms of probabilities 

In place of the definite position with caite.sian cooidmates x^ jy, 2 , 
which a molecule formoily was supposed to possess at a given instant 
we have in the new theoiy, in its nomelativistic foim with spin 
omitted, a probability density P(^, y, 2 , t)\ this has the significance 
that P{Xi y, 2 , 0 dx dy dz leprosonts the probability that, if a very 
accurate obseivation of the molecule's position wore made at the 
time t, this obseivation would reveal the molecule within the element 
of volume dxdydz So long as no such obseivation has been made, 
however, we aie unable to say, and moan anything physical by the 
statement, that the molecule is definitely at one point or another or is 
moving m any particiilai way We might, to bo suio, lepeat our 
observations of the position at shoit intervals of time m an effort 
to follow the molecule along a definite path, which is the method 
actually employed by astronomers m obseiving the motions of the 
planets; but if we did that to so small a body as a molecule, according 
to piesoiit knowledge each observation would disturb tho motion so 
greatly that the path observed in this way would be an irregular 
zigzag devoid of significance It is only in dealing with much heavier 
bodies, 01 with molecules moving at much higher speeds than those 
of thermal agitation, that repeated obseivations can be imagined to 
reveal an approximately smooth motion along a classical tiajectory. 
This revolutionary change in kmeraatical ideas compels a cor¬ 
responding change in dynamical laws. In tho place of Newton’s 
laws of motion we have in wave mechanics a law oonceimng the 
propagation through space of the probability density This law is 
expressed by an equation of wave propagation analogous to the 
equations that hold for the propagation of sound or light and is most 
simply stated in terms, not of the probability itself, but of tho so-callcd 
probability amplitude, which we shall denote by ^(a;, y, 2 , t) The 
lattei is usually a complex number and the square of its absolute 
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value equals the probability density, so that P ~ |^[^, much as the 
energy density in a light beam is proportional to the squares of 
the electric and magnetic intensities. The wave equation for in the 
case of a particle of mass m moving in a region in which its potential 
energy is U{Xf y, z), as first proposed by Sohrbdinger in 1926, is 


jL§i + + m = o 

27ri dt 8jr%t \dx^ ^ dy^ ^ ^27 ^ ^ . 


(114) 


where i = and h is Planck's constant or 6.62 X lO"^'^ in c.g.s^ 

units. * 

We shall not attempt here a detailed mathematical treatment 
of this equation but shall only describe some of the properties of its 
solutions. The behavior of ^ is clo,sely similar to the behavior of 
ordinary waves in a dispersive medium, for simple harmonic waves 
of having different wave lengths travel at different speeds even in 
free space where C/ = 0. As a result, if we attempt to localize a 
molecule closely by giving to ^ initial values that vanish outside 
of a small limited region, then the “wave packet" of values of ^ 
so formed rapidly spreads out, in consequence of the varying speeds 
of the various harmonic wave-trains into which can be resolved, 
just as an initially concentrated disturbance on a water surface 
spreads out for the same reason. Such a concentrated distribution 
of ^ represents a molecule that is for the moment definitely localized 
in position but has no very definite velocity; for if wo determine its 
position after a considerable lapse of time there is obviously a wido 
range of locations in which we may find it. 

The only way to prevent such a spreading of the packet is to start 
with a very large patch of waves which are very nearly harmonic or 
sinusoidal in form, e.g., 

^ fix, y, 

where v is the frequency and X the wave length, and the coefiicient 
fix, y, z) is almost constant over a largish region and sinks to zero 
outside of it, It follows from the theory that such a wave group, 
like a similar group of waves on water, will keep together for a com¬ 
paratively long time, moving as a unit with a fairly definite velocity v; 
this velocity and tho corresponding momontum p are related to the 

* Blrgo [Pkys. Rev., 49, 204 (1930)] gives h/e « L37688 X 10“*’'', which wltli 
e = 4.806 X 10“‘® (Sec, 16) makes h = 0,018 X lO””. Iiisortiou of this vahio 
of e and tJio dorivod value of m in the llydborg constant gives h = 0,032 X 10“’*^ 
the discrepancy is not yot understood. 
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wave length X by the de Bioglie equation 

mvK = p\ = h (11b) 

A packet of this type thus lepiesents tho contrary caso of a inolooulo 
moving with a fairly definite velocity but with a gioat indolliutoneaH 
of position, coiresponding to the wide logion thioughout which 4' 
and the probability density P = |\^|® = I/P appieciablo values 
76. The Indetermmation Principle. Intoimediate smea of wave 
packets correspond to intermediate degrees of indofinitoncss of poaitioii 
and of velocity The general pimciple involved hoio is IIoiaonborg’H 
indeterniination (or uncertainty) piinciplo, which can bo atatod for 
the case m hand as follows Let Af denote ilio loot-inoaa-squaio 
expectations of vauation of a cooidinato ^ and of tiio coircHiioiidiug 
component of momentum ^ from their moan expectations of valiio, 
that lb 

A, = ^ 

with a corresponding definition for Af Then 

A.A, a A. (110) 

Let us see what is lequiied by this piinciplo as applied to some 
actual molecules Suppose for a nitrogen moloculo of maH.s m = 
4 65 X 10-**® g, we allow A^ to be 3 X 10““ cm oi about onc-tliirtooulh 
of the molecular diametei, then the least degree of indofinitcness in tho 
a>-component of velocity that we can have is 

A„ = Af/m = h/(4:-irmAz) = 3780 cm/soc 

or roughly one-twelfth of the mean speed of a nitiogcn moloculo 
at 15®C For a hydrogen molecule of mass 3,36 X 10’“®'* g, if wc 
make A» = 5 4 X 10-® cm oi a fifth of its diameter, wo havo 

At, = 2 9 X 10^ cm/sGc 

or a sixth of the mean speed at 15°C. Decreasing A,, incioa.HC5H Av 
m the same ratio, and vice versa Thus upon tho introduction of 
quantum refinements the classical pictuio becomes definitely bliurcd 
for mtrogen and rather badly so foi hydiogcn In tho ease of a fioo 
electron, with mass 9 12 X 10“®® g and mean speed 1 06 X 10*^ cm/soo 
at 15°C, even if we take A* = 6 X 10-® cm, winch oxcoods the diam¬ 
eter of most molecules, Au comes out at least equal to 116 X 10’’ em/aco 
or larger than the mean speed itself, thus the classical pictuio fails 
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eomplotely for the collision of an electron with a ga.s inolcoulo when 
moving at ordinary thermal spcccla or with an oiiorgy of a few hun¬ 
dredths of a volt. At lower temporature.s the mtuation is still worse, 
but at high toinpcratures, or, in other words, at higher velocities it 
becomes better. 

These conaidoratioiiH make it clear that treatments of colliaiona 
in a gas by means of classical theory can possess a high degroo of 
validity only for v(5ry heavy molecules or at very high tcmporaturcfl. 
On the other hand, it is important to note that the general principles 
of the conservation of momentum and of energy still hold exactly in 
wave mechanics in so far as the momontuni or tho energy possossos 
a definite value iindor tho cireumstancos of any particular ease. 

77, Wave Mechanics and Molecular Collisions. Tho method of 
treating a collision between two molecules in waA ''0 mechanics runs 
as follows. It turns out that tho problem can bo reduced, just ns in 
classical theory, to a problem in tlio motion of one molecule relative 
to the otliGV, tho motion of their common center of mass being treated 
separately. 

A moloeulo approaching another with a definito relative velocity v 
is then represented by an infinite train of plane waves of t/- having a 
dofinito wavo length. This uso of monochromatic wave trains cor¬ 
responds exactly to tho use of infinito sinusoidal wave-trains in optics, 
in treating such problems as the dispersion of light by a prism. In 
such a train of waves is uniform, so that equal probabilities arc 
assigned to all positions of tho molecule. This fact obviously cor¬ 
responds to tho aH,siimption made concerning tho beam of moleculort 
that was omi)loyod in defining Q in. Sec. 08; in fact, tho train of waves 
is usually for convonicnco regarded as rei)resonting such a beam 
rather than a single inoloculo, ju.st as an infinite train of monochromatio 
light waves is commonly regarded as ropresenting a continued flow 
of radiant energy rather than a single photon. 

These incident waves are tiioii found to bo partially scattered by 
the second molecule in all diroctioiiH, mathematically bocausci of tho 
term 17^ in the wave equation (114); and ,the intensity of tho waves 
scattered in any given direction, as compared with tho Intonsity of tho 
incident waves, gives tho number of scatterod inoleciulos crossing 
unit area in tluit dirootion, as compared with the number crossing 
unit area in tho incident beam, and so leads to a knowhulgo of Q. 

Without carrying out any caleulationfl, many of the qualitative 
features of the sesattering process can l>e inferred immcicliatoly from 
these facts by the same kind of reasoning about waves that suocends 
so Well in optics. If tho molecular wavo length i.s small eoinpared with 
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distances within which the scatteiing potential U vanes appieciably, 
then it can be shown that the scattcimg follows appioximately tho 
classical laws. Thus the classical foim of mechanics coi responds to 
gcofnctiical optics, the classical xiaths being the analogue of the lays 
In the optical case When, howevei, tho wave length exceeds the 
limit mentioned, the process called diffraction begins to play an 
appicciablo lolo, just as in the optical ease; and finally for sufflciontly 
long waves thoie is little of the classical pictiiic loft, just as the laws 
of geometrical optics fail completely foi veiy long waves ol light 
Wince according to (115) the wave Icngtli goes down as tho momentum 
2 ?iv incieases, heavy paitides behave moie nearly classically at a given 
speed than do light ones, and tho bchavioi of any paiticle appioximatos 
to the classical typo when its speed is made gioat enough. 

The wave length associated with a molecule moving at a definite 
speed thus plays a decisive lole in collision processes Such wave 
lengths for a number of common molecules moving at then moan 
speed when in a gas at 15°C arc given in tho ialile m Sec 86 below 
They range fioin 0 1 to 1 2 in units of 10“® cm Tho gcneial formula 
for molecules of molcoulai weight M moving with tho mean speed i) 
pioper to a gas at absolute iompeiatmo T is 

X _ ft 2 74 X 10-7 _ 

M?nov yMT 

whore ??io — 1 681 X g or the mass of a molecule with M ~ 1 
[cf eq (23)] and h ~ 6 62 X xho numerical foimula is obtained 

from (66a) m Sec 30 using = 83 16 X 10“ as in (20a). 

78. Wave-mechanical Scattering Coefficients. Not veiy many 
scatteiing cocflicieiits havo as yet been calculated by wave mechanics, 
principally because tho molecular fields aie not sufiiciently well known 

Some very mteiestmg results have, however, boon published 
recently by Massey and Mohi * Working with assumed laws of 
foico they found results which in pait differed gioatly from classical 
values, even in the case of hard clastic splieics; this seemed somewhat 
Bill prising at tho time hut ihighfc leally have been anticipated fiom the 
optical analogy A liaid sphere scattering a plane beam of molecules 
corresponds to a spheio reflecting peifectly fiom its suiface a plane 
beam of light Now it has been known for a hundred years that there 
is in tho eontoi of the gcomctiical shadow of such a sphoic a bright, 
spot foiinod by waves which all meet thcio in phase aftci being 
diffractocl around tho edge. Tho outer boundary of this bright spot 

* Massey and Moini, floy )Soc Proc , 141, 434 (1033), 144, 188 (1934) 
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occurs at an angle corresponding roughly to a retardation of one wave 
length between the t^Yo aides of the spliore or, approximately, at an 
angular distance from tho center of the sliadow Oo = X/o- in terms of 
the wave length X and tho diameter of tho aphoro cr. As tho distance 
from tho sphere is increased, Oc remains fixed and the bright spot, 
therefore, spreads out, until finally it becomes muoli larger than the 
geometrical shadow itself and tho latter IkS practically obliterated. 

This phenomenon appears clearly in the results of Massey and 
Mohr. Figure 34 shows at A their value of G for a sphere Impinging 
upon a dissimilar fixed sphere at a speed corresponding to a wave 
length \ — cria/3, for which Oo — X/cia ^ <= 19°, tm being the 

mean of tho diameters of the two spheres. For 0 > On, G approxiinate.s 
to tho classical value, G ~ (HOc)], but it exhibits oscillations 



as 0 increases, owing to interference offects; for Oc < X/o-iS) on the 
other liand, wo observes a rapid rise wliieii continues until at 0 « 0 
Q reaches a maximum almost GOO times the classical value. Tho total 

mutual eollision cross seiitioii, S ^ G sin 0 (10^ is found to vary 

with X, but it is never as small as classical theory Tnalces it; for X = 0 it 
is twice tho classical value or and tlion it rises to 2.0 ircr^^ 

X = I TTo-ia and finally to X - oo . 

Those numliers refer, however, only to sphere.s dimimilar in imbure. 
If they are exactly alike, as would be the case for the molecules of a 
truly homogeneous gas, a eurious lack of oompleto individuality makes 
itself felt and modifies the diffnustion effects. Tlio three values of B 
corresponding to those just cited hecomo then 2.4 ira-^zt S.OTro-i*^, 
and for tho case X =: cria/B the (loeflicient G follows eiirvo B in Fig. 34. 
Experimental veidfication of o-scillations sunli as those shown by 
the latter curve would be extremely inten^stiiig, but it will also lie 
diffieult to obtain because in averaging the theoretical curve over a 
maxwellian distribution those oscillations will bo effectively oblifceratcid. 
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The same foimulas should hold, accoiding to theoiy, even for 
heavy masses such as billiaid halls, but only uiidei conditions sufR~ 
ciently extreme to make diffi action effects appreciable The doubled 
collision cross section, as compared with the classical value, foi lela- 
tively shoit waves cannot be uilerpicted as meaning anything so 
astounding as that two billiaid balls aie able to deflect each other 
without touching; for the doubling aiises fiom an excess of exticmcly 
minute deflections, and a ball definitely known to have missed the 
other one would, by the indeteimination pimciple, nocessaiily have a 
sufficient mdefiniteness in its dncction of motion to pi event us fiom 
saying whcthoi it had undeigono a vciy minute deflection or not 

Massey and Molii also made calculations foi some foico fields that 
fall off rapidly but extend nominally to infiruto distances, and showed 
that wave mechanics leads in all cases to a finite valuo for the cioss 
section The analogous optical phenomenon is that an infinite pane 
of glass, in which the rcfiaetivo index uses (oi falls off) conimuously 
but moie and more slowly in cveiy duection away from a certain 
point, must, accoidmg to geoinctucal optics, cast an infinite shadow 
at infinity, whereas physical optics shows that the effects of such 
deviations in the index will, at gioat distances fiom the imne, bo 
largely wiped out by diffiaction, and the total amount of daikonmg in 
the shadow will thoiofoie bo finite It scorns doubtful, howcvei, 
whether either this fimtoness of tho eioss section in general oi the 
doubling of the oioss section foi sphcics possesses any ical significance 
for kinetic theory because, as has been said, they rcpioscnt effects 
of very small deflections 

Tho applications that Massey and Mohr made of these lesults 
to the theory of viscosity will bo discussed in ooiincctioii with that 
topic, 
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VISCOSITY, THERMAL CONDUCTION, DIFFUSION 

In tlui procoding chaptorH wo Imvo doalt almost oxolusivoiy with a 
gaa wlii(!li from tho ma(!roH(so])i(! viowimint is in ((omi)loto oquilil)rium. 
In tlin pi‘()H(!nt (!luii)tor wo aliall now takc^ up hoiuo of tlio i)rim}ipal 
phonoiiKina oxIul)it(Ml by Ka.s<?H undor oivoinnKtaiiooH Hindi that, while 
they may iiorhapa bo in a stoiuly Htat(!, yot they aro not in otiuilibriiim 
in tho Htri(!t hoiiho of tho term. Tlio toiiioH of (/ascouH Pi.^cornty, tho 
conduction of heal, niul difj'wtion will lie taken up in order. Tho inobh- 
ocIh of handling tho.so thriui ])lionomona are ho Hiinilar tliat they aro 
moat oonvoniontly diHCUHaoil an a group; thoy arc often referred to 
undor the name of IranspoH pJicnonuma. The ooinluctioii of oloetriinty 
through gaHo.a ia another very Himilar topic, hut it involvoH bo many 
novel featurcH that it is boHt roHorvod for a Hpecial chapter. 

Throughout tho discuBHion wo have kiqit a double goal in view. 
On the one hainl, wo endeavor to derive known |)ro])erti(JH of giiHCH 
from Himple and broad theoretical aHMumptioiiH, and Hindi muHt alwayH 
be tho primary goal in the developnnmt of any theory. On the other 
hand, the comparison of the resultH of theory with oxperinnnital data 
liaH alHO yielded much information concerning molecular magnitudoH. 
The combination of thoHO two viewpointH is enpeeially cliaracteriHtio 
of kinetic theory and we hIuUI encounter many more examplcH of it. 
During the past century the theory was on trial, and every new expla¬ 
nation of a gaHooUH property couHtituted a fn'sh triiimidi ami a wel¬ 
come addition to the evidence for its truth. During the proHont 
(teutury, however, such a wealth of direct eviilence haw been necured in 
favor of the baHic aHHumptioiiH that the theory is now univiirHally 
regarded as widl established ami the omphuHiH in roHoareh Ims definitely 
shifted to the problem of diHeovering the jiroporties of tlio molcculofl. 
It is still useful, nevertlieloHs, to consider in wliat way tho general 
properties of gases arise ns conscaiuenceH of the iwoportios and motions 
of tho molecules, and it will always ho worth while, us frosh data 
accumulate, to make niiro that no contradiction develops anywhere 
between tlie theoretical eoneluHionH and the exporimontal facts such 
as might fortic a radical reviHion of our fundiimental ideas, 

186 
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A. VISCOSITY 

79. Viscosity. The phenomenon of vi&cosity occurs lu a fluid when 
it IS undergoing slieaiing i not ion To etaii with the simplest caso 
possible, suppose the gas is in mass motion with a velocity cveiywhcie 
the saino in diiection but varying m magnitude fiom point to point, 
and let tins spatial variation of the magnitude be most lapid in a 
coifcam duection poipondiculai to that of the velocity itself, while 
Qvei any plane pcipondiculai to this du'cetioii of most lapid variation 
the velocity is consttfnt Tho maximum lato of variation is then 
called tho velocity giadient Undei these conditions it is found 
experimentally that the stiess which acts in the gas acioss any plane 

perpendiculai to tho duection of the ve¬ 
locity giadient is not of the natuie of a 
simple pressure noiinal to the plane but 
contains also a tangential oi shearing com¬ 
ponent, whose duection is always such as to 
tend to oquahsje tho velocities at cliffcienl 
points, and when tho effect is small, as it is 
m all gases and m mobile liquids at not 
too high velocities, tho shearing component 
of the stiess is proportional to tho velocity 

Fm 36 —IllviBlrnting vieooaity gradient 

To obtain a mathomatical foinaulation of this idea, lot us take the 
a;-axis m the duection. of the assumed velocity gradient and tlio y-n,xiin 
paiallol to the diiection of tho velocity itself (cf Tig 35). Then il 
we diaw in tho fluid a plane auifaco poipondicular to tho 'c-axis and 
thcrcfoio parallel to tho velocity, tho fluid lying on each side of this 
surface oxctLs a shearing force acting in a diiection parallel to tho 
2 /-axis upon tho fluid lying on tho other side of tho sin face, If wo 
denote the (mass) velocity by vo, the velocity gradient is dvou/dx; and 
if wo then denote by the shearing component of force m tho j^-cUiec- 
tion which the medium on the side of tho suiface toward +« excita 
upon each unit aioa of that on tho side toward —-c, this foico boiiig 
called positive when it acts toward + 2 /, wc can wiiie 

= (117) 

The factor of proportionality in this equation is called thccoofTioieiit 
of viscoMty of the fluid or, for slunt, its \iscosity 
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At tho same timo, of courso, by Nowtoii's third law the fluid lying 
boyond the piano toward —x exerts a force —Pxv per unit area on the 
fluid lying on tho side toward -ha;. * 

Tho problem for Idnotic theory is then to infer tho value of th(5 
cooHuuont r) and tlio nature of its properties from the assumed or 
known fundamoirtal properties of tho molooules. Before taking up 
this subject, however, it may bo worth while to interject a short dis~ 
cu8.si()u of fluid Htr(!ssos in general; the uninterested render can eamly 
omit this and pass at once to tho following section. 

80. Fluid Stresses in General. If a small plane bo drawn auy- 
whoro in a medium which for tlio purpo.so in hand can bo treated as 
continuous, and if ono side of this piano bo labeled positive and the 
other negative, then tho medium lying on the jaositivc side of tho 
plane will bo exerting a certain vector fortio upon tho medium lying 
on tho negative side; the amount of this force per unit of area is called 
blio Ivaclion across tho plane. At tho same timo, of eourso, the meduiin 
on the negative side exerts an exactly ecpial but opposite vector force 
upon that on tho positive side. The traction can in all cases bo 
rcssolvod into one component acting porpondioulnr to tho plane and a 
second ^‘tangential” component aetiiig in a dir«(!tion parallel to it. 
In general, both components vary as the orientation of tho plaiU) is 
altered; but it can bo shown that if the values of the triujtlon are known 
for any three mutually porpendioular positions of the plane the traedion 
can 1)0 expressed in terms of these three values when the plane has 
any other orientation. 

Now it is charaotoristie of a fluid, as opposed to a solid, tliat when 
it is at I’ost the traction across any plane in it is wholly normal to the 
plane and is thus of tho nature of a pressure, either positive or nega¬ 
tive; and furthermore, that this pressure at a given point in tlio fluid 
is indopondont of the orientation of the surface across which it acts, 
which is commonly expressed by saying that tho pressure is equal in all 
directions. 

On tho other hand, when the fluid is moving, the stresses become 
altered in oonsequonco of tho relative motion of its parts. 35ven the 
normal component of the traction now varioH, iu generivl, as the test 

*Ib IB not gonomlly romadeed in ti'oivtiaoa on IcinoUo thonry that Uingontinl 
BtrcBB forcoB of equal inagnitiido mnst likewiac act in tlio .'c-di roe turn aeioas Huvfncofl 
drawn porpoiulieuhir to tho y-axin; if thny did not, a oiilio (»f fliiifL willi facoH por- 
pcudionlar to thoHO two diroetioiiB would obviouHly bo not into rotation, Tho 
iiitorofltorl rcftdor will find it an oxcollont oxoroiso bo conBtruest tbo theory of fchoao 
BtroBBOs, In parallel with tho troatmont of tho othorB tlial Ih horo givoa. 
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plane is rotated; so that the pressuie is no longei equal in all directions, 
although, of course, it is always the same in each of two diametrically 
opposite directions An analysis of the most geneial type of con¬ 
tinuous motion shows, however, that the motion can be losolved, ill 
the neighboihood of any point, into three shearing motions m thieo 
pei'pendioular planes, plus a motion of compression oi dilatation 
occuiring at an equal late in all directions. The diffeiences in pies- 
surc lefened to above and the tangential stresses then aiise as the 
sum of the three tangential sheaiing sti esses, each related to one of 
the shearing components of the motion in teims of the viscosity 
as described above, togethci with a positive oi negative component of 
pressure propoitional to the rate of compression or dilatation The 
constant of propoitionality for tins latter pait of the stress constitutes 
a second frictional constant charaoteiistic of the moving fluid* Noth¬ 
ing is known experimentally, however, in legaid to its value, and 
theory indicates that in a gas it should bo small if not actually zeio; 
accordingly we shall give it no fuither consideration 

81. Simple Theory of Viscosity. The physical explanation of vis¬ 
cosity in a gas becomes obvious at once if, ictiuning to the case 
described in Sec. 79 we consider the vector 
momentum carried by the molecules across a 
maorosoopically small plane suiface <S drawn 
perpendicular to the a;-axis, i o , to the diiectiou 
of the velocity giachent (cf Fig 36) In the 
first chapter, when wo made oui calculation of 
the prossmo we considered only the component 
of the momentum that is normal to jS, now wo 
turn our attention to the component tangential 
to ^Si. Wo shall suppose, as usual, that the 
molecules influenco each other only when oxtromoly close together, so 
that we can neglect, for the piesont, those short-hvod siUiationa in 
which there is mutual force-action between two molecules siUiatocl on 
opposite sides of the plane. 

Suppose, for definitenoss, that dvo/dx is positive Then molecules 
crossing S from left to right come from logions whore the mass velocity 
Wo is loss than it is in the region into which they go and so tend to 
arrive in their new positions with less than the piopor amount of 
y-momontum, whereas at the same time those crossing to the left 
come from regions where Wo is greater and so tend to carry out an 
excessive share of such momentum. In this way the gas lying to the 
right of S tends on the whole to suffer a loss of y-momentum, and this 
is equivalent to the action of a foice on it diiectcd towaid — y, while 
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tho gas on the loft tends similarly to gain momentum and so oxperi- 
onccs ft forco toward +2/. 

In order to develop this idea quantitatively we need to know 
how much momentum is ennied by the molecules. Now the velocity 
of ft nioloculo is determined as a result of its last collision. Wo are 
hid therefore to coiiHidor the distrilnition of velocities among those 
inoleeuleH which collide in a given clement of volume dr, A natural 
iiHsumption to make, and the one that was universally made in the 
early days of the theory, is that these molecules have an average 
velocity after their colliHions in dr equal to the mass velocity of the 
gas at that point. If x donotes the distance of dr from S and uo* the 
value of tlio mass velocity at S, its value at dr can be writton uos + 
whore Vq stands for the value of dv{)/dx at »S, provided we may suppose 
1^0 t<j vary only inappreciably over a distance comparablo with the 
ino]<!(!ular moan free path. Lot us suppose that the molecules all 
hftvo mass ni. Then those that collide in dr carry away from it, 
according to the assumption just made, an average y-inomentum of 
amount 7n(voi H- aiao)- *l^ho total momentum carried toward 
across unit area of S per second will therefore bo obtained if wo take 
the average of this expression for all molecules that cross toward -{-k, 
and multiply this average by the number of molecules that cross in this 
direction, which is given by (72ft) in Sec. 37. The resulting expression 
for the momentum is 

I -h -^o) ” I nf)miva, + i^Vo)- 

Hero 71 is the number of molecules in unit volume and V their mean 
Hpced, and wo have boon able to write ^ == StiJ bocauso Vq, like tioi, is 
tiio Hiuno for each molecule. 

Wo need now to find S. Tliis quantity must obviously bo con¬ 
nected somehow with the moan free path. Now after a moloculo 
croHStiH 8, its chance of collision in going any given distance is the 
same as if its last colUsiou had been made at jS; hence tho molecules 
must go, before colliding again, a moan distance beyond 8 equal to 
tlioir ordinary moan free path Lv> By symmetry, however, they 
must also have come on tho average, before reaching S, an equal dis¬ 
tance from tlio point of their last collision. Thus for molecules that 
cross )S in a diroetion inclined at a given angle 0 to the normal drawn 
toward d-ic, tho quantity -E is simply the component of Z/„ porpendtcular 

to )S', and for those molecules .E » -Lv cos 0, By {71h) in Sec. 37 tho 
mimlior that cros.s 8 with given speed v and with 0 in a given range 
do can bo writton n' sin 0 cos 0 dO wliero is a certain number inde- 
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of 0 M’lu' nf j foi till mttit'fuli * liml »n»'w ^vHli Njmd 

I) IS trlu'ic'fiijc [(‘f ftlUM m S»M‘ 20j 

X ® ^ ^ ^ ^ ” 

Lcl us for llu* |in'4(‘ul i}j;nitii* l!ii* Miiialmu nt /. with f|M»'d >iiim 1 
loplurr //» by b. •b*' K'lu'ml uusiii bn* p'llb ‘I'lau r lnk» ««ii iIm' 

Himic viilnu, i F, bn all nl llu* iiiolmibH ... lb*' jxjuit 

Hi(ni (iblnuH'il jus( uImiM' for llio into ol lian’in «*( i/ looiunPnio \>\ 
luubs'iilcH fioni Irfl Iti » 



In tlu' HHiiH' way tjua Inuh Uiul nuib'iiilon tntwnii)^ fowahl lb«‘ 
Ivfl curry iz-mumcnljun o»/ of (lio legion Iviuk on ibo rn^ld of M af iho 
I 

t I 

^ :i 

(iiul Hubfruclinf? (Iuh (‘\pn“^ion fioin I la’ jircximi'^ ono wo bavo, bimllv, 
for (bo mi (raimfcr of //inoiucnlnm iiicio‘>< iS ttouinl } r, fwr niut 
urou per accond, 

I nml'bca. UlM 

Hy lbc» (bdiiuttoii fif ibo ciicincicnl of \bici»?>iiv, • k 
ill (Hp (1(7), (biM ni'l. tiaiiafcr iuunI al»in o«|inil »|jL (bo abNj«»<'' of u 
inimiH mKii in (117) in duo In (.bo fat t (bui (boro /% rifot ^ (o (laiobr 
toward ^ .r. Donee 

r} ' ^ nniNi < ‘ ^ pvlu UHH 

for ft bomogonooiiH gua of donaily p 'Hih fonnutii wnw id4Htii(«i bv 
Muxwidl in IKliO 

Kroin u foriuulii micb aa UiiM, in wbiob tj, p, niul i nro all kiamip 
valuoH of Ibo innlcculur niugnidulo I* cun la* ouli utntod (bbno 
prooooding to do Uum, bowovor, wo luuul liral ni\oxi(igjiio (bo inugnUndo 
of tho oirora uiiHiitK fi<iin Ibo riiDtor vtctloni }<ini|dilicu(iMn» Moil )nii.i 
boon introducod in (lie courao of our doducliun tl will I*** rniiiid ibut 
lujcauRO of tlniHo oirorM tbo nmnorioul fuotur 'a roipiir^if* rnn^idorablo 
corroction. 

Pi'obUmi Dovobui (lio oorroHiiontling Iboory f«r n 1 wo dimr tiptiMiml 
KUH, Hbowing tliut Ibo nuuibor on wing uid( longtb jar '«ocoh» 1 i’^ rd a-, 
and tbat JB ^ vfj/4 and 


’J i 
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82. The Mean Free Path across a Fixed Plane. Aii interesting 
objection to the reasoning just given has sometimes been raised on tho 
ground that, since tho moan free path between two .succcssivo col¬ 
lisions is certainly L, tho mean i)ath from the Inst eollision up to tho 
plane .should be, not L as we inferred it to be, but only L/2j leaving 
an equal amount L/2 for tlio moan path from the plane up to the 
next collision. 


This reasoning rests, however, upon a tacit assumption that is not 
justified. Those free paths that are executed in such a position tliat 
they intersect tho plane S constitute a speeial group aolected out of 
all the free paths executed in tho gas, and it is not safij to assume 
without proof that their average length will be 
tho same as the avorag(5 length of all the free 
paths. As a matter of fact, a long free path 
stands a much better cluuieo of happening to 
intorsoct the piano than does a short ones (of. 

Fig. 37, in which S'S'^ is tho trace of the piano, 
and free paths of two different lengths aro 
drawn). AVo can write for the probability that 
a path of length I intersects a given piano, cl, 

G being a factor of proportionality indopondonb 
ofi. Thon, if dl paths aro oxocutod per 
second with lengths in a range dl, gNI^Q) dl among fchoso will iutorscci. 
tho plane, and tho average length of all that intorsoct will bo 
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The average length I of patli.H intorscotlng a piano thus deponds 
in general upon tlio form of tlioir distribution function, ^{l). For 
molecules moving at a given speod v, according to (986) in Seo. 60 
^ a t^^nd evaluating tho integrals in tho formula just obtained wo 
find J « 2Lv. Thus in a maxwelliaii gas tho moan froo path of those 
molecules that cross a piano at given speed is just twice the mean free 
path for all molecules in the gas that aro moving at that speod. The 
ratio of t to L for all molecules regardless of their spood can be written 
down in tho form of an integral and comes out a little differont from 2, 
In all casoa, however, the moan distance to the plnrie, and also tho mean 
distance traversed beyond it, are oach just half of I itself. 

As a more concrete example iIlu.sti'ativo of the same prineiplo, sup¬ 
pose a largo bundle of straws of varying lengths is tosaod high in tho 
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ail’ iiml allowtMl (o full upon tin* Honr m laiulom th»‘li»inUii»n 'riion 
tlio avoriiKt' ImiKlIi til IIhhi' nIui\nn wliu'h Imppi'u to full n* ioum h m%fn 
(*tn(‘lc in tho lloor will lin ki fill or Ihun llio uxoiuk*’ I* nglh ftir tho wlioli’ 
bundle; if iJie leiiKlb^t mo ili‘'liilMilod o\piinonli»lly, it will lu' pi».i 
twioo tlH nioiit. 

V)ohlvim J. In tlio illnsliiitioii of tin* n(iu\\n ju*I Kiv«*n. bnd llio 
ratio of llio uvoiugo It'itgllm of tbim* iyiiiK uoho.t lb»* iiuolt to tbi' 
avorafi;o ItuiKtIi of nil of llionij ulom Mii' kIiuwh huvi* loiigltiH dn 
tribuloil otiuully bt'lwoon 0 anil /« Iok t (/- 

2. AVIion a dio ia llnown, (la« int*an nunibrr of (liio\vr« fi o , of ut ta 
of throwing) Ix'twoon mxoa ia, of oouiaj*, (I Show that, if nn olMnivri 
loolcH in at irionulur inlorvalu ami \\alola‘H ourb tnm^ until a f»ix la 
thrown, ho will watoh on Iho avoiaxo for 11 tluow <, ami if ho a<4i‘< oaoh 
timo liow many thiowa liavo ooounod ainoo Iho IunI ai\, la< will h'arn 
that tiuH nix hoa on tin* uxoniKo (I Ihiowa bat k, iho um iuko of ihr toital 
numWvK of thiowa ladwomi aixoa aa Ihna ob'^tTVod b) hint bt’iiiK Itl, 

83. Corroctlon for tho Velocity Spread. Dm^ of iho ormn m iho 
doduetum of formula (UU) hoa in (ho aHHumplioii that iho tntnin fm* 
path ia tho Hama for nmloouloa moving a( all apoi'du l.o( m. in\in.(igni(o 
tho magnituda of lliia orior In doing ao wo ahall “till rftain tho 
nHHumption ('onri'niing moliM'ular votoi'itioa. amplifying it into tho 
moro apccino aaaorlion I hat tlioao molooiih*a wliioh hu\o loUnloii 
in any clamant of voluino dr poaao^ foi tla* inomont tho \ohai(y 
diKtrihution aharaott'riHlin of a gna (hat m m oipiildfriuin but moving 
with tlia moHH velocity a«. 

The diatribulion in voha'ity of Ihoao jimloouioa (hat havr ju^t 
collidad in caaily found Uaing {(Ua) in Site. wn have a« iho 
number of molcculoH that oollido in a aoooml in dt with a fija^od of 
tharmal agitation lying in a given laiigo dc' htjutr i olhtiion 

•Ufa dr)(bvIa'V A'-'dr'. 

n being tho total number of molondoM por unil voluino and ti« (ho 
(JolliHiou rata for inolcculeH moving wilh (hm fponj Hlnco wo aro 
oaHuming ariuihbriiiiu of volocilioo to exihl, an oipud nunda^r of otbrr 
molcouIoH muHt m the Hume timo aoquiro lliH «pcod o' (If (law lallor. 
which aecording to tho aaHumplion jiml Mlatod havo thorninl \oliwitM’*i 

equally dlatributed in direotion, a fiadioii 

4ar 

volocitieH lying in an element of Mulhl angle »in (of tSUtj, lot 

tho axiH of poluiH bo taken through dr noriiinl to H and lot iho loferoino 
piano from whieh la meiiaiued bo taken pnrnllol to the ty {daiio 
(of Fig 38), I,ho mnaa veloeily being mummed m ladoro Ut have tho 
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direction of y with a gradient in the direction of x. Of those mole¬ 
cules again, by (98a), the fraction will eventually cross 8 

without having boon stopped by a collision, r being the distance along 
the path from dr to S, Finally, the y-component of v* is y' sin 0 cos <p, * 
so that, if wo write again yo.s + xvq for tho mass velocity at dr, v{, 
standing for dvo/dx and x for tho coordinate of dr with tho origin on 
S, tho total y-momontum of a molecule is 

7nvy = inivos 4* v' sin 0 cos <p), 

Tho product of all these quantities is 
mnAQv'v’^e-'(^*'>'\vQa + xv'o + v' sin 0 cos 

sin 0 do d(p dv* dr; (120a) 


and tho integral of this expression over 0 < ^ < 27r, 0 < < 7 r/ 2 , 

0 < < CO then represents tho total amount of y-momentiun. carried 

across S per second toward d-jr by molo 
culcs whoso last collision occurred in dr. 

If wo then also integrate dr over a cylinder 
of unit cross section standing normally on 
S, wo have tho total transfer per second 
across unit of area of >8; to bo sure, some 
molecules that actually originate within this 
cylinder will ultimately leave it and cross S 
outside of its base, but for every ono that 
does this another ono moving in tho same 
direction will originate outside tho cylinder and, after eiitoring it, 
cross through its baso. To carry out tho specified integration 
over dr it suffices to replace dr by dx and thon intograto over the 
range oo < a; < 0, for tho result of integrating with respect to 
(p, 0 and v' is independent of y and z, and tho integration over the dy 
and dz in dr merely introduces tho unit cross-sectional nroa of tho 
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cylinder. Since r 


cos 0 


tho oomplcto integral thus obtained can 


bo written in iterated form thus (v being substitufcod for y' in tho 
definite integral); 


sin 0 

J „ ^ ^ ^ (1205) 

• Koaolvo V first into y sin 0, vooa O', thon only v ain 0 haa n y-oomponont, and 
its magnitude is v sin 0 qob ip. 
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Fwi’ llu' niDiacJitum (Mimed iwinnh *S iii the (ippimle dnediim \\(’ 
then ohlmn nii (‘\|)iesMi(m dilTeniig fiimi (liis oiily in thul x iiiii** innii 
0 to -hw and the evponenl of < is 0„i/i> eos 0 Ihmmium* in linn • ie»e 
r“ i-reoMfl. M'lie diffeien<*e l»el\vet*n (he two (*\pie--NH(nN tlios 
ohlmned is IIkmi (1i(> ni*( )Jt;ani of //-nionn'iditin in (hi* kus (h (he light 
of *S', pel Hint aieaof »S' pei Heeond, nod di\iding tins ihlfeienee liy in 
we hiivi' (he eoedieient of viseosily Now 

I (utiv d a Hin W eoM " di . 

j «« 

I I'ein W n»M v'*)* 

Hiinply hy leiihu’ing / l>y j; lienee in (he sulidai (nm of the (wo 
expressions thw jiait of the integml o\ei x m (l*2t)/») eninelN (In* i oi 
leHpoiiding term in llu* Heeond e\])H‘s,sion On (he otliei luind, 
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HO tiuit in the Huhtriielion IIiih teini lieetnneM niiildpiied by ‘2 
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we find finally for ij, after dividing out. '--I'o, 
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For tliG definite integral occurring hero Boltzmann found by a nnmeri- 
cal quadrature 0.838264/4 — 0.209666.* Inserting this value wo 
obtain the formula found by Boltzmann in 1881, 

n = 0.360 pdL. (122) 

This differs from tlie result of the simple theory as expressed in 
eq. (119) only in that the numerical factor is 0.350 in place of 0,333. 
Thus with all this work wo have only changed the nuraerioal eoefTicionb 
by 6 per cent. We have hero another typical example of tlio smallness 
of the correction that is required by the maxwcllian distribution of 
velocities in those cases in which the spread of velocities inoroly plays 
the role of a disturbing element in the situation. 

84. Further Correction of the Viscosity Formula. Even ^o, the 
calculation still contains another error of a vory similar sort which 
wo have not yet mentioned. We have treated the collision rate Gw* 
as a constant, whereas in reality it will vary during the flight of a 
molecule because of the variation in the mass velocity of tho gas 
through wliich the molecule is passing. Tho necessary calculation to 
allow for this effect is straightforward, but it is tedious and no details 
of it will bo given here, for a reason that will appear presently; tho final 
result is to replace Boltzmann's formula (122) by 

7} « 0.310 p^L. (123) 

This is the value of i} that follows rigorously from tho assumption 
that the velocity distribution of tho molociilcH that have just collided 
at any point is maxwcllian. This assumption itself is open to grave 
question, however. The molecules that assemble momontarily at a 
given point have come from regions of tho gas having difforeut mass 
velocitio.s and so must exhibit some departure from a maxwollian dis¬ 
tribution, Our own calculation inclicatoR, in fact, that molooiiles 
whiolf have come from a region of higher mass velocity have an 
average excess of velocity in that direction,, and after they collide 
with others it is quite tlunkable that they might retain some of this 
excess so tliat tho transfer of y-momeutum would bo greator than we 
have found it to bo. 

A completely accurate theory of viscosity could undoubtedly bo 
developed by introducing further oorrections for effoota of this sort. 
Tho most satisfactory theory has actually been achioved, liowcvor, by 
viewing the whole molooular prmsess from quite a different standpoint. 
Accordingly, wo shall now abandon the lino of attack that wo havo 
been following and make a fresli start, 

* Of. L. Boltzmann, '‘Qasthooiio,'' vol. I, p. 78. 
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86. Now View of tho Molecular Process. If lM»tk uf ilo* tiutli i - 
ular prot'(WH from a corluin unfits \m* amxi* m( tlio intm .lum, mmi 
H umon that ilio foroo of vincoHily orlimlly lia^^ !!•< mumoi iit a 

(’ortiiin typo of dopaiUno fumi Uu' mM\N\<’llmo tibihilinliMO til vt 1«h ih« > 
For, if X in*y Mioloouloi munuJlmlo wlmP'MO, tin inh* tiao^’ft i 
of X arroHH iiiiit »u*a <jf a plouc h oloiuly 

i-i'jv tlk’l) 

wluuo »j in tho oompoiioot of (ho molooulm \i*hMO(N |uO|h imIo uhir 
to tho piutU‘, tiikon po^ilivo m (ho tluoofom ohoMoi jh lltoi »»( 
net tranohu; tiio mniumtlion oxlomN o\ or till nioIo<uli''i in ntnl \i)hitiit< 
m tho imnii(>tlmt<* m*i|t;hl)ortiootl ot Iho phtno. No^utno vnlur^ttf o, 
Horvu autoinalioally in tho mim to Muhlmot (ho nmoniit of \ llm! m 
canietl baekwaid. (CJf., l^K•J uur IumI tloiluoiion of ^ in }<«o Hi, or¬ 
tho ealeulatiou of tho piownim in Sto'. fi.) In 021} wo lom* a a* n»’rfti 
oxproHHion for tho rato tif tiiuiHfer of any innh mhir nniantltnh* 

'i'o obtain tlio viHoosUy, we linve (hen only In ^ul^^iUnP* in (1211, 
in our (novlouK notation, x ‘ ''('V anti i<t e^, if wtMiho Utt* 

veloeity Kiathmit to be nnily, (he latt- of (lanixfrr nf nonnf ntuiii (Ioim 
obtiiinetl ia numoiutally etpml In (he eotdihieni of \inet»^i(y »} We 
thuN obtain 


>( (12.11 

Thia Hum wouhl tibvioualy vanish owing In the Myininelrv nf /iv| 
if iho diatrllmtion weio i‘\tu'lly ttmxwidlianl 

Tho viaeomly ean bo ealouhtletl a( oiiee fimn (121» if we tan Inal 
out what tho thHiribuinm uf velnei(ieN ae(uaUy m in a rditanng Rtw 
Now tliift diatrilmthm muat be a eei(aiii type of ^featlv ettbilnm »»f the 
BolUmann diirori'nlial erjualion, aa iepn*rsenleil liy etj ^h 7( alat\e 
Accordingly, Boll/anann liiniHelf aKmnjiled (o t^nhe (Intt nniatiMn fnr 
tho caao of a shearing giw; and a feaMble inediMtl nf th.jng ihU by 
mcaiiH of RUceoHHivo upinnximaliniiM haa bt-en r labnralt^tl bv I mkng * 
A Homowhat dilTorent niotbod of aiipitmeli, initialed by flau’^nm and 
Maxwell, Rceina, however, to lie easier to fnllnw and Um Iw^en earriml 
through by Ohapiimu. For obtaining ueenrale reMilta tlu-e meilnwl-t 
arc RO far HUporior to tho free-palb line „f attaek that the latter 
might well bo relegated tti the alatUM of a lu^tiirn-al tnrneitiy, were il 
not that it UirowHapoeulmrly vivnl light upon (he eninjilexily nf iimlee 
ular plienomoiia in a gas; furtliermore, aimple <nienhUinn** like mir 

♦Knhkoo, ''KiaelmrJin Thpurlo cler Vorgfiaar. at iaa>>n,jg xenloitaiiea tltupteii,*' 
3)lH»ortftta>n, Kpimlik, 1U17. 
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first ono often servo a good purpose because they indicate quickly the 
order of an effect and tho quantities upon which it do pends. 

In our treatment of heat conduction wo shall actually employ an 
approximate form of the Maxwell-Chapman inetlmcl. The nooossary 
calculations are rather lengthy, liowovcr, and tlie foaturcs of tho 
method are less well brought out in tho case of viscosity; for theso 
reasons the application of this method to viscosity will bo loft as a 
problem (Sec. 101) for the student and only tho final result will bo 
stated hero. 

86. Final Viscosity Formula. Magnitudes of L and d. Tiie 
approximate form of tho new method, whioh is equivalent to that 
employed in Chapman’s first paper, when appliini to the treatment 
of viscosity yitdds for the nuineriisal factor in (123) above 0.491 in 
place of 0.310 [cf. (IfiOb) below], 'Pho rigorous development of tho 
same metliod by means of successive approximations, as worked out 
by Chapman* gives, in place of (123), 


1] = 0.491(1 + e)/ji)/v„£,, 




V27iS, 


(126a) 


hero Svo is n, sort of meem equivalojit cross seclion for jdscosity and kcat 
conduction, whioh is given in terms of tho scattering coeffioiont by 
eq. (163) in See. 100 below, and c i.s a number \\du<!h is jirobably very 
small for any actual mohicular field. For a repulsive force « l/r’', 
6 = 0 when n ~ 5 and ris(is ns 7i increases only to 0,016 for ==. co; 
this last case corresponds to hard elastic Bplun’cs, fur which accordingly 
we can write 

r} >== 0.409 pFL, (120t) 

since for suoli apheros Svo == Trcr® and Lvo then becomes the ordinary 
jnean free path L, Tills latter formula was fouiul also by ICnskog.f 
As usual, p is tho density in grams per cubic centimeter and 0 is tho 
mean moloeulav speed; and the results are accurate only for an iiiclofl- 
nitely rare gas. 

The reason for such a largo increase in the numerical coolTiciont, 
from 0.310 to 0.409, lies in tlie persistence of velocities which was 
mentioned above, Molecules exhibit a certain average tendency to 
continue moving in their original dive(5tien after a collision; in the 
usual case of elastic sjiheres tho average conqiouont in tho original 
direction after collision can be shown to amount to some 40 per cent 

* OuAmAN, PhiL Trans., 211A, 433 (1012); 210A, 370 (1010); 21.7A, 116 (1018). 

t Enskoo. Inr.. dl, 
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of the velocity before collision. In oui analysis above wo assumed 
that those molecules which' collide m a given element of volume dr 
and then move off toward the right, for example, had a iiansvensc or 
2 /-component of velocity equal to the avciagc y-componcnt foi all 
molecules in dr, but m leality these paiticulai molecules originally 
enteied dr predominantly from the left and so airived theie with au 
average tiansveise velocity chaiacteiistic of a region lying to the left, 
and pait of this diffeienco as compared with the goneial aveiago 
in dr persists after collision and is earned along fai thci by the molecules 
as they move off towaid the right The effect is cleaily the same as 
if these molecules had collided somewheie to the loft of dr, and so 
amounts to a viitual inciease in L, with a lesultiiig increase in tho 
transfer of momentum 

Equation (126b) is probably to bo legaided as the correct foimula 
for a rarefied homogeneous gas of clastic spheiical molecules Since 
everything in the equation is alieady known except L, we can employ 
the equation to calculate values of the mean fice path and thou 
from these by means of (106d), h ~ wo can calculate 

values of the molecular diameter u We have hoie probably the 
most reliable source of infoimation in regard to thcao quantities that 
can bo obtained from the oidinaiy piopeities of gases 

Values of L and <r so calculated for a numboi of gases are given 
in tho table on p. 149 They can be regarded, of coin so, only as equiva¬ 
lent elashC'-sphere mean fiee paths and diamotois, since no mbleculea 
really are hard spheies, but they aie vciy dseful for many soils of 
approximate calculations If tho exact law of molecular foico were 
known it might be pieferable to calculate tho cioss section from (126a) 
and then to calculate from it an equivalent diamoici 

0*1! 0 ” (^vo/^r)^^, 

but the value of the “diameter” so found would probably differ 
only moderately from the elastic-sphere value Tho tempeiaturo 
has been chosen as 16“C lather than the moio customaiy 0°G because 
the former lies closei to common laboratoiy tempoiatuies; tho only 
exception is Hg, for which rj, L, and <r are given at 219 4°C The power 
of the temperature to which is approximately proportional near 
16°G 18 given as n; thus v « T", L oc at constant density, and 
(T oc In all cases L refers to atmosphoiic pressure, being 

arbitrarily reduced to this pressure in the case of H 2 O and Hg The 
sources from which the data for i/ weie taken aio listed below the table. 

87. Vanation of Viscosity with Density, Our formulas predict 
several interesting general properties that the viscosity should have. 
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Some MoLBCULAn Data 



M 

V 

L 

ff 

n 

A 

Unit. 


(10“'' dyne sec/ 
cm) 

(10“®cm) 

(10“8 cm) 


(lO-a 

om) 

lis. 

2.016 

871 (1)(2)(16) 

■hB 

2.74 . 


1.136 

H| (heavy hyd.) 

4.027 

871 (1,7) 

1^1 

2.74 


0.8040 

Helium. 

4.002 

1943 (3) 


2.18 

0.04 

0.8065 

Cri 4 (methane) 

16.03 

1077 (1) 


4.14 

0.88 

0.4030 

NHa. 

17.03 

970 (4) 

4.51 

4,43 

1,09 

0.3010 

IhO . 

18.02 

926*(14) 

4.18 

4,00 

(1.07) 

0.3801 

Neon. 

20.18 

3095 (3)(12) 

13»22 

2.69 

0,67 

0.3592 

N 2 ... 

28.02 

1734 (3) (5) 

0.28 

3.76 

' 0.77 

0.3048 

Cal-I^ (ethylene) 

28,03 j 

998 (4) ! 

3.01 

4.96 

0.96 

0.3048 

CsHo (ethane).. 

30,05 

900 (1) j 

3.16 

6.30 

0.97 

0.2943 

Oa. 

32.00 

2003 (1)(6) 

6.70 

3.61 

0.81 

0.2852 

HCl. 

30.40 

1397 (16) 

4.44 

4.40 

(1.07) 

0.2072 

Argon. 

39.94 

2196 (3)(7) i 

0.00 

3.64 

0.80 

0.2663 

CO, . 

44,00 

1448 (3)(8)(10) 

4.19 

4.89 

0,95 

0.2432 

Krypton. 

CHsBr (mothyl 

82.9 

2431 (9) 

6.12 

4.16 

(.86) 

0,1772 

bromide).... 

94.94 

1310 (10) 

2.68 

6.86 

1.10 

0.1060 

Xenon. 

130.2 

2236 (18) 

3.7(3 

4.86 

0.92 

0.1414 

Hg... 

200.0 

4700 (13) 
(210.4*^0) 

8.32 

(219.4'’0) 

4.26 . 
(219.4^0) 


0.1139 

Air. 

Electron. 

28.90 
6.490 
X 10"^ 

1790 (11) 

0.40 

3.72 

0.79 

0.2998 

08.80 


* Cniculatod from n moiimnomont on aatiiratod vnpor. 

M = molooular weight, ij = viscoaity, L = mean free path at atmoaphorio 
prossiu’o, a = olafltic-aphoro equivalent diametor of the molcoulo, X =■ molooailar 
wave length at the moan speed P; n is the exponent in; « T'*, L « ot con¬ 
stant density or L « at oonstant prossiu'o, o- « near IC^O. 

The tompomturo is 16“C except for i), L, a for Hg, 

Sources of matoi'inl: 

(1) Trnutz and Borg. Amj, Phytiki 10, 81 (1081); 2) Trautsi and Stouft, Vttd.; S, 787 (1020); 
(3) Trautsi and Zink, ihid,, 7, 427 (1080); (4) Traiilz ntid lIoborliiiK, j'tfd., 10, lOB (1031); (6) TrnvitB 
and Baumann, itu'd,, 2, 738 (1020); (0) TrniitB and Mclstor, 7, 400 (1080); (7) Trn»it» and 
Binkolo, iti'd., B, BOl (1030); (8) Trauta and Knrz, I'/nVf., 0, 081 (1081); (0) Nnaliit and llonai, Oazt, 
chim, liaL, BB, 433 (1028); (10) Titani, Ihtll. Chm. Soo, Javan, B, 08 (1030); (11) KollBtrttm, Nature, 
186, 082 (1085); (12) Edwards, /fog. A'oo. Proc., 110, 578, 1028; (13) Brnniio, Baaoli and WonUol, 
Zeiia. pkya, Chem., (A) 187, 447 (1028); (14) Brnuno and LInIco, ibid., (A) 148, 105 (1030); (16) 
Jung and Sohmlok, itW., (B) 7, 130 (1030); (10) Suiliorlaiid nnd Maaea, Canad. Jour. «o«., 6, 
428 (1032); (17) Van Cloavo and Mnass, (it'd., 18, 67 (1036>) (18) Traet* andHoborUng, Ann. 
Phuaik, 80, 118 (1034). 

Suppose we keep the temperature constant. Then 5 remains con¬ 
stant, and so does pL, according to our conclusions in Sec. 68. Hence 
our formulas indicate that, for a rarefied gas composed of molecules 
interacting only when very close together, the viscosity should bo 
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independent of the density This lesult, contrasting stiongly witli 
our natiiial expectation that less gas ought to mean less viscous cliag, 
was deduced fiom theoiy by Maxwell m 1860 and was found actually 
to be confiimed in some caieful cxpoiiincnts that ho peifoimod upon 
ail In its day this constituted a paiticulaily sinking success for 
kinetic theoiy Latei Avoik indicates that this law holds foi tho 
viscosity of all gases which aie sufRcicnlly laio, but it fails, natiiially, 
at high densities,foi example, the viscosity ol CO2at40®Cis 1 57 X 10“ * 
c g.s units at 1 atinosphoic and lises only to 1 69 X lO""* at 23 8 atmos- 
pheies, but theieaftei it incieases moio and moie lapidly up to 4 83 X 
lO”"^ at 100 atmosphei es, being not fai fi om pi opoi tional to p at this latter 
pressuie. Thcoiotical tieatmcnts of tho vaiiation at coiisideinblo 
densities do not yet exist 

As the density is made vanishingly low, however, tho clTocts of 
viscosity must eventually decrease, and it is easy to see under what 
conditions this should occur When the moan fioc path hiially 
becomes comparable with the spatial dimensions of tho phenomonou 
undei obsoivation, the basis of oui calculation fails and dcpaituicH 
fiom om formulas may be expected to set in When tho density is 
made so extiemoly low that intoimolecular collisions aio actually 
infrequent, the,olTcct& of the individual molecules must be simply 
additive, and the viscosity should then bo diicctly pi oportional to tho 
density; we shall letmn to this subject m a special chapter on low- 
pressuie phenomena (Chap YIII) and shall find that tho thcoiotical 
piediction is confiimed 

88 . Variation of Viscosity with Temperature, Suppose now, on 
the othci hand, wo keep tho density constant and vary tho tcmpeia- 
tuie. Under these conditions, as wo have seen in Sec, 68, the mean 
free path L should be a constant, piovidcd tho gas is raie and composed 
of molecules that interact only when close together Tho moan spo<*d 
i), however, is piopoi tional to the squaio root of the absolute tem- 
peratuie T, Hence, in such a gas, according to our approximnto 
formulas (119) oi (123), the coofiicient of viscosity should bo pio- 
poi tional to and accoiding to (1266) the fully coirectod foimula 
leads to the same conclusion at least for haid elastic spheics. 

Now it IS a fact that the viscosity of gases does use in all ensoH 
with a rise of tcmpeiatuicj and this qualitative confirmation of tlio 
theory is paiticulaily mteicsting because the viscosity of liquids is 
observed to change in exactly tho opposite direction, and a decreasi* 
is Avhat we might naturally expect as a result of tho increased mobility 
of the molecules at higher tompeiatiiics Tho incioaso is in all gaso8 
moie lapid than the square root of T, howovei. In Fig. 39 arc plotted 
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values of rj against T for six common gases, and in Fig, 40 log is 
plotted against log T for the same gases. If it were true that t} « 




Pio, 40,—Log ») vfl. log T, (In tho ovirvo marlcotl (HO log (»j(l +14/7^1 ifl plot tod 

against log T,) 

the latter curves would be straight lines with a slope of 34} 
reality the curves every whore slope upward more steeply than this* 
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It IS not suipiismg, howovei, that a theoiy based on harcl-sphoiieal 
molecules should pi edict the light variation of viscosity with density 
but not with tempeiature, foi lowering the density does not change the 
chaiactei of the collisions but only lengthens the intervening fico 
pathsj wheroas laising tlie tcmpeiatuie incicases the violence of the 
impacts and so may easily alter their effect upon the moloculai motions 
A moie lapid incieaso in with using tempeiatuic than that indicated 
by the haid-spheie thcoiy is in fact just what wc should expect if tho 
molecules weie in leality somewhat soft, tho lepulsive foico m a 
collision developing at a lapid but finite lato as two of them apinoach 
each other, foi then as the velocities become gicatoi, a molooulo 
appioachmg aiiotlici along a given path will bo lops deflected upon 
striking The net lesult of a rise in tempeiatuic must tlioiofoio bo 
an inciease m the pcisistencc of velocities and a losulting incmiso 
in the numeiical factoi that occuis in tho foimula foi the viscosity 

89. Viscosity and Temperature with an Inverse-power Force. 
Fuithor quantitative piogiess toward a theory of the vaiiation with 
tempoiatuiG can be made only on tho basis of a now assumption 
concerning the moleculai fields. In the absence of definite knowledge 
a favoiito assumption has been that the force action between two 
molecules is piopoitional to some inverse powci of their distaneo f 
apai t, say to i It happens that m this case tho vaiiation of viscosity 

with tompeiatuie can be found by tho motliod of .sinulitudo (or by 
tho noaily equivalent but moie abstiact* method of dimensions, in 
ieims of which tho icsult was fiist obtained by Loid Rayleigh in 1000). 
It IS possible to do this because wc know alicady that tho visoosity is 
ft function of the tempeiature alone 

To apply the method of similitude, considei a particular motion 
that IS executed by the molecules, and imagine this motion to bo modi¬ 
fied in such a way that the moleculai paths ictain their sliapo but 
have their Jineai dimensions all changed in tho same uvtio X, and sup¬ 
pose that tho times taken to traveiso ooiicspondmg paits of tho paths 
are hkowise changed but in some other latio r. Tlion if wo compaio 
this modified motion with tho original one wo sco that veloctUes at 
coiiosponding points of the molecular paths have boon changed in tho 
ratio X/t, and the acceleiations and tho/o?ces necessary to produce 
these have, thoieforc, been changed in the latio X/t®, tho masses being 
unaltciod The factor r~% however, to which the molecular forces 
aie assumed to be proportional, has now been changed m the ratio X“*, 

* In using dimensions, a special aignmcnt is neccsaaiy to show that ij must bo 
propoilionnl to a powet of 7, of P T Bkidgman, "Dimensional Analyan " 
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Henco tho modified motion will bo a dynamically possible ono only 
provided X/t® = X"', i.o., provided 

r = x(i-w/2, (127) 

It is now readily seen that tho energy has boon cliangod in a dofinito 
ratio depending only upon X and t and so lias lioon changod in value 
to that charaotoristic of somo other tempera turn. Aneordingly, by 
modifying in this way all of tho motions cxnouted at tomperaturo T we 
obtain the gas moving at a now toinporatiiro. Let us find out in what 
ratio tho tcmperatiiro azid tho viscous forecis have boon ehanged. 
In the modified motion, becauso of tho cluingoH in the vcdoidties, times 
and linear dimensions, wo have X/r time.s as nuujh inomentuni trans- 
ferred in a timo r times as long, across an area X® time.s as groat; nzrd 
the velocity gradient is obviously (X/r)/X ~ 1/r times as groat. 
Hence, from tho definition of tho viscosity in terms of inomontum 
transfer divided by velocity gradient, wo see tliat rj has been (ihangod 
in tho ratio [(X/r)/TXV(l/T) “ 1/Xr, or, by (127), in tho ratio 

On tho other hand, T «= boon changed in tho ratio X^/r^ 

or 

x**--*. 

Now it is easily scon by multiplying out that 

~ ® sa A l ~ fl), 

2 2 V2 s 1/ 

Honco, if wo sot 

« “ 5 + 5 ^ 1 ' 

f*' has boon changed in tho same ratio /is lias t?. Accordingly we may 
concludo that rj « 2'" with this value of ?t. It is inunatorial to this 
conclusion whothor the force bo attractive or repulsive. 

According to (128) t} should vary /is a power n of 2' soniewluit 
higher than ^ and log rj should plot against log T ns a straight line 
with ft slope equal to this higher power. Tlio oxporimmital data 
plotted in Fig. dO above actually sliow good agreement with this con¬ 
clusion for liolium and neon except at high tomponitures, tho host 
values of n being 0,64 and 0.67, respectively, and the agreement for 
hydrogen is fair between 200®K and fiOO^K with n » 0.00; but Oho 
data for argon, Na, and CO a can bo fitted to such an equation only 
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over shoit langes of tempeiature The values of n stated, and 
the best values near 288°K for the other thico gases, aio collected in a 
table at the end of the next section opposite the Iioading n', together 
with the approximate coi responding values of s as calculated fiom 
(128), listed opposite the heading s' 

The success of cq (128) for helium, noon, and hydiogon seems at 
least to justify the conclusion that in these gases the forces between 
two molecules diop off very lapidly with distance; the variation is 
doubtless not exactly accoiding to any powei of the distance, but it 
can piobably be concluded that in making othei theoretical calculations 
we may icasonably expect to obtain appioximately collect results by 
assuming the powei to be the value of n given in the table '^riie much 
highei values of n obtained foi the otliei thiec gases mentioned may 
perhaps bo taken as an indication that these molecules depait much 
inoic widely than do tlie othci tliicc fioin the piopeitios of haul 
spheies Not veiy much significance can be attnelicd, howovoi, to tho 
agieement ovet a limited range of the cxpoiimental curve for ij with 
some power of T, since any analytical cui vo whatever can bo fitted to 
some powei of the independent vaiiablc as accurately as desiicd ovoi a 
sufficiently shoit uingc of values 

90. Viscosity and Tfemperature on Sutherland’s Hypothesis. 
Quito a diftcicnt hypothesis in legaid to tho molecular foices was 
proposed by Sutherland ■'* lie retains the assumption of haid sphoics 
but adds a ivoak atti action between them, falling off rather rapidly 
with distance. 

Such an attiaction acts in two ways to pi educe shoitemng of tho 
mean free path In tho first place, molecules which pass each other at 
close laiigc without actually touching oxpoiionco a small deflection, 
and this obviously has much tho same effect upon the molcculai 
motion as would a glancing collision In tho second place, this dcfU'c- 
tion will also cause some molecules to come into actual contact when 
they would othoiwiso have passed by each othei without touohing, 
and will thus incioaso tho actual collision lato. Some possible paths 
of tho center of mass of one molecule lolativo to another accoidmg to 
these conceptions aie indicated loughly in Fig. 41. Of tho two effects, 
Sutherland supposes that the second is much tlio more impoi tant, and 
he actually neglects the fiist entiicly, apparently no simple justifica¬ 
tion for this disenmination can be given, but it has been justified 
subsequently in certain cases by tho more comploio analyses of Chap¬ 
man and Enskog 

* SuruBBtAND, Phtl Maq ,88, 607 (1893), 
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The iuoroami in eontaet oolliHiou.s i.s easily by utilizing 

aoinn of r{*sulls o))t(uno{l relative to tlie eotdlieitnit of f<(Uittoriiig. 
To do this, let us seleet for eoiisidoratioii two grou|)H of inohuades 
moving with v(!etor vehauties Vi and Vs, iiiul eonsi<ler the motion of tlio 
first group relative to tiie seeoiul, in the nuiimer of th(! MnalysiH in 
B(a!. 71. If a inoleeuh! of the lir.st group approaches one <if tlie seetmd 
group along an initial Hue di.stiuit h from the seeoinl molecule, the 
diatanee hetwiasn their e(nitei\s at th(! instimt wlnui they are eloHest 
fcc(g<}th(U’ will be ro, as givuni by (ap (lOD) in *See. (H), witli m niplaeed 
l)y mima/(mi “h »ta), as explaimal in Hee. 71, provided tluiy do not 
collide; if, however, ro us giv(va by Uuh e<piati{)ii is hiss tlian the Jiuaiu 
diameter of the two mole(!idc.s or tria J ‘b tru), (aillision muHt 



Fi(i. 'U.'-^-ButUorluunVn liypofiinwlM t>f ninl«riiiiu’ liUoi'iutlifm. 


occur l)ofore ?'Hinks to ro. N(»w, for an attnudfve force {II < fi) that 
falls off with increasing r, or for any sufUeiently ^vea!t fcnaui, aeconlitig 
to (100), ro and h vary in tlie sanie Htnise. lienee all valiKis of h rcsidt 
in GolliHion up to that limiting value h -- 5n, which innkeH ro 
Tiio mutual eolliHiou crons setstiou is tlius /S' Trf^, or, putting b ^ 
and ro o-iu in (109), we have 


jS ^ 



2 (m.i -h wa) 


JIhA 


(129rt) 


where /So Tro'i®!, and denotes the eress seetiott as it W'ould be if 

the field wore abHont, If hotli inoiecuhtH have the. same diameter c 
and tho same inaHs m 


/S « /Sr, 1 


fn 1 


//a/** i 


(121)5) 
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This result shows that for haid spheres an atti active force-field 
(17 < 0) increases the collision cross section, wheieas a repulsive force 
(17 > 0) decreases it 

If all molecules had the same speed, wo could now at once substitulo 
fiom (1296) m (102a) in Sec 61 and obtain for the mean fico path 
in a homogeneous gas an expression of the form 

^ = 4 ^ = 7 ^’ 

1 -h rp 


wheie Z/o == 3/(4n)So), T is the absolute tempoiatuio, and C stands for 

T 

the constant quantity ~4l7(<r)—j, and then for the viscosity wo 

TttV 

should have, by comparison with (126a, 6) in See 86, 


_ aipdLo _ 

“ 1 + (C/T) ” 1 + {C/Ty 


(131) 


in which ai has a value at least veiy close to its value of 0.499 in 
(1266), and the numeiator can bo wiitten aTW in toims of a new con¬ 
stant a provided we assume that pLo is constant 



<For 1000/2’> 0 both aonleu nro rortuood in tho rnllo 1140. bul with jifloparRlo origin for onoh ourvo ) 

In a maxwcUian gas it is easily shown that a result of tho same foi m 
must hold, but perhaps with some change in tho value of G, This is so 
because, in tho first place, the lelativo distiibution of tho molecules oa 
to velocity is tho same at all temperatures, and, in tho second place, 
each group contributes independently to the collision rate. 

Equation (131) is known as Sutherland's foi mula. It is found to 
hold, when suitable empirical values of a and C are inserted, for many 
gases over a considerable range of temperature; it is, in fact, moio 
widely useful than a formula like (128), contamm^ a powei of T, TUo 
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data require in all cases a positive C corresponding to an attractive 
field. Of course, the equation nocosBarily holds also as a two-constant 
empirical formula for all gases over any sii file ion tly short range of 
temperature, the necessary values of C varying with the choice of the 
range; but this latter fact, of course, ])rovcs nothing in regard to 
molecular forces. When the observations are oxfconded over the full 
range of temperature that i.s available in inodoni experimentation, the 
formula fails badly in all cases, for either lilgli or low temperatures or 
both. 

A straight-line test of Sutherland's formula is readily made by 
l)lotting against 1/3*. In Pig. 42 a plot of this sort is shown for 
the same data that are plotted in another way in Pigs. 39 and 40. It is 
at once apparent that the formula is hopeless for hydrogou and is useful 
only over limited ranges for the others. iMio values of C that corre¬ 
spond to tlie three straight lines that are drawn on tlio plot and to 
corresponding tangents at 288®IC drawn to the other three curves 
are given in the table below, oppo,site tho lioading O'. 


CoNfi'l’ANTS IN 'rillij ViHCOHIl'Y FoilMimAS 



Ilolinm' 

Noon 

Argon 

Ha 

N, 

CO, 

n' 

O.Od 

0.07 

0.80 

0.00 

0.77 

0.06 

8* 

Ifi 

13 

0.0 

11.6 

8.4 

1 6.4 

C' 

38 

60 

141 

G1 

104 

200 

n 

C 

0,064 

0.6 

0.001 

10 


0.028 

14 

0.603 

103 

. 


For»' and s'bco Soo. 80, for n and C, Sea. 01. 0‘m clcBorilicd junt above. 


91. Viscosity and Temperature: Other Hypotheses. In attempt¬ 
ing to obtain an expression for tho variation of viscosity wibli tem¬ 
perature that will give a still bettor fib with observation, we can proceed 
either empirically or theoretically. An obvious empirical step would 
bo to combine tlio features of both (128) and (181) into tlio modified 
formula* 



(132) 


Since this formula contains three disposable constants, a, n, and C, 
it can necessarily bo made to fit inoro closely, or over a much wider 
range, than can oitiier of tho original formulas, In order to test it, 

* Of. Trautz and Binkwi.w, Ann, Phyaik, 6, fiOl (1030), 
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This is a thvoe-constant formula but is somewhat different in form 
from the empirical formula (132), Jones showed that with suitable 
values of the constants it represents the viscosity of argon within 
0.6 per cent from —183^0 to +183“C; the fit was found to bo equally 
good, however, cither with n = 21 and S = 62.45 or with n = 143>^ 
and S — 38.62, so that no very definite conclusion could be drawn in 
regard to the molecular forces. 

It seems doubtful whether much further progress can be made by 
trying to invent arbitrary force-fields that will reproduce such data 
as those on viscosity. The possible forma of field are too many, the 
nocossary mathematical labor is too extensive, and the precision in 
the experimental data that is required in order to distinguish between 
different hypotla^Hcs is too liard to secure. More interest, perhaps, will 
attach in’ the future to att(nnpts at calculation of the viscosity in 
terms of universal constants by means of wave mechanics without the 
introduction of special po.stulated constants, or to attompts to cor¬ 
relate viscosity with otlun' molecular properties. 

A few calculations by wave mechanics have been made by Massey 
and Mohr with intorc^sting results,* They first work out the case of 
an artificial model, asHuming tlie molecules to be small elastic spheres. 
In this case the enormous number of small deflections duo to diffracjtion 
of the molecular waves, which was described above in connection with 
molecular scattering (Sec. 78), simulate in their effect a force-field, 
for with rising temperature and increasing molecular velocity tho-se 
deflections are confined progressively to smaller angular ranges and 
so have less effoet. As a result of tliis phenomenon the olastic-siihore 
model gives a variation of with temperature that is more rapid than 
744; );)y (XHsuming the right diameter for tlio sphere, the experimentally 
observed variation could actually be reproduced rather well in the 
case of helium, and somewhat less Hucce.s.sfully for hydrogen. 

In a second paperf Massey and Mohr apjfiy to helium an approxi¬ 
mate form of the fundamental method of wave mechanics, in which 
every tiling is deduced without fresh hypothesis from tlic basic proper¬ 
ties of electrons and nuclei. A good approximation to the field of a 
lielium atom is known from Slater’s work; it is stated in eqs. (177a) 
and (1776) in See. 121 below. Using this field the authors calculate a 
cross section for viscosity Q>i» which is % of our Svt, and, substituting 
its value in their equivalent of our oq. (126a) in See. 86 above, they 
obtain the value of the viscosity. Comparing their results with 
observed values they find: 

* Massey and Moiiii, Roy, Soc. Proo,, 141, 434 (1933), 

t Massey and Menu, Roy, Soc. Proc., 144, 188 (1034), 



160 


KINETIC THEORY OF OASES 


[ClIAl'. IV 



16 0° 

20 2" 

88 8° 

203 1“ 



29 46 

36 03 

01 8 

166 4 




48 

08 

166 

213 


The unit of viscosity employed heie is the miciopoisc oi 10“® o g fl unit 
Such a degree of agieoment between theoiy and expeiiinont would not 
oidinanly be consideied veiy good, but it must bo icmomlioiod that 
m this case the theoretical calculations themselves aio only approxi¬ 
mate, and the agieement becomes leally imprcssivo when wo further 
recall that m all of the theoretical woik no special assumptions lefor- 
iing to helium aie introduced except that its nucleus is much heavier 
than an electron and cariies a charge numciically twice as groat. 

92. Viscosity of Mixed Gases. Up to this point tho gas has boon 
assumed to be homogeneous. We must now eonsidoi how tho theory 
is to be extended to a gas consisting of several londs of molecules. 
When a laiefied gas composed of seveial dilToient kinds of molecules 
18 set in sheaimg motion, the viscous tiansfei of momonium across any 
plane >vill be the simple sum of the transfers by tho difforout groups 
of molecules The analysis of the ‘'simple theoiy” in See. 81, if valid 
for a pure gas, should accordingly bo applicable to each group sopa- 
lately We are thus led to write foi the viscosity, as a gonoralization 
of (119) in Sec 81, 


7} = 



% 



the sums extending over the vauous sorts of molooulofl; TJf stands for 
the‘mean fiee path of land 2 m the mixed gas, wheioas L, is what the 
mean free path of this kind would be if it alono woio present at its 
actual density p,, and i?, = ipiLi or the viscosity of kind i according 
to (119) Taking from (1066) in Sec 64 and L[ from (106c), wo have 


^ _ _ '\/2n^St _ 

} 

in which JU, is the molecular weight of molecules i and iS, tho oquivalonfc 
cross section for collisions of these molecules witli each other, wliilo 
Sy, IS the mutual cross section when they collide with kind j, Tho 
expression foi n can then be tin own into tlio foim 
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V 



Vi 


1 + 

j^i 


" Si ’ 


(135a) 


in which the iiji represent the viscosities of the separate pure con¬ 
stituents and the coefficients f<,■ should be independent of the composi¬ 
tion; Tii and rii can be interpreted, if desired, as concentrations by 
volume, or in terms of moles per unit volume. In the case of a 
binary mixture this becomes 


1) = 






172 


1 + i'la ” 1 "b i'ai ^ 

Ui 712 


(1356) 


The complete analysis of Chapman shows, however, that so simple 
a formula cannot be quite accurate, presumably because the persistence 
of velocities is different for the different Idnds of molecules and in 
different types of collisions; he obtains for a binary mixture a formula 
that can be summarized in the form* * * § 


ijiaiUi + i?ia7ti7l2 4* ViOgfil 
ainl -h 6ni7i2 + 027 j.| 


(136a) 


i?i 2 , tti, 02 , and h being four new constants depending on the molecular 
masses, the law of force, and the temperature. 

Chapman fittedf a quadratic formula of this last type to some 
observations made by Schmitt J on mixtures of argon and helium and 
of oxygen and hydrogen and found good agreement (mostly within 
1 per cent); the data and the theoretical curves are shown in Fig. 44, 
abscissas representing per cents of the lighter gas in tim mixture. 
Schmitt himself, however, had found good agreement of his extensive 
results with Thiesen’s formula, which is equivalent to our (1366). 
More recent work by Trautz and his collaborators § is in agreement 
with the double-quadratic type of formula, eq. (136a), but it is not 
clear how definitely the simpler form (1366) is ruled out. For a given 
pair of gases formula (136a), regarded as an empirical one, has four 
disposable constants in addition to the viscosities of tho pure con¬ 
stituents, as against only two in (1366), and very precise work is 


* Chapman, Phil, Trans,, 217A, 115 (1918). 

t Chapman, Phil. Trans,, 211 A, 433 (1912). 

t Schmitt, Ann, Physik, 30, 393 (1909), 

§ Thautz et al, Ann. Physik, 8, 409 (1920); 7, 400 (1930); 11, 000 (1031). 
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necessary in order to show definitely that all four are needed. For 
practical purposes the simple quadratic expression, 

I , /^A^ fioa-k\ 

„ = , (1366) 

in which iju is a new constant to be determined empirically and ni/n, 
rii/n are the fractional densities in terms of volumes or moles, appears 
to suffice. 

So far as we can see in advance without knowing the relative values 
of the constants, the viscosity for a given mixture might lie either 
between its values for the pure constituents, or above or below both 
of the latter. Cases are actually known in which the addition of a gas 



with smaller viscosity raises the viscosity of the mixture; an example 
is furnished by Schmitt’s data for helium and argon as shown in Fig. 44 
above, according to which, for example, the substitution of about 
40 per cent of helium for an equal amount of argon raises t? from 
2.22 X lO""* for pure argon to a maximum of 2.30 X 10~^, from which 
it then sinks to 1.97 X 10"* for pure helium. In other cases, how¬ 
ever, the viscosity of the mixture has an intermediate value for all 
compositions. 


B. CONDUCTION OF HEAT 

93. The Kinetic Theory of Heat Conduction. When inequalities 
of temperature exist in a gas, heat is transferred by molecular action 
from hotter regions to colder; this process is called conduction and is 
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independent of any transfer of energy that may be going on simul¬ 
taneously by means of radiation. The heat flows in the direction 
in which the temperature falls most rapidly; the maximum rate of 
decrease of temperature is called the temperature gradient. The 
amount of heat (jonducted in a given time is found by experiment to be 
accurately proportional to tlio temperature gradient so long as the 
latter is sensibly uniform over any distance equal in length to a 
molecular mean free path; and the amount of heat that is transferred 
per second across unit area of any small plane drawn perpendicular 
to the direction of heat flow, divided by the temperature gradient, is 
called the thermal conductivity of the gas. , We shall denote the con¬ 
ductivity by K. The gas is assumed to be at rest and in a steady 
state (although, of course, not in complete equilibrium). If the 
x-axis is taken so as to be parallel to the direction that the temperature 
gradient has at any given point in the gas, then across a small plane 
drawn through that point perpendicular to the rr-axis an amount of 
heat E will pass per unit area per second given by 


T being the temperature. 

The qualitative (explanation of this phenomenon in terms of 
kinetic theory is obvious. Moh^ciiles moving from warmer regions 
into colder ones carry with them more heat energy than those moving 
in the opposite direction, and the consequence is a net transfer of heat 
toward the colder regions. To caknilate the conductivity, therefore, 
wo need to study the eruugy carried from place to place by the mole¬ 
cules, just as in treating the pressure and the viscosity we studied 
various components of their momentum. 

94. Simple Theory of the Conductivity. For a first simple attempt 
at a theory, we can utilizti the calculation already made for viscosity 
merely by substituting in it the average heat energy i of a molecule 
in place of mva, the y-momentum of mass motion. If we do this 
throughout in the argument leading up to eq. (118) in Sec. 81, we 
obtain at once for the stream density E of heat energy, in analogy 
with that equation, 

1 2 

// =a — — nMj -r-j 

6 (Lx 

n being the number of molecules per unit volume, 5 their mean speed, 
and L their moan free path. This equation, in comparison with 
the one written down just above, shows us that, since 
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de _ de dT 
dx df dx' 

K = lmL§ 

Kow defdT is connected with the specific heat of the gas^ foi when it is 
heated at constant volume all of the heat supplied must go into an 
ancieaso in tlie eneigy of the molecules, so that nde/dT = pCv, p being 
the density in giams and Cv tho specific heat of a gram at constant 
volume measuied in mechanical units, Hence our simple theory gives 
for tho theimal conductivity of a homogeneous gas 

K^lpvLcu (137) 

or, by comparison with (119) ui Sec 81, 

K ~ rjcv (138) 

These equations aie, of couise, lostiictcd to a larofied gas, as will 
be all of oui lesults on theimal eonduciivity, and this foi two reasons 
In the fiist place, in calculating tho tiansfer of heat acioss a suifaco 
we shall, as we have done hitheito in tieating the momentum, con- 
sidei only bodily convection by molecules that actually cioss tho 
suifaco, ignoiing all foice-actions between two molecules while lying 
on opposite sides of it. In the second place, the heat energy can bo 
expressed as the sum of the heat energies of tho scpai ate moloculcg or 
as w? only so long as there is not on the average an appicoiable amount 
of mutual molecular energy 

Equation (138) is interesting and impoitant, both because it 
involves nothing hut diioclly obsoivable quantities, and also because 
it predicts on the basis of theoiy a relation between physical mag¬ 
nitudes of two cluffcient soits, mechanical and thermal, which wo 
might have expected to be quite umelated. To tost tho equation, 
the cxpeiimental value of the latio K/t^cv for a number of gases is 
given in the table in Sec. 103 below In expiossing K and cv it is 
obviously immateiial what unit of heat Is employed so long as tho 
same unit is employed for both, A glance at the table shows that tho 
piedictcd relation is in agieomcnt with the data at least as icgarcla 
order of magnitude, the maximum value of Kf-^cv bomg only 2 6, 
Equation (138) constitutes, theiefoio, a distinct success for tho thooiy, 
and it is loasonablc to hope that further lofinoincnt of tho calculation 
will introduce a nuinoiical factor into it which will lead to a good 
agieoment with observation. 

In lefinmg the theory we might now follow tho trail blazed by 
O E Moyer some sixty years ago and proceed to introduce corrections 
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for Maxwoll’H law, etc., aa we did for the viscosity. The result, 
however, ia oven less satisfactory here than it was there, for the 
rca.s()n that conduction is a distinctly more complicated process. 
Accordingly, wo shall shift at once to the viewpoint required by the 
otlicr method of attack, which was initiated by Clausius and Maxwell 
and finally carried through to completion by Chapman. Incidentally 
wo sluill bo able to insert for trial the assumption made by Moyer 
and obtain tliereby hia result as well, for the sake of comparison. 

96. Thermal Conductivity of Symmetrical Small-fleld Molecules. 
First Step. Lot us consider as usual a rarefied gas composed of small- 
ftold molecules, which act upon each other only when they come very 
close together. Lot us suppose also that they i)osacs 3 energy of 
translation only, so that the energy of a molecule is e = ^ mvK This 
condition requires that whenever two of them do interact the forces 
must pass through their centers of mass; this can also bo expressed 
by dcsoribing the molecules as spherically symmetrical. Small, 
hard elastic spheres obviously constitute a special case satisfying these 
requirements. 

A general expression for the flow of heat in such a gas is obtained 
from (124) in Sec. 86 if wo substitute in tliat expression 

X — i inv^. 

Let us also change Vi to the a;-axis being taken in the direction of 
the temperature gradient. Wo obtain thus for the amount of energy 
transferred by molecular convection across unit area per second, which 
also equals ~K dT/dx by the definition of the thermal conductivity K, 

11^ (130) 

C(«v 

the sum extending over all molecules in unit volume (more precisely, 
over all in a given volume, the result being then divided by the volume). 
In tlio special case of a homogeneous gas containing n molecules in 
unit volume oacli of mass m, this equation becomes 

-a: ^ ~ i “ Iwa j a*t)y(v) dK, (140) 

whore/(v) is the distribution function for velocities and dK =* dv^ dv^ 
and the integral extends over all velocities. 

The conduction of heat in a homogeneous gas thus depends 
directly upon tlie value of the quantity summed over all molo- 
oulea in the neighborhood of a given point. If the distribution were 
OXftctly maxwellian, this sqm wpuld be Koro, in consequonco of thq 
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symmetry of /, and there would be no conduction at all. The new 
method which we shall follow consists, accordingly, in seeking that 
slightly modified form of / which comes into existence in consequence 
of the temperature gradient; from this we then calculate the value of 
and from this in turn the value of K is obtained. 

For convenience let us split up / visibly into a maxwellian term 
and a correction term, thus: 

/(v) =/o(v) +/a(v), /o(v) = (141a, 6) 

where A and are so chosen that 

JfodK = J‘fdK = l, Jv%dK = Jvj dK, 

the last integral representing v^. Thus /o(v) represents that max¬ 
wellian distribution which would correspond to the temperature 
of the gas as determined by its actual value of v^, whereas /^(v) 
represents a small correction term. By inserting / from (141a) 
into the last two equations we can also obtain equations equivalent 
to them in a form containing/« alone, thus: 

Jf,dK = 0, J'v%dK==0. (142) 

Furthermore, to make the mass velocity zero, as it is assumed to be 
in defining the conductivity, we must have, as an additional condition 

upon f, Jyf dK = 0 or, in terms of components and of /«, 

^'^xfs d/K — ^Vyfs dK ~ ^Vzfs dx ~ 0. (143) 

Finally, when we substitute / from (141a) in (140) /o cancels out of the 
integral by symmetry, and we are left witli 


-K 


dx ■■ 



nm 


V: 


dK. 


(144) 


This equation expresses K in terms of the correction term /* alone. 

For the determination of / we have now the Boltzmann equation, 
(87) in Sec. 51, in which we put F = 0 here because we are dealing 
with the simple force-free case, also d{nf)/dy, d{nf)/dz because con¬ 
ditions are here assumed to vary only in the direction of x, and d(nf)dt 
because by assumption we are dealing with a steady state of heat 
flow. The equation thus reduces here to two terms only and can be 
written, after inserting/ from (141a), 
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^ (n/o) + ^ 


“ax 


djnf) 
_ dt 


ooU 


the term in square brackets representing the effect of collisions. ^ 

In this equation, moreover, the term in nf, can be dropped in 
comparison with the one in n/o, since n/a is a small quantity of the 
same order as the temperature gradient; n/* will probably vary with 
because the temperature does, but the rate of this variation wi 

again be small as compared with nf, itself and will, therefore, 

be a small quantity of the second order, whereas is of the 

first. The dropping of this term is required, as a matter of fact, for 
the sake of consistency, for the whole theory as ordinarily developed 
is limited to the first-order effects of the temperature gradient Un 
the right side of the equation, on the other hand, we can rep ace 
Qr _ 1 _ r fiy /, alone; for the collisions can alter neither the total 
number of molecules nor, in consequence of the conservation of energy, 
the value of v^, and so have no tendency to change the value o jo, 
as is at once evident from our definition of it.^ Accordingly, the equa¬ 
tion reduces for our purpose to the following: 


d(n/») 

dt JooU 




(i«) 


If W (1 then insert /o from (1416), the second member of (145) 

becomes 


t.,^(n/o) 




But « l/T [cf. eq. (56)] and A [cf. eq. (60)]; hence* 


1 d 


P’ 


1. ^4. 

A la: 


3 1 d 


|32 


3 

'2 T dx 


___ 

T dx’ Ala 2^^dx 

Furthermore, since the pressure must be uniform in order to leave 
the gas at rest, nT must be independent of x and so 

1 dn __ _ 1 ^ dT 
ndx T dx 

Inserting all these values into (145) and noting that n is 
by collisions and so can be taken outside of the square bracket on th 

left, we find finally 

• B.6., lor »' - -log, T t oo“t., and difforcutiation yields the rr,..H 
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This equation is now to be solved for /*. 

96. Thermal Conductivity on Meyer’s Assumption. Proceeding 
from this point, we can obtain Meyer’s result if we now assume with 
him that those molecules which collide during each element of time 
have a distribution after collision of the maxwellian type. This 
assumption implies that all molecules after collision pass into the dis¬ 
tribution represented by /o, none of them entering that represented 
by ft. The quantity [n dft/dt]c.& thus contains no gains but only 
losses. In estimating these losses, moreover, we can ignore col¬ 
lisions of the ft distribution with itself because their effect is a small 
quantity of the second order in the temperature gradient. Hence, 
using Meyer’s assumption, we can write for the left-hand member of 
eq. (146) - O^nfs, where 9^ is the collision rate for a molecule moving 
at speed v through the maxwellian gas represented by nfo. If we then 
solve the resulting equation for ft, we find 



This value of ft can now be substituted in (144), and the resulting 
integral can then be evaluated by numerical integration, being 
taken from eq. (104a). The final result of doing this can be written, 
if for comparison that value of the viscosity is brought forward which 
was derived above on the basis of Meyer’s assumption, i.e., 

7j = 0.310 pvL, 

as given in eq. (123) in Sec. 84: 

K = 1.10 TjCv. 

This equation agrees scarcely better with the experimental data 
than does eq. (138) obtained from the simple theory. 

A serious objection to the procedure here outlined, however, lies 
in the fact that the form employed for ft does not make the net flow 

of molecules vanish, as is readily discovered by evaluating J* v^ft dK. 

There would thus be a thermal-transpiration effect, manifesting itself 
by a mass flow of the gas in one direction. Now there may well 
be a tendency for such a mass flow to be set up as a consequence of 
inequalities of temperature, but the absence of mass motion which is 
specified in the definition of the conductivity, and which is actually 
enforced upon the gas by the experimental arrangements when a 
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measurement of the conductivity is made, requires that any such 
mass motion resulting from molecular diffusion must be exactly 
offset by an equal mass flow in the opposite direction. 

In his pioneer calculation Meyer himself followed a procedure 
different in one respect from that just indicated; he brought the net 
flow of molecules to zero by making a suitable choice of the value of 
dn/dx, instead of choosing this latter quantity so as to secure uni¬ 
formity of pressure. Had we done this we should have obtained 
K = 1.5iQr]Cv, a much better result and almost the same as Meyer’s 
own final one, K = 1.603i7Ck. The equality of pressure seems, 
however, to be an absolute essential in order to keep the gas at rest, 
and Meyer’s procedure, therefore, can scarcely be defended. The 
net flow of molecules must in nature be balanced out in consequence 
of the existence of a form of fa different from the one that we have 
here assumed. 

We shall return, therefore, to our differential equation for /« and 
seek a solution of it that keeps the net flow of molecules zero. 

97. Thermal Conductivity: Second Step. The most direct pro¬ 
cedure in attempting to solve eq. (146) for fa would be to insert in 
it the value of [6>//di!]oou given by eq. (43) in Sec. 25 and then to 
endeavor to solve the resulting integrodifferential equation for /«. 
This rather formidable undertaking has seldom been attempted, 
however. The Maxwell-Chapman method proceeds by a sort of 
flank attack. 

The expression in the right-hand member of (145) or of (146) 
represents, as is clear from its origin in the process of deriving the 
original differential equation for nf, a steady inflow of molecules dis¬ 
tributed in velocity in the manner exhibited by that expression in 
(146); thus, molecular convection is continually tending to build up a 
distribution of the form 

nfa = (147) 

a being a constant of proportionality.' Here negative values of 
can be regarded simply as representing missing molecules that would 
have been there had the distribution been uniform and maxwellian 
throughout. This distribution is then at the same time being con¬ 
tinually transformed by collisions-in the direction of a maxwellian one, 
and the existing steady form of /« is that form for which these two 
opposing influences are in balance. 

Now Enskog showed* that we could infer a good deal in regard 
to the final form that must assume, from the nature of the inflow 

* Enskog, loc. dt. 
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distribution/' and from the symmetries of the situation. The function 
/' is of the type 

/; = V:.F{v^), (148a) 


and we can show that under the influen^ of collisions this type of 
function is invariant except for1a*possible change in the form of the 
function F. 

To show this, consider the way in which collisions between the /« 
and the maxwellian /o distributions change the distribution of veloci¬ 
ties during a time dt; collisions of /' with itself need not be included 
because /' is small. Select any element cZk' in velocity space about a 
velocity v' making an angle a' with the v^-axis (cf. Fig. 45) and another 

element die about a velocity v making 
an angle a with v* and an angle 6 with 
v'. Then the latter element, d/c will 
container/' d/c molecules out of the /' 
distribution, and their collisions with 
/o willjthrow into dK' during dt a number 
of molecules which will be proportional 
to nf' dK, to dK' and to dt, but which 
will otherwise depend, because of the 
properties of the scattering process, only upon the magnitudes of the 
velocities v and v' and upon the angle 6 between their directions. 
Let us write for the number thus thrown into d/c' 



w'j &) dK' dK dt. 

The total number of molecules thrown out of /' into d/c' by all colli¬ 
sions will then be 


dN = n dK' dtj f' g{v, v', 9) dK 
integrated over all values of v. 

We wish now to show that the new distribution represented by 
diV/dfc' as a function of v' is again of the form (148a). Let us introduce 
polars with the direction of v' as their axis and write in terms of these 
dfc = sin 6 dd dip dv. In expression (148a) for /' we can write 
»» == r cos a; and by projection we readily find that, if the polar azimuth 
is measured from the plane containing v' and the Waraxis, 
cos Q! = cos 5 cos a' + sin 9 cos cp sin a'. Hence 

dN ~ n dK' di J*J* J*v®(oos 6 cos a' + sin 9 cos ip sin a') 

. F{v^) g(v, v', d) sin 6 dd dp dv 
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integrated over all of velocity space. The (p integration gives at 
once r cos (pdp = 0, d<p =? 27r, whence 


dN = n dK' dt cos a' JJv^F(v^) g{v, v', 6) sin 6 cos 6 dd dv. 


The integral now represents a function solely of v '; and we can write 
cos a' — xs'Jv'. Thus dN has the form, w' times a function of v', and, 
accordingly, has the same general form as had /'. We may conclude, 
therefore, that collisions may at most tend to change the form of the 
function 

A plausible first guess is now that perhaps there is, after all, no 
change even in and that the final form of is the same as that 
of the inflow distribution/' itself, which is given by (147). If this is 
so, we can write 


/. = Cv.ii- - (1486) 

where C is a constant to be determined. Such a value of /, satisfies 
the requirement that the net flow of molecules must vanish, for with 
this form of /, 


J*«*/ dK = jv^s dK = cj*y^(| — = 0 

(cf. table of integrals at the end of the book). 

In the hope of obtaining a good approximate value let us calculate 
the conductivity using this assumption for/^. The constant C we shall 
choose so as to secure the best approximate fit to eq. (146), which is 
the equation determining /«. 

•The novel feature in Chapman’s work was the method of making 
such an approximate fit by multiplying the equation through by a 
suitable function and then integrating over all velocity space; this 
procedure greatly facilitated the handling of the left-hand member. 
For this purpose it is natural to employ the same function, v^v^, whose 
sum determines the conduction of heat [cf. (140)]. Treated in this way 
the left-hand member of (146) becomes 


. .0 


VxV^ 

_ i 


dK. 


This expression is easily seen to represent the rate of change by colli¬ 
sion of summed over all molecules in unit volume, which can 

also be written jvj}^SdK or j'v^.vJadK; this rate of change we shall 
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denote by DXvxV^. The entire integrated equation can then be 
written 

y 

D Sv^ = -^ ^ f vy(^ - dK. (149) 

This equation may be regarded as a special case of a general trans¬ 
port equation worked out iDy Maxwell for any molecular magnitude 
Q, in analogy with the Boltzmann differential equation for / itself, 
and Chapman's method was originally developed with that equation of 
Maxwell’s in mind. Its general form, for a gas at rest and free from 
external force, is 

the bar denoted an average for all molecules in the neighborhood of 
any given point. In our case Q — Vxv"^. 

In order to proceed we have now to calculate D'SvxV^- 

98. Effect of One Collision upon SVjtV^. In calculating 
we can ignore collisions between any two molecules of the /o dis¬ 
tribution; for such collisions, being the same as the collisions in a max- 
wellian gas, can have no tendency on the whole to alter I^VxV^, which 
remains permanently zero in the maxwellian case. Collisions between 
two molecules both belonging to f^, moreover, can likewise be ignored 
as a second-order effect. Thus there remain for consideration only 
collisions between/* and/o. 

Let us begin by considering a single collision between a molecule of 
/* moving with velocity Vi and one of /o moving with velocity Vg and 
find the effect of this collision upon the contribution made by these 
two molecules to hVxV^. 

To obtain general expressions for the components of velocity of 
these two molecules after the collision, let us introduce the velocity of 
their common center of mass u and write w for the vector relative 
velocity between the first and the second. We shall assume for the 
moment that the molecules have unequal masses mi and Wa, in order 
to make the formulas useful in other connections. Then 



u = 

Ml 


MiVi -f- MaVa, 

: 

mi + ma 


w 


M2 


= Vi - Va, 
mi 

mi + mi 


in terms of which (cf. Fig. 46) 


(160) 


Vi = U -f M2W, 


Va = u - /iiw. 


(151a) 
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The effect of a collision is now merely to rotate the relative velocity 
w through some angle 6 into a new position W without changing its 
magnitude, while u remains unaltered. Hence for the new velocities 
after collision we can write 

Vi = u + /x2W, V2 = u-~iUiW; W==w. (1515) 

(Cf. Sees. 23 to 24. Of course, W is usually not in the same plane with 
Vi, V 2 , and w.) 

The results of squaring Vi and Va can now be handled more neatly 
if we employ the notation of vector analysis. For this purpose we 
need only the scakr product, which for two 
vectors A and B is denoted by A • B and 
defined thus: 

A-B == ABcoh (A, B) = 

AxBx 4 “ ApBy + AxBg, 

A and B denoting the magnitudes of A and 
B and (A, B), the angle between their 
directions; the last expression is obtained 
by noting that if I m n, I'm' n' are the direction cosines of the direc¬ 
tions of A and B, respectively, then 

cos (A, B) = IV + wm' +• nn', 

and lA ~ A#, VB » B«, etc. As special cases A • A == A^ and 
(A + By = (A + B) . (A -h B) = A2 4- 4- 2 A • B. 

The change in produced by the collision is then, obviously, 

= VixVl + V 2 .VI - v,xvl 

Substituting from (151a) and (1516), in which we now put mj ™ m 2 
because we are at present dealing with a homogeneous gas, and then 
multiplying out and using the vector formulas, we obtain from the last 
equation for the effect of one collision 

| + | w)^ 4- (w« - i TF*)(u ~ | Wy 

— (tt. 4” i wj<»)(u 4 I w)2 ~ — I w„)(u — I w)2 

or 

= WxU • W -- WxU • w. 

99. Average of the Effect on ^v.v^. As the next step in the cal¬ 
culation we can now conveniently average the expression just obtained 
for A'ZvxV^ over all positions of the plane containing the angle 0 between 
w and W. All positions of this plane are equally probable when vj 
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and V 2 and hence w have given values, in consequence of the symmetry 
of the scattering process. Let us write 

W = w cos ^ + r 

where r is perpendicular to w (cf. Fig. 47). Then we can imagine the 
average in question to be taken as the vector r revolves at a uniform 
rate in a plane perpendicular to w while retaining the constant mag¬ 
nitude r = W sin d = w sin 6. 

Inserting the value just written for W, we have as the effect of one 
collision 


cos e -h rx)u • (w cos 6 + i) - w^u • w 
= —WxVi : w sin® d -f- r^u • w cos 0 + w^vl • r cos 0 + • r 

after multiplying out. Here the second and third terms on the right 
average to zero because any component of r does. The last term, 

r^u • r, is quadratic in r, however, and 
requires special study. 

Let us resolve r into two rectangu¬ 
lar components in fixed directions 
perpendicular to w, writing 



then 


r*u-r 


r = n + r 2 ; 


• ri -I- ri*u • r2 + 

r2»u*ri + r2*u-r2. 


Now for a given value of tu negative and positive values of 12 occur 
in pairs with equal frequency (e.g., OA and OA' in Fig. 47), and simi¬ 
larly for rza and rr, hence the middle two terms average again to zero. 
Furthermore, if we denote by Ui, U 2 components of u in the directions of 
Ti and 12 , respectively, and by k, k the cosines of the angles between 
these directions and the x-axis, 

rixVL • ri = ri^riwi == hrlui; 

and r\ = r® cos® (r, ri) = ty® sin® B cos® (r, ri) and averages vA sin® d 
as r revolves (since as an angle tp varies uniformly the average of 

^ cos® (p d<p/ I dip = )^). The term r 2 »u *12 can be simi¬ 
larly treated. Hence the average of r* u • r reduces to 
I w^(liUi -f- I 2 U 2 ) sin® 6. 

This expression can be converted back into cartesian components 
in the following way. If Uv, denotes the component of u in the direc- 
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tion of w and Iw the cosine of the angle between this direction and the 
ic-axis, 


whence 

and 


Use — liUi •-{“ I2U2 IwUiB* 


llUl d" I2UZ — Ux Iw'^w} 


wlw = Wx, WUw = wu cos (u, w) = U • W. 

For the average of r* u • r we have, therefore, 

^ 4- Z2W2) sin^ 6 = ^ (uxW^ — • w) sin^ d. 


Thus, finally, writing AXVxV^ for the average of AXVxV^ as the result 
of a collision between molecules of velocity Vi and V 2 , we have 

'KliVxV^ = (i- UxW^ — -| w»u • w) sin^ 6. 

100. Total Effect of Collisions on SVaV®. The next step is to sum 
over all collisions between the fa and/o distributions. Of the/a 
molecules, n/«(vi) d/ci in unit volume have velocities lying in a range 
dKi about Vi, and of the/o ones nfoivf) dK^ lie around va; of the former, 
nwfsivi) dKi cross unit area per second in their motion relative to the 
second group. Hence in terms of the scattering coefidcient G defined 
in Sec. 68 above [cf. eq. (107a)] there are 

2vn'^w G{w, d) fai'Vi) /o(v 2 ) sin 6 dKi dKz 

collisions in unit volume between/a and/o molecules which result in a 
rotation of the relative velocity through an angle between 6 and 6 Ar dd; 
G{w, d) is written here because G will in general depend upon the rela¬ 
tive velocity. Multiplying this expression by ASy^y® and integrating 
the result over Vi and Va and over 6, we have then for the total change 
in hVxV^ made by all collisions in a second: 

DhVxV^ = 27rn^j*J*J^w{AlVxV^) G{w, 6) /,(vi) foivf) sin 6 dd dKi dKi. 

(152a) 

This integral is most easily evaluated if we change variables from 
Vi and Va to u and w. From (151a), in which again we put ju = |, 

vix = w» + hwx, Vix = Ux — ^Wx, etc.; 

*If we think for the moment in terms of new axes in the directions of 
Ti, Ti and w, a unit vector in the original ^-direction has components h, h, ?«,, hence 
its scalar product with u, which equals the old -u*, also equals hi.ii + l»Ui+ Ltiv,. 
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Vi. Vi — _j_ 1 ^2 ^ J — ti. vir, 

1/I dUx dwx, where J stands for the 


and in any integral dvixdv^ 
Jacobian 


/Vix, ?^2a; j 

1 i 

■*■ 2 

\Ux, WxJ ~ 

1 _1 

J- 2 


J 


A similar result holds for the y~ and 2-components. Hence, insert¬ 
ing also the value found above for A 'LvxV'^ and the expressions for /« 
and/o obtained by changing v to Vi in (1486) and to Va in (1416), 

w[\UxW'^ - WxiUxWx + l^Wy + U^Wi)] 
[Ux + i irx][| - -f 1 ^^2 _jl 

G{w, Sins q dux duy du^ dWx dwy dw^, (1526) 

u-w being here written out in cartesians. The reduction of this 
septuple integral is a straightforward but somewhat lengthy process 
and we shall omit most of the details. After separating it into simple 
parts by multiplying out, those few terms which do not at once go to 
zero by symmetry are easily integrated with respect to u with the 
help of the table of integrals in the back of the book. The resulting 
expressions can then be reduced to an integration over the two vari- 

t nil? ? i^“ng in place of t., i.. polar coordinates in 

p ce, w 9 ,p , and then carrying out the integrations over 9' and 

irrJnHH. r7 depend upon a single 

irreducible one, which we shall write in the form 


Sx 


[So ^ 

^So [X ^ 


dw 
dx 


(153) 


sl'cZen^rdefin-^.^ f The constant factor has been 

G = 1^2 as in spheres, for which 

cross-section ^ T? 1^1 ordinary collision 

+ X X 7 . This quantity, which also occurs in the analogous 

calcSScr.; TZt 

The final result obtained in this manner, after inserting A = 
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D ■Sv.v^ = I n^S,/y. (lS4a) 

It is interesting to compare with this rate of destruction of XvxV^ 
the value of the latter quantity itself; as found from (144) and (1486) 
this is 


2vxV^ = nC 






4 iS’ 


nC. 


If we insert the mean speed v = 2/(Vx/3) we have, therefore, 

_ _ 16 -o _ 8 y 

15V2^^“^" 151~' 


(1546) 


where L„c = 1/ (:\/2nSv^ and would represent the mean free path if 
Sve had the significance of an ordinary , collision cross section. 

According to this last equation, if the quantity YlVxV^ underwent 
no change except by collision, and if /« retained always the form that 
we have assumed for it, then 'Lvxv'^ would die out exponentially, about 
half of it disappearing in a time L^Jv or roughly the time taken for 
each molecule to make one collision. Maxwell showed that in the 
special case of molecules, repelling according to the inverse fifth power 
of the distance TiiVxV^ would decay at the rate just found regardless of 
the form of /«. In any case this result serves to give us some idea of 
the great rapidity of the process discussed in Sec. 32 in Chap. II, by 
which departures from Maxwell's law are ordinarily smoothed out. 
As an example, in air at 15®C and 1 atmosphere (L = 6.40 X 10“® cm, 
V = 4.59 X 10"* cm/sec) equilibrium is practically restored in a 
billionth of a second, but at a pressure of lO”^ cm Hg nearly a thousandth 
of a second is required, and at 10“® cm Hg nearly a second. 

101. Thermal Conductivity: Final Approximate Formula. The 
value which DUtVxV^ must have to keep the state of the gas a steady one 
is given by eq. (149). This equation contains the same integral as 
occurs in the expression just given for XvxV^ and so reduces to 


D'SvxV^ 


4/37 T 


(154c) 


Insertion of this value of in (l54a) would now give us C, but 

our main objective is reached more quickly if we insert it into 

(1546) and so obtain, after putting A — 


75 V2 dT 
64 S^8,oTdx' 
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This value of can then finally be inserted in (140) in order to 
obtain the value of the thermal conductivity K. In doing this it is 
convenient also to replace one factor, I// 32 , by in terms of the 

mean speed v and the remaining I //32 by 2 ^ 2/3 [cf. eq. (656) in Sec. 30J. 
If we wish, we can also go farther and eliminate T, as we did pre¬ 
viously, by means of the fact that the specific heat at constant volume 
of the monatomic gas under consideration is simply its mean trans- 
latory energy per gram divided by the absolute temperature 
Cy = ^ v^f T ; and it may also be interesting to insert again 

which would be the mean free path if the molecules were spheres. In 
this way may be obtained the following expressions for the conductivity: 

rr _ 25t mvv^ _ 257r . . 

128 SvcT ~ 64 (155cs) 

where p = nm, the density in grams. Comparing this value of K 
with that obtained for the viscosity t; by the same approximate method, 
which is stated in eq. (1566) below, we find also: 


K = i-r]Cv. (1556) 

These formulas may now be compared with those furnished by the 
simple theory of heat conduction. The numerical factor in (155a) 
has the value 1.23 as against ^ in (137) in Sec. 94 above, so that our 
value^ of K is nearly four times that furnished by the simple theory 
(provided we naay overlook the difference between L and I/^«, which 
would be identical for hard elastic spheres anyhow). In a’similar 
way (1556) differs from (138) in Sec. 94 by a factor of W- Part of the 
latter increase is clearly due to greater persistence of XvxV^ after 
CO ision thm of the quantity Zv^Vy, upon which viscosity depends, 
for the coefficient in the “relaxation' rate’' is only ^5 in eq. (1546) 
above as against ^ in eq. (156a) below. The remainder of the 
increase up to appears to be due to correlation between high values 

of the Imetic energy, j mv\ and high rates of convection for high 
values of v. ® 


ProWm. Apply the preceding method to the treatment of 
cosi y. e principal equations obtained in doing this are given 
below, each preceded by the number of its analogue in brackets: 


[140] 


dVOy 

-17 = mZvxVy-, 



Sec. 102] VISCOSITY, THERMAL CONDUCTION, DIFFUSION 179 


[146] 


at a point where vay = 0—elsewhere Vy must be replaced by {vy 
in this and the following equation; 

— VQy ) 

[1486] 

/, = CvxVye-^'‘'’\ 



AlVxVy = 1 (WxWy - WxWy), 

AhVxVy = — I WxWy sin^ d, 


[1546] ' 

DlVxVy 4 ^ /H _cr 4 y 

2VxVy gVSW/S.o- 

(156a) 


Stt mv Stt _ j. 

’ - 32v^S., - 

(1566) 


dvoy 




Here t? is the coefficient of viscosity, p the density, and v the mean 
molecular speed, whereas L„c = l/{-\/2nSvc) and S^o is the collision 
cross section for viscosity and heat conduction as defined in terms 
of the scattering coefficient by eq. (153) above. The value of the 
coefficient in (1566) is 57r/32 = 0.491. 

102. Final Correction of the Conductivity Formula. The formulas 
just obtained represent still only a first approximation to the correct 
ones, since we employed a special assumption as to the modified veloc¬ 
ity distribution, using/, as given in (1486) instead of the more general 
form given in (148u). The error arising from this assumption was 
examined by Chapman in a later paper.* His method was equivalent 
to expanding F{v^) in powers of v^, then substituting the form of /, 
thus obtained in eq. (146), and finally integrating this equation after 
multiplying it in turn by various functions, whose individual rates of 
destruction by collisions were calculated much as we did that for 
liVxV^. In this way he obtained an infinite number of linear equations 
for the determination of the coefficients in the expansion of F(v^), as 
a generalization of our single equation for the determination of C. 
The final result of his rather laborious calculations was only to replace 
our (155a, 6) by 

where a and 5 are very small numbers. In the case of repulsion 
according to the inverse fifth power of the distance, which by 
mathematical luck is easy to handle and was exactly solved long ago 
bv Maxwell, a and 5 are both exactly zero, so that in this case our 

* Chapman. Fhil. Trans., A 216, 279 (1916). 
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approximate formulas are exactly right; for repulsion according to 
higher powers a and 5 are small positive constant.s, rising for hard 
elastic spheres to their maximum values: a = 0.026, 5 = 0.010 (0.009 
according to Enskog). It seems safe, therefore, to conclude tliat (155c) 
will hold with very small positive values of a and 5 for classical point- 
mass molecules having any type of field that is likely to occur in nature. 
In all cases, therefore, our own approximate values as given in (155a) 
and (1556) must themselves be very nearly correct. 

103. Comparison with Observed Conductivities. It remains now 
to compare these formulas with the results of experiment. Accord¬ 
ingly, observed values of the quantities involved arc given for a number 
of gases in the table below. Some of the viscosity values are extra¬ 
polated from data in the sources cited under the table following Sec. 86 
the remainder and the other data are taken from various tables. 
The temperature is in aU cases 0°C. Except where stated, Cv is cal¬ 
culated as Cp/y. 



V 

K 

Cv 

y 

K 

77 c V 

~ (9t ™ 5) 

Unit. 

(10-^ 

10~3 cal 

cal 





c.g.s.) 

cm sec deg 

gdeg 




Helium. 

1875 

0.344 

0.753 

1.600 

2.44 

2.485 

Neon. 

2986 

0.1104 

0.150 

1.64 

2.47 

2.44 

Argon. 

2100 

0.0387 

0.0763 

1.67 

2.42 

2.51 

H 2 . 

840 

0.416 

2.40 

1.410 

2.06 

1.92 

Na. 

1664 

0.0566 

0.178 

1.406 

1.91 

1.91 

O 2 . 

1918 

0.0573 

0.156 

1.395 

1.92 

1.89 

H 2 O at 100°C. 

1215 

0.0551 

0.366 

1.32 

1.24 

1.72 

CO 2 . 

1377 

0.0340 

0.151 

1.31 

1.64 

1.70 

NHa. 

915 

O’iOSM 

0.401 

1.32 

1.40 

1.72 

CH4, methane. 

1027 

0.0718 

0.400 

1.31 

1.75 

1 70 

C2H4, ethylene. 

948 

0.0404 

0.282 

1.25 

1.51 

1.66 

C 2 H 6 , ethane. 

854 

0.0428 

0.325 

1.23 

1.54 

1.62 


^ ~ tnermai conductivity, cr = specific heat at constant 

~ constant pressure, all at 0"C except in the 

We note at once that the ratio K/-qcr ia close to the approximate 
theoretical value of 2.500 for the three monatomic gases mentioned in 

in the case of argon, however, probably 
exceeds the experimental error, although in the case of the conductivity 

rather large. Argon seems to deserve further 
experimental and perhaps theoretical study. 

















Sec. 104] VISCOSITY, THERMAL CONDUCTION, DIFFUSION 181 

For all other gases K/rjCv is much less than 2.5. A possible cause 
of its departure from this value presents itself immediately, however, 
in the fact that the energy of complex molecules must include other 
forms than mere kinetic energy of translation. This point we shall 
proceed at once to investigate. 

104. Conduction of Heat by Complex Molecules. In the theory 
of conductivity as developed up to this point account has been taken 
only of the translatory energy of the molecules. Now if the internal 
energy always stood in a fixed ratio to the translatory, our final formula 
for thermal conductivity as expressed in terms of the specific heat by 
eq. (1556) or (155c) ought still to hold, since the presence of the internal 
energy would raise both the heat energy and the conductive flow of 
heat in the same proportion and would therefore have the effect 
of multiplying K and Cv by the same factor. Closer consideration of 
the processes involved in heat conduction raises doubts on this score, 
however; for we have found the conductivity to be greatly enhanced 
by the fact that those molecules which move about most actively are 
also the ones that carry the largest amount of translatory energy, but it 
is by no means certain that they will also carry more than an average 
share of internal energy. It might well be that the internal energy 
is propagated at a less rapid rate than is the translatory, and any differ¬ 
ence of this sort would obviously have the effect of lowering the con¬ 
ductivity without altering the specific heat. 

The question can be settled theoretically only by investigating the 
rapidity with which collisions produce the interchange of energy 
between its various forms. Not much progress has been made as yet, 
however, along such lines. The theory of conduction has scarcely 
advanced beyond a simple suggestion made by Eucken* inl913. 

Starting from the observation that the ratio of the rate of propaga¬ 
tion of energy in the conduction of heat to the rate of propagation 
of momentum in the production of viscosity might well have different 
values for the different types of molecular energy, Eucken suggested 
that we might perhaps come close to the truth if we assumed the ratio 
of these rates for the internal energy to have the value predicted for it 
by the simple theory of both phenomena, in which no allowance is made 
for persistence of velocities, whereas for the translatory part of the 
energy the more elaborate theory should hold. 

To develop this idea in quantitative form, let us divide the specific 
heat at constant volume Cv into a part cvt representing changes in the 
translational energy and a part cvi arising from the internal energy; 
we can divide K into two corresponding terms representing the respec- 

♦ Eucken, Phys. Zeits., 14, 324 (1913). 
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tive rates of transmission of these two kinds of energy. Then, accord¬ 
ing to Eucken, for the internal part of K eq. (138) in Sec. 94 should 
hold, at least approximately, with Cv replaced by whereas for the 
translational part eq. (1556) should be very nearly true with Cv replaced 
by cvt, and for the total conductivity we should have 

K = Cvt + Cy,•)’>?• 

Now, Cvi = Cv — Cvt, and we shall find later that for a perfect gasi 
cvt = [cf. (203) in Sec. 142 below]; hence we can also write 
K = {^R + Cvh- But for a perfect gas R = Cp — Cv = {j ~ l)cv in 
terms of y, the ratio of the specific heats at constant pressure and at 
constant volume (cf. Sec, 141). Hence, according to Eucken, 

if = i (97 - 5)vcv. (157) 

To test this formula values of I (97 — 5) are shown in the table of 
conductivities on page 180, in the column after the observc^d values of 
K/i)Cv. The agreement in general is surprisingly good, in view of the 
crudeness of our reasoning, and seems to justify the conclusion that 
there must be a great deal of truth in Eucken’s assumption. 

106. Properties of the Conductivity. The first value of K giv(ui 
in eq. (155a) indicates that at a given temperature tlu^ (‘.onduotivity 
should, like the viscosity, be independent of the density, for should not 
vary with the frequency of the collisions so long as their individual 
character remains unaltered. The complete theory of Chapman and 
Enskog leads to the same result. 

This rather surprising conclusion was drawn from the theory by 
Maxwell in 1866 and was soon verified by Stefan (1872) and others. 
It cannot be expected to hold at high pressures, of course, and it imist 
fail when the pressure becomes so low that the mean free path is com¬ 
parable with distances in which the temperature gradient varies 
appreciably, or with the dimensions of the gas-filled space. The range 
of pressure allowed by such conditions is sufficient, however, to make 
the fact of importance in some types of vacuum work. In a 10-cm 
tube containing air, for example, the pressure must be reduced to less 
than 0.001 mm to obtain much benefit in the way of diminished loss of 
heat by conduction through the air. 

On the other hand, all of our results predict an increase of the con¬ 
ductivity with temperature. In the case of monatomic gases, in fact, 
the first expression given for K in (155a) or (155c) suggests that it 
should vary in exactly the same way as does the viscosity, since in those 
expressions v^/T is constant and the remaining variables are the same 
as the ones that appear in the first expression given in (1566) for the 
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viscosity. In a monatomic gas, therefore, the thermal conductivity 
and the viscosity should be proportional to each other. Now the 
experimental study of conductivity at various temperatures has not 
been carried out to the same extent as has that of viscosity, because of 
the greater difficulty of making reliable measurements, but the existing 
data do indicate a fairly close parallelism between the temperature 
coefficients of these two quantities. The conductivity of all gases 
increases, therefore, like their viscosity, at least more rapidly than the 
square root of the absolute temperature. 

For example, the observations of S. Weber on neon* yielded the 
result that within 2 per cent its thermal conductivity is proportional to 
7’°-^ between — 181°C and 106°C, whereas the viscosity, according to 
the value of n' in the table at the end of Sec. 90 above, is roughly 
proportional to over a similar range. Rather extensive observa¬ 
tions of conductivities at various temperatures were made by Eucken;t 
some of his results and some values of interesting ratios given by him 
are shown in the table on page 184. If the conductivity K and the 
viscosity varied in the same way with the temperature, the ratio 
KfMn/KmVT would be unity. According to Eucken’s data this ratio 
shows some variation with 7, even for the monatomic gas helium, but 
the variation in the ratio is at least much less than the total changes 
in K and ij themselves. The same statement holds for the ratio KItjCy. 

Finally, if we turn to the conductivity of a mixture of different kinds 
of gas, we readily reach the conclusion that the simple theory suggests 
formulas which can be obtained from (135a) or (1356) in Sec. 92 
merely by replacing rjhjK throughout. In the fully corrected theory 
of monatomic gases these formulas are replaced by very complicated 
expressions which we shall not write down. For a mixture of polya¬ 
tomic molecules no accurate theory exists. Perhaps all practical needs 
can be met by a simple quadratic expression, which for a binary mixture 
can be written 

« 

K ^ 

in terms of the conductivities Ki, K% of the two constituent gases when 
pure, ni/n and n^/n being their fractional concentrations in terms of 
volume or moles and K ^2 a new constant to be determined empirically. 

Experimentally it is found that in many cases the still simpler 

mixture rule holds, K = iTi— + 1 ^ 2 —; but in other cases it does not. 

n n 

* Webbe, Commun. Leiden SuppL, no. 42a (1918). 

fEucKEN, Phys. Zeits., 12, 1101 (1911); 14, 323 (1913), 
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Gas 

T (abs.) 

Kt 

iTara® 

KinVT 

{K/r}Cy)T 

(K/'riCY)m° 


373° 

1.193 

0.961 


He 

194.6 

0.788 

0.983 


81.6 


0.930 

0.93 


21.0 

0.155 

0.843 

0.84 


373 

mEM 

■m 


Ar 

194.6 





90.6 


■■■ 

1.03 


194.6 

0.774 

0.980 

1.07 

Ha 

81.5 

0.335 

0.754 

1.15 


21.0 

0.0813 

0.760 

1.21 


373 

WmM 

0.996 


Na 

194.6 


1.003 



81.6 


0.965 

1.04 


373 

1.303 

1.006 


Oa 

194.6 

0.745 

0.988 

1.02 


81.6 

0.302 

0.900 

(0.91) 

O 

P 

373 

1.495 

1.109 


194.6 

0.656 

0.88 

1.02 

CH 4 (methane) 

194.6 

91.5 


0.912 

0.924 


C 2 H 4 (ethylene) 

200 

0.626 

0.803 


CaHs (ethane) 

200 

0.631 

0.826 



Euchen’s data: K = conductivity, rj = viscosity, cy — specific heat at constant 
volume; the subscript specifies the absolute temperature T. 


For example, mixtures of ammonia and air or of steam and air may 
have a thermal conductivity 5 to 10 per cent above that given by the 
simple mixture rule.* 


C. DIFFUSION 

106. Diffusion. When a gas contains two or more different kinds 
of molecules whose relative densities vary from point to point, a process 
called diffusion is observed to occur in such a way as continually to 
diminish the inequalities of composition. The explanation of this 
phenomenon by kinetic theory is immediately obvious: in consequence 

* Gbhss and Schmick, Tfm. Abh. Siemens-Konzern, 7, 202 (1928). 
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of thermal agitation more molecules of a given kind travel from regions 
rich in that kind to regions of scarcity, than travel in the opposite 
direction, and this process tends to smooth out inequalities of distribu¬ 
tion. The net flow of each kind of molecule will obviously occur in 
the direction of its negative density gradient, i.e., in the direction in 
which the density decreases most rapidly. 

In preparation for a theoretical investigation of this phenomenon we 
shall first review briefly the customary manner of describing it in 
quantitative terms. We shall confine ourselves, however, to binary 
mixtures containing just two kinds of molecules. To express the rate 
of diffusion it might be thought that, in general, two coefficients would 
be necessary, each having reference to the motion of one constituent; 
for example, in a mixture of hydrogen and carbon dioxide, the hydrogen 
would be expected to diffuse much more rapidly through the carbon 
dioxide than does the latter through the hydrogen because the hydrogen 
molecules have thermal velocities more than four times greater. From 
one point of view this expectation is perfectly correct. If, however, 
nothing more than these two processes were involved in the phenom¬ 
enon of diffusion, a greater volume of hydrogen would be transferred 
in one direction than of carbon dioxide in the opposite, and the gas 
would thereby be caused to move bodily toward one side. The 
experimental conditions under which diffusion is studied usually 
preclude such bodily motion of the whole gas; and in other cases it is 
more convenient to treat such a mass motion as a separate phenomenon, 
to be handled by the usual methods of hydrodynamics. 

Accordingly, a pure case of gaseous diffusion is arbitrarily defined to 
be one in which any tendency of either constituent to move with exces¬ 
sive rapidity toward one side is offset by a mass current of the whole 
in the opposite direction, this current being of such a magnitude that 
the total net transfer of gas, as measured in terms of volume, is zero. 
The mass velocity of the gas as a whole is then considered to be zero. 
The transfer of volume is thus balanced out by definition, but there will 
usually be a net transfer of mass in one direction. In defining the mass 
velocity of a diffusing gas we are compelled to choose between a 
criterion in terms of volume and one in terms of mass, and the advan¬ 
tage seems to lie with the former. 

107. The Coefldcient of Diffusion. In perfect gases, to which our 
attention will be confined, volume and number of molecules are pro¬ 
portional to each other by Avogadro's law, so that zero transfer of 
volume means zero net transfer of molecules by number. Accordingly 
it is convenient to define the coefficient of diffusion for a mixture of two 
gases in the following way. 
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Let the numbers of the two kinds of molecules per unit volume be 
ni^and na, respectively, and the total number in unit volume 
+ n 2 . Then for equilibrium the pressure, and hence n, munt 

d^awn in the direction of the 

concentration gradient, we must have 


dni 

dx 


dn2 

dx 


l^'kl 

m\dx 


1 dp2 
7)12 dx ’ 


Sdf ® Rases and 

i> 2 eir molecular masses. A simple case of this sort is exhibited 
graphically m Pig. 48 . exmoired 

Now let r,, Ta denote the (algebraic) net number of molecules of 

- —_J2_ _ pass per second toward 

across unit area of a macroscopic- 
a y small plane drawn perpendicular 
to the concentration gradient, and let 
the conditions be such that Pg == —IT. 

—---p Sas is not perfect it would per- 

Fig. 48.--Coaceivtration gradients. be more Convenient to reouirp t hH f 

the two directions should be --bers tranl^d “n 

V*- -!“ 

miKture of these two gases is defined by the equations 



Ti 


- n ^^1 
^ dx’ 


■r\ d^lf^ 
1^' 


(158) 

~ “ <=“ be 

we understand %, m to denote concentrTt* conditions provided 

The numbers of gmms of the fwn ^ expressed in those terms, 

area per second, on the other transferred across unit 

-d in general these qua^Tetreq^h' 

usually employed di^^tly; '“fuations are not 

from the current densities P whirh ^ ^ J^^tageous to pass at once 
differential equation f a 

of doing this is similar to that emnlnt niethod 

^erentiai equation for nf. In the sinfoU ^ obtaining the 

tions vary only in the direction of a; JetP ^ ooncentra- 

sent the values of the stream density of the fi 

planes perpendicular to the a: ^ points on two 

:^-axis and separated by a distance dx. 
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Then this kind of gas is accumulating between the planes at a rate equal 
to the negative difference between these two expressions, or at the rate 
of 



molecules per second per unit area of the planes, by (158). This rate of 
accumulation is also represented, however, by (dui/dt) dx, the volume 
of the space included between the planes being dx for each unit of the 
area. Hence we have 

^ = A.(n 

dt dx\ dx /’ 
or, if D is constant or practically so 

dni _ ^ d^Ui 

dt ^ dx^ ■ 

When ni varies in three dimensions, the latter equation takes the more 
general form 

^ — n( 4 . 4 _ 

dt ^\dx^ \ dy^ dz^)' 

In all cases there exists likewise a similar equation for The diffu¬ 
sion coefficient D is often defined as the coefficient that occurs in these 
differential equations, under such conditions that the net transfer of 
molecules in any direction vanishes, Just as the thermal conductivity 
is sometimes defined as the constant that occurs in the analogous and 
mathematically identical equation for the temperature in an unequally 
heated body. 

Problems. 3. Show that if Dx denotes the coefficient of single 
diffusion of one gas through another and that of the second through 

the first (i.e., —Di is the number of molecules of the first gas crossing 

unit area per second under such circumstances that on the whole none 
of the second gas crosses at all), then 

Dx = -D, D2 = ~D. 

2. A slender jar has some alcohol in the bottom while across the 
top a light breeze blows gently enough so as not to disturb the air 
inside the jar but rapidly enough to keep the density of alcohol vapor 
practically zero at the top. The temperature is 40®C, the pressure is 
1 atmosphere. Find the rate at which the surface of the alcohol will 
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■cirlr in consequence of evaporation and diffusion of the vapor upward, 
when its surface lies 20 cm below the top of the jar. Assume the air to 
be saturated just over the alcohol. Vapor pressure of alcohol at 40°C, 
134 mm; density of the saturated alcohol vapor, 3.15 X 10""^ g/cc, of 
liquid alcohol, 0.772 g/cc; coefficient of diffusion, D, of alcohol vapor 
and air through each other at 40°C, 0.137 in c.g.s. units (variation with 
concentration to be neglected). Ans. The stream density of alcohol 

vapor is uniform and given by T = log where 

ni = molecular density of the alcohol vapor, uiq its value just above the 
liquid, n = density of the mixture of air and vapor, h — 20 cm; 



X = height above the surface. The 


alcohol sinks 2.7 mm a day. 

108. Simple Theory of Diffusion. Just as we obtained a simple 
theory of heat conduction by making the proper substitution in the 
treatment of viscosity as given in Sec. 81, so by another suitable modi¬ 
fication we can obtain at once a simple theory of diffusion. 

For this purpose we assume that in a mixture of two gases equilib¬ 
rium exists in aU respects, except that the densities of the two constitu¬ 
ents vary in a certain direction, which we take to be that of the rc-axis. 
Then if ni denotes the density of the first constituent at a surface S 
drawn perpendicular to the a;-axis (cf. Fig. 36), its density in an element 
of volume dr located at a small distance x from S will be ni -+- a: dni/dx 
and thus greater than the density at S in the ratio 1 -|- ix/n-}) {dni/dx). 
The number of molecules of this constituent gas that collide in dr and 
thereafter cross S will accordingly be increased, as a result of the 
density gradient, in the same ratio, and the total number crossing unit 
area of 8 per second toward -fa: will be, not | niVi as given by eq. (72a) 
in Sec. 37, but 



1 + 


X dui 
ni dx 


1 _ , 1 _ _ drii 


Vi denoting as usual the mean molecular speed for this kind of molecule 
and X standing for the average value of x at their last point of collision. 
We then insert x = — f Li, as in Sec. 81, Li being the mean free path 
of the molecules of the first kind in the mixed gas, and then subtract 
the corresponding expression for the molecular stream that crosses 
toward —x, in which x = -f f Li; the result is an expression analogous 
to eq. (118) in Sec. 81 for the net molecular stream density of the first 


kind of gas: rj 



or 



'Sbc. 108] tlSCOSlTY, YtiERH^AL COif'WC^riO'N, mPFVSiON 


189 


ri 


1 

3 


vxLx 


dni 

dx 


For the second kind of molecule we find similarly 

■p/ ^ ji r dfij ^ 

Tz 3 V2L2 , 


and it must be remembered that, as noted above, uniformity of pressure 
requires that dn^/dx = —dui/dx. 

Since, however, Fj 9^ F^ in general, to have the standard conditions 
' for pure diffusion we must now superpose upon this molecular process 
the mass motion of the whole gas that was mentioned in the last 
section. The mass velocity wo# must be such that there will be no net 
flow of molecules across 8, or such that 

r[ + Fj + nvoas = 0, 

where n = ni-\- riz and denotes the total number of molecules in unit 
volume, the term nwo® representing the flow of molecules due to the 
mass motion. Using previous equations, we thus find 

^ = 3 I 

The total numbers of molecules of the separate kinds crossing unit 
area of 8 per second, taken positive when they cross toward +x, are 

then, since (l— ; 

r. = r;+ 4 + 

and comparing these equations with (158) on page 186, we have for 
the coefficient of diffusion 


This is often called Meyer’s formula for the diffusion coefficient; in 
his book, however, he gives the factor as tt/S instead of after includ¬ 
ing a correction for Maxwell’s law.* The formula predicts substantial 
variation of the diffusion coefficient with the composition of the gas, 

* 0. E. Meyer, "Kinetic Theory of Gases” (transl. pub. by Longmans, Green, 
1899). 
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which is represented by the relative values of ni and n^, for the quanti¬ 
ties ViLi and vJLi are likely to be quite different if the molecular masses 
differ greatly because lighter molecules will both move faster and tend 
to have longer free paths. Experiment shows, on the contrary, that 
the coefficient of diffusion is almost independent of composition. 

The simple free-path theory thus fails badly in this instance. 
Accordingly we shall pass at once without further comment to an 
approximate treatment of diffusion by the Maxwell-Chapman method. 

109. Approximate Coefficient of Diffusion for Spherically Sym¬ 
metrical Molecules. The calculation of the coefficient of diffusion by 
the method of correcting the velocity distribution function parallels so 
closely the calculation already made for thermal conductivity in Secs. 
95 to 101 that we may save space here by leaning heavily upon that 
treatment; it will suffice, in fact, merely to indicate the differences. 

The quantity which determines the net flow of the molecules 
themselves in one direction, in the same way as determines the 
flow of their translatory energy, is obviously simply Sujl, Vj. denoting 
the component of the molecular velocity v perpendicular to the plane 
across which the flow is being calculated. Hence, if we take the 
rc-axis in the direction of the composition gradient in a binary mixture 
of gases, the stream densities of the two kinds of molecules can be 
written, as an amplification of (158), 

Ti = Ti! = ~D^ = Swa*, (160a, 6) 


the sums extending over all molecules of the appropriate kind in unit 
volume. We proceed to study these sums. 

Resolving the distribution function for each kind of molecule into 
a maxwellian part plus a small correction term, we write 

/i(vi) — foi +/si, foi = 

/2(V2) =/o2 +/a2, /o2 = A 


We then obtain differential equations for /si and fss in analogy with 
(145) and (146) in Sec. 95, of which the first is 


^(ni/si) 

dt 


I coll 


= 






dni 

dx’ 


(161) 


since we assume the temperature to be constant and the gas to be at 
rest, so that only ni and vary with x. The right-hand member of 
this equation then suggests as approximate forms for the correction 
terms 




fs2 = 
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— ■WiC'i 





2^2 X 


fliCz 


To prevent net flow of the gas, we must have Syi* '-f 2^2® = 0. Hence 
Cl and C 2 must satisfy the relation 


Cl n2|St 


(162) 


Finally, multiplying the differential equation (161) through by i»ia, and 
integrating over Vi, we have as the condition for a steady state, in 
analogy with (149), 


= = (163) 

since ili = Here represents the rate of change of 2 vu 

by collisions; and there is a corresponding equation for D'Zvig. 

Turning then to the calculation of D'Lvxx, we first make the interest¬ 
ing observation that collisions of the molecules of the first kind with 
each other can have no effect whatever upon because they leave 
unaltered the total rc-component of the momentum of these molecules, 
which is miSui*. We can thus say that each kind of gas is hindered 
in its diffusing motion only by the other gas. This observation was 
made long ago by Stefan, who developed upon this basis a theory which 
predicted no variation of the diffusion coefficient with composition 
and so agreed much better with the facts than did Meyer’s theory. 
Maxwell adopted Stefan’s theory but seems to have failed to explain 
its true basis in such a way as to make it generally understood. 

The formulas for Vi, V 2 , Vi, V 2 in Sec. 98 are, accordingly, to be 
applied only to collisions between a molecule of the first kind and one 
of the second; and we must now retain in them 11 % and M 2 with the values 
given by (150). One finds at once that in a single collision the change 
in Swis, averaged over (p, is 


~ Vix ^Ix “ MsCITs WJ®). 

Writing then, as in Sec. 99, W = w cos 9 + r, we note next that the 
average of r will vanish as before because of the symmetry of the 
scattering process, and accordingly the average of A2vix per collision 
will be simply 


ASvu = — M 2 W »(1 — cos 0 ) 

in terms of the angle & through which the relative velocity w is turned. 
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In summing over all collisions between unlike molecules, then, 
we can omit those that occur between the maxwellian distributions 
fni and /o 2 , which because of their symmetry cannot affect and 
also those between fai and faz, whose effect must be of the second order 
in the concentration‘gradient and therefore negligible; there remain 
thus only collisions between /«i and /02 and between fn and faz- For 
the contribution of the former to the rate of change of we find 
easily, in analogy with (152a) and (1526) in Sec. 100, 

DiXvia: = 2iminz J* JJjw(A2via>) G(w, 6) UivOM'Vz) sin $ dd dKi dKz, 


or 


DiSyia = -2Tnin2fJi2CiAz ffffff + t^sWx) 

G{w, — cos 6 ) sin 6 d6 du^ duy duz dwx dwy dwt. 

To express the exponent of e in this expression in terms of u and w, 
we note first that, by (56) in Sec. 28 and (150) in Sec. 98, 


JU2^1 = 


rriimz 


^ 2{mi + mz)kT 

whence, by (151a) in Sec. 98, 

m + m = (/3f + /3|)u2 + 

and here, since by (164) = f^z^l/ni and by (150) ah + M 2 = 1, 


(164) 


jSi 


Ml 


mI^i -f Mi/^i = M2i8f. 


Thus 




The integral now can be reduced easily; the term in w* contributes 
nothing by symmetry, Wx is handled in terms of polars as in reducing 
(1526), and (164) is used. The result is: 


-DiS^ix = — ^ 7rnin2\/^C'i 

3 Pi 


where 


Sd = 2TM2/3iJ^ j^J^’"(?('UJ, '0)(l — cos 8 ) sin 0 dta (165a) 


or 

Sd 


dx. (1656) 
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The effect of/oi colliding with/s 2 will clearly be represented by the 
same expressions with C^Ai replacing CiA^ and or Ux — lixWs 
replacing Vix = UxA- hence it will simply be equal to DiSvi* 
multiplied by 

CzAini ^ ni^\ ;S|m _ ^ 

CiAzfXZ ^2^1 ^|M2 ^2 


by (162) and (164). 


The total value of Dhvxx is thus 



or 


n 

nz 


times the value of or 


DSvi* = — 1 7rnin-\/M2C'i ||- 

We can eliminate Cx now by dividing this expression by the value 
of liVxz as found in the beginning, which gives 


D'Lvx^ 


3 Vtt/Si 


in terms of the mean speed vx =' 2/('v/2r/3i). It is the presence of the 
factor in this expression that prevents the occurrence of a great 
variation in the diffusion coefficient with composition, such as was 
predicted by Meyer’s free-path theory in the case of molecules of very 
unequal masses. If Wi/mz is very large the heavy molecules sweep the 
others out of their way and tend to keep on going, thereby building up 
sizable amounts of Svu in spite of their more sluggish motion. 

Finally, if we solve the last equation for 2yi* and, after substituting 
for D2vi* from (163), insert the value so found for 2vx» in (160a), we 
obtain as our approximate value of the coefficient of diffusion 


8 V fxznvx0lSd 

or, after substituting l/^\ = rvl/A, 

n _ n - _ = — ^2 

32 's/^z'nSd 


(166) 


since iii's/wi = vz^/ Here iix — wii/ im,x 4 " Wa), M2 — ^^2/ (wii + Wa), 
and n is the total number of molecules per unit volume. 

A formula equivalent to (166) was obtained by Langevin in 1906. 
According to our assumptions the formula is restricted to low densities 
and to small values of the composition gradient. By inserting the 
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value of H 2 and the value of Vi from (66a) in Sec. 30 we can also write it 
in the more symmetrical form 


D 


n 


liA. 

\2nSd . 


mi + ‘^2 
miMi 


kT 


3 /tt 1 

8 \2^ 


Ml + M 2 
M 1 M 2 


RmT 


(166a) 


Here h — 1.381 X 10 or Rm = 83.15 X 10® in c.g.s. units and 
Ml, M 2 are the molecular weights. 

The new molecular constant Sd that appears in the formula for D 
and is defined in terms of the scattering coefficient (r for any relative 
speed by eq. (165a) or (1656) obviously functions as an equivalent 
mutual cross section of these two kinds of molecules for diffusion. We 
have so defined it that it reduces in the case of classical spheres of 

diameters cn and 02 to the usual cross section, & = ^ 

' 4 

[cf. (llOd) in Sec. 70]. 

110. Self-diffusion. The case in which Mi = M 2 is of special 
interest. The formula for this case can be applied to the diffusion of a 
gas through itself. Such a phenomenon could be realized in the labora¬ 
tory if we could mark jn some way part of the molecules of a homo¬ 
geneous gas and then observe the diffusion of the marked ones among 
the unmarked. Now according to present atomic theory such mark¬ 
ing is essentially impossible unless the physical nature of the molecules 
is changed in some way; accordingly, strict self-diffusion has in reality 
become a notion devoid of physical meaning. There are, however, 
several ways of modifying molecules without appreciably affecting 
their outer fields, for example, by bombarding them with neutrons 
and thereby altering the nucleus of an atom without changing the 
nuclear charge, and the formula for self-diffusion should then hold for 
the diffusion of such modified molecules among the normal ones. 
Ordinary gaseous ions behave, of course, like a different gas, because of 
their strong fields. 

If all molecules have the same mass, m = hence we can write for 
the coefficient of self-diffusion in a homogeneous gas, as a first approxi¬ 
mation, from (166), 


Dll = ^ _ 6 ?7 

16 A/^n;S<i bSd~p 


(167a) 


where p - nm and represents the density in grams, and the second of 
the two expressions given is got by comparing the first with the cor- 
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responding approximate value of the viscosity as given in eq. (1566) in 
Sec. 101 . 

For the special case of hard spheres Sd/^vo = 1, both cross sections 
Tricrx d" 0*2)^ • 

- 1 -—; m the case of repulsion according to the 


reducing to S 


inverse fifth power of the distance Maxwell’s results show that 
= 0.778. The forms of (167a) for these two types of molecules 
are,* respectively: 


Du = 1.200^; Du = 1.543^- (1676, c) 

P p, 

111: The Corrected Diffusion Coefficient. According to the result 
of our approximate calculation as expressed in eq. (166) the coefficient 
of diffusion in a mixture of two gases should be entirely independent of 
the proportions of the mixture, for ni and do not occur separately 
in the formula but only the combination ni + ^2 = n. In this feature 
our new result goes to the opposite extreme from that of the simple 
theory as developed in Sec. 108 and agrees with the formulas obtained 
by Stefan and Maxwell., 

When, however, we turn to the fully corrected theory as worked out 
by Chapmant and by Enskog,t we find that in general there really 
should be a small variation of Dn with composition. There is none, 
however, if the molecular masses are equal; and this fact facilitates the 
application of the formula to the phenomenon of self-diffusion, for it 
makes the coefficient the same whether we contemplate the diffusion of 
a large group or a small one among the rest. Furthermore, in the 
mathematically simple case of gases in which two unlike molecules 
repel as the inverse fifth power of their distance apart, which was solved 
exactly by Maxwell, Bn again comes out independent of the composi¬ 
tion of the mixture; and in this latter case our values of Dn and Dn as 
stated in eqs. (166) and (167a) agree with Maxwell’s formulas and hence 
are actually exact. 

For the general case it is convenient to write these equations 
in the slightly more general forms, 

£>12 = (1 + Xu) I ./5 -4- (168a) 

^ nSd\ miTrii J ^ ' 

*The coefficient is given as 1.604 in Jeans' “Dynanaical Theory of Gases,” 
hut the formulas and numbers there given, and also those in Maxwell’s paper, 
“Scientific Papers” vol. 11, p. 26, lead to the value 1,543. 

t Chapman, Phil. Trans., 217A, 115 (1918). 

$ Fnskog, “Kinetische Theorie der VorgUnge in massig verdttnnten Gasen,” 
Dissertation, Upsala. 1917. 
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in the first of which '8d refers as before solely to collisions between unlike 
molecules. 

The result of the corrected theory as regards Du can then be stated 
:at once by saying that Xn is a small positive number, which vanishes 
for the inverse-fifth-power law of force and reaches a maximum for hard 
elastic spheres; this maximum value Chapman estimates at 0.017 
within a thousandth or so. The quantity X 12 is likewise positive and is 
also, of course, zero for the inverse fifth power, but it can rise to a 
maximum value of 32/97r - 1 = 0.132 for hard spheres of extremely 
unequal mass, a limiting case in which, as it happens, the modified 
distribution function can actually be found by solving the Boltzmann 
differential equation for nf. In other cases than these two, Xi 2 varies 
somewhat with composition and usually in such a direction that the 
rate of diffusion increases as the lighter gas is made scarcer. The 
formulas exhibiting this variation are extremely complicated, however, 
and none of them will be written down here. The theoretical variation 
in most practical cases is small, and if a formula is needed for practical 
use, and a linear one will not answer, an empirical one of quadratic 
type such as 

Di2 = (inn\ -1- ai^niTii -f- aiin\ 

will probably be found to meet all requirements. 

The coefficient C in (1686) is shown by Chapman to have a magni¬ 
tude lying between the value 1.200 for hard spheres, which just happens 
to agree to this number of places with the approximate value that we 
obtained above, and the value 1.543 for inverse-fifth-power repulsion. 

112. Experiments on the Variation with Composition. The con¬ 
flict between Meyer’s theory, on the one hand, predicting large varia¬ 
tion in the diffusion coefficient with changes in the relative concentration 
of the mixed gases, and the Maxwell-Chapman-Enskog theory, on the 
other, predicting no change at all, stimulated a series of careful observa¬ 
tions at Halle designed to settle the question experimentally.* The 
method of experiment as finally perfected was to fill one half of a long 
uniform vertical tube with a pure gas and the other half with a mixture 
of this gas and another one, the denser of the two resulting masses of gas 
being put below the other, and then to open a stopcock and allow diffu¬ 
sion to go on for a known number of hours; the composition of that gas 
which had been pure at the start was then determined, either by chem- 

* Cf. LoNitrs, Ann. Physik, 29, 664 (1929). 



Sec. 113] VISCOSITY, THERMAL CONDUCTION, DIFFUSION 197 


ical analysis or by weighing it in order to find its density. With this 
arrangement, when the stopcock is opened, the concentration at the 
middle of the tube promptly changes to a value halfway between the 
two initial concentrations and thereafter remains at this value; 
the observational result, interpreted with the help of the usual one¬ 
dimensional theory of diffusion, thus furnishes a value of D correspond¬ 
ing to this intermediate value of the concentration. 

These experiments demonstrated beyond a doubt that some varia¬ 
tion of D with composition does occur, but the variation is always small 
and is hard to observe unless the molecular masses are very unequal. 
The most interesting of the results obtained are shown in the table 
below; the observer is named in each case just under the names of the 
gases, and the fractional part which the heavier gas formed of the 
mixture in each case is given in the second column. The temperature 
was 15°C, the pressure approximately atmospheric. The values given 
under Di are the original ones, expressed in terms of meters and hours; 
under D are given corresponding values in terms of centimeters and 
seconds, obtained by dividing the original numbers by 0.36. In his 
last paper Chapman made theoretical calculations from his formulas to 
fit these experimental cases, adjusting the mean value of D arbitrarily 
in each case to fit the observed mean; values of the molecular diameters 
were calculated from the known viscosities. His theoretical values 
are given in the last column. The agreement is probably to be 
considered satisfactory and thus serves to confirm the theory. 


Difptjsion Data 


Gases 

ni + ’la 

D 

Dx 

obs. 

Di 

theor. 

O 2 -H, 

(Deutsch) 

0.25 

0.50 

0.75 

0.767 

0.778 

0.803 

0.276 

0.280 

0.289 

0.276 

0.282 

0.289 

CO 2 -H 2 

(Deutsch) 

0.25 

0.60 

0.76 ' 

0.692 

0.606 

0.633 

1 

0.212 

0.222 

0.226 


0.273 

0.678 

0,244 

0.248 

Ar-He 

0.316 

0.694 


0.250 

(Lonius) 

0.677 

0.711 

0.256 

0.257 


0.763 

0.731 


0.259 


113. Diffusion at Various Pressures and Temperatures. The 

theoretical results indicate that at a given temperature the coefificient of 
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diffusion should be inversely proportional to the total density and so 
proportional to the mean free path, which is as we should expect. 
This is shown clearly by our approximate formulas, in which the 
molecular density n occurs in the denominator and 8d should depend 
only on the violence of the collisions but not on their frequency; and 
Chapman showed that the same conclusion should hold with precision. 
This property of the diffusion coefficient was verified in certain 
cases by Loschmidt in 1870. Accepting it as universally valid at 
sufficiently low densities, we can write D = F{T)/p, where p is the 
pressure and F{T) is a function of the absolute temperature T alone. 

At constant pressure, on the other hand, our formulas (166) and 
(167a) predict that D T^, since v cc and at constant pressure 
1/n <x T, provided Sd is independent of T, as it would be for hard 
spheres. According to statements made in tables of physical data, the 
observed rate of variation is greater than this, D being roughly pro¬ 
portional to T” where n is around 1.75 for the more permanent gases 
but around 2 for the more condensable ones. 

The latter values of n are roughly greater by unity than the 
corresponding values for the viscosity rj of the same gases, so that for 
these gases D/yT or pD/y (p = density) must be nearly independent 
of the temperature at constant pressure. Such a relation is suggested 
by our approximate formulas; it follows, for instance, from eq. (167a), 
expressing the coefficient of self-diffusion, provided the ratio S„c/Sd is 
independent of temperature, or at once from (1676) or (167c) in the case 
of hard spheres or the inverse-fifth-power law of force. Further 
experiments to test the variation of pD/y with temperature would be of 
interest. 

An increase of D more rapid than as resulting from a decrease in 
Sd with rising temperature, is just what we should expect in accordance 
with the considerations brought forward above in order to explain the 
rapid variation of the viscosity. 

For molecules repelling as the inverse sth power of the distance the 
method of similitude can be employed, as was done in dealing with the 
viscosity in Sec. 89. In that section modified motions were con¬ 
templated in which all lengths were changed in the ratio X and all 
times in the ratio 


1 + 8 

(j5:) t = X 2 . 

It was then shown that the absolute temperature T is changed in the 
ratio 


(TO Xi-». 
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Now D, being the ratio of molecular flow over unit area per second to a 
molecular density gradient, will be changed in the ratio 

(1AV)/([1A®]/X) 


(D:) X 2 . 

But we saw that we could write D = Here, the masses being 

unaltered, p is changed in the ratio l/X®; hence F{T) or pD must be 
changed in the ratio 

\(3-s)/2 _ L±_s 


or like T”, where n = 


3 d” s 
^ - s)’ 


Accordingly, 




2 


s — 1 


This is the same value of n that is given in eq. 128 in Sec. 89 for the 
variation of the viscosity with temperature for molecules repelling 
as the inverse sth power of the distance. Accordingly, for this type of 
molecule D cc rj/p, or pD/rj is constant, as was suggested by our 
general formulas. 

As an alternative, there is Sutherland’s theory in which the mole¬ 
cules are assumed to be hard elastic spheres surrounded by weak 
attractive fields. This theory we found to have considerable success in 
dealing with the viscosity. Sutherland showed that it gives for the 
coefficient of diffusion 


n _ 

1 + (C12/T) 

in which a and C 12 are constants. This equation he found to hold 
satisfactorily in certain cases. It must be recognized, however, that 
the diffusion coefficient has not yet been investigated over a sufficiently 
wide range of temperatures to make possible an adequate test of such 
formulas as these, and it seems pretty certain that when accurate data 
are obtained all formulas of such simple type will be found to fail for 
diffusion just as they did for the viscosity. 

114. Numerical Values of the Diffusion Coefficient. Our formulas 
for the diffusion coefficient as expressed in eq. (166) or (168a) contain 
still another new molecular characteristic, the equivalent mutual 
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collision cross section for diffusion denoted by /Sd and defined in terms 
of the scattering coeflficient by (165a) or (1656). For this reason these 
formulas cannot be tested very exactly in terms of other known mag¬ 
nitudes but serve rather to enable us to calculate values of Sd from 
diffusion data. In general >Sd is not quite the same as the quantity 
Svc which controls viscosity and heat conduction and which is defined 
in terms of the scattering coefficient by eq. (153) in Sec. 100. These 
two quantities, however, must be at least of the same order of magni¬ 
tude; in the case of hard spheres moving classically they are, of course, 
actually identical and equal to the ordinary mutual cross section. 

Instead of calculating values of Sd itself from the formulas it is 
probably more convenient to calculate for reference what may be called 
the equivalent classical mean hard-spherical diameter for the two kinds of 
molecules in question, defined as a a = (Sd/rf"^] this is the mean 
diameter of hard spheres which, moving classically, would exhibit the 
same diffusion. If we had available for this purpose data on self¬ 
diffusion, such values of aa might then be compared directly with the 
values of <r calculated previously from viscosity data. Unfortunately, 
however, very few data exist on anything approximating to self¬ 
diffusion. An alternative idea would be to calculate values of an 
equivalent from data on the viscosity of the diffusing mixtures 
themselves for comparison with their values of cd. The significance of 
such a comparison would not be too clear, however, for the diffusion is 
controlled almost entirely by interaction between dissimilar molecules, 
whereas the viscosity is influenced also in part by interaction between 
similar molecules, and neither theory nor experiment has progressed 
to a point where these two kinds of influence upon the viscosity can be 
estimated separately from the data with much accuracy. 

In view of this situation we shall, for the purpose of testing our 
formulas, merely calculate Sd and era from Z)i 2 for several mixtures of 

gases by means of eq. (166a), in which n ~ nj~ and is known, omitting 

• for this purpose the small and uncertain correction term X 12 which is 
added in (168a). The values of no, To, and Ru are given in eqs. (22), 
(19), and (20a). Values of 0 -^ = (Sd/r)'A calculated in this way for a 
number of pairs of gases at are shown in the following table. 
For comparison with them, values of (r,, = (a^ + af^/2 are also 
shown for the same pairs of gases in terms of the equivalent hard- 
sphere diameters for viscosity as given under ‘V” in the table fol¬ 
lowing Sec. 86 above. The table contains also observed values of n 
mthe approximately valid formula, D = Do(T/To)^(po/p), where 
p — pressure. The values placed in parentheses are less reliable. 
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DlEPtrSION DIA.MBTEES 


Gases 

n 

o-d 

(unit, 1( 

fav 

)“® cm.) 

Gases 

n 

Od 

(unit, K 

3"* cm.) 

HrCH 4 

(1.75) 

3,15 

3.44 

He-Ar 

1.75 

3.04 

2.91 

Ib-HaO 

(1.75) 

2.86 

3.67 

CH4-CO2 

(1.75) 

3.97 

4.36 

Ha-Ne 

1.71 

3.02 

2.66 

H'iO-air 

(1.75) 

3.36 

4.16 

HrCaHo 

(1.75) 

3.62 

4.02 

HaO-COi! 

(2.0) 

4.06 

4.60 

HrOa 

1.75 

2.95 

3.18 

O2-N2 

1.80 

3.40 

3.68 

HrCOj, 

1.74 

3.29 

3.66 

Air-C02 


3.76 

4.16 


A glance at the table shows that there is a rough agreement between 
the values of o-d and <Tav, probably as close an agreement as ought to be 
expected in view of the theoretical difference between the two effective 
cross sections. In most cases, however, is somewhat the larger. 
Such a difference would be expected in view of the difference 
between the ways in which the angle of deflection Q enters into the 
expressions for Sd and S'oc as given in eqs. (165a), (1656), and (153). 
The factor (1 - cos 6) in the integral causes Sd to depend more upon 
large-angle deflections than upon small ones, whereas the corresponding 
factor sin® $ in the case of Sw is symmetrical about 6 — 7r/2, and with 
any reasonable type of molecular field except the rigid-body type small 
deflections must predominate over large. Thus we should expect to 
find Sd < Svc- The physical reason for the difference can be said to be 
this, that momentum and energy can be transferred in a collision from 
one molecule to another, and the effect of deflections respectively 
greater and smaller than 7 r /2 may therefore be much the same, whereas 
the inner nature of a molecule cannot be transferred, and consequently, 
while a small deflection will retard diffusion but little, a deflection near 
180° actually reverses the diffusing motion. 

The general situation is accordingly very satisfactory for the 
theory. 

116. Forced Diffusion. Up to this point we have dealt with con¬ 
centration gradients as the sole cause of diffusion. Any influence, 
however, which affects the rate of flow of molecules across a surface 
might conceivably cause a differential flow that would constitute a 
phenomenon esspntially of the same nature. 

A case that occurs very con^monly in vacuum-tube work is that of 
the drifting motion caused by forces acting selectively upon certain 
molecules, such as the forces exerted by an electric field upon ions. 
This case is readily connected with the process of ordinary diffusion 
by the following argument and may be regarded as a sort of forced 
diffusion. 
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Let each molecule of a certain sort be acted upon bv a steadv 

^ ^ in com- 

position, and at rest and m equilibrium except for the forces F. 

^ direction of F, the Boltzmann 
differential equation (87) in Sec. 51, applied to n„ becomes 




Ml) , 

Jooll 


lx: I 

TheXnloX,? temperature is uniform. 

fT n- X equation we can, as in that section, replace A by/, 
m the collision term on the right, and by/., elsewhere; accord^y 

^ (n./.) = -2^i<,..n./.o 

and, inserting = m./2ir from (56) in Sec. 28, we have 


Vu 


\da; kTj 




Mu) . 

JooU 


This equation has exactly the same form as eq. (161) in Sec lOQ whiVh 


dni 

dx 


niF 

kT' 


of a^roZ of mdetle f ,1 .™ °ne 

tenlncv?ol,X6M density n. per unit volume has the same 

!f ^g^tudf molecules 




dx ) ecluiv kT' 


(169a) 


The remainder of the theory of diffusion as we have develoned it 

t^melnTtf of“lm ““ ”*‘“f ^ an expression for 

me mean rate of drift of the selected molecules. 
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One other circumstance must first receive attention, however. If 
other forces were acting in the opposite direction upon other molecules 
in such a way as to make the total force equal to zero, we could assume 
that duildx = 0. As it is, the total force niF per unit volume can only 
be balanced by a force arising from a pressure gradient dp/dx of such 
magnitude that 


dp 

dx 


= niF 


(cf. the reasoning in Sec. 45); since the pressure equals nkT in terms of 

the total molecular density n, this requires a gradient ~ = — —; 

dx Jc T dx 


from which we find, since the composition is assumed uniform, 

dni _ ^ _1_ dp _ nf F 

dx n dx n kTdx ~ 'n kT’ 

The quantity P defined above thus becomes 


P = F 

nkT kT ~ ~ W 

where = n ~ Ux and represents the density of the remaining mole¬ 
cules. We find also that 


^ ^ = ^1^2 F _ 

dx n dx n kT ~~ 

The mathematical equations for both kinds of molecules thus take on 
the same form as in Sec. 109, where the two gradients were equal and 
opposite. Accordingly, we obtain the stream density of the molecules 
on which F is acting by substituting P for dni/dx in (160a), which gives 
for it 


Tx = 

n 



(1696) 


D being the ordinary coefficient of diffusion for molecules of the selected 
sort diffusing through the gas. 

The average velocity of drift u of the selected molecules under the 
action of the force F is then Fi divided by their density ni or 


u 


ng D 
n kT 


F. 


(170a) 


The ratio u/F, representing the drift velocity with a unit force acting 
on each molecule, might be called the dynamical mobility 11/ of these 
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molecules in the gas; it satisfies the relation, 


a kT (1706) 

Uf n% 

In most practical cases, however, ni is relatively very small; then the 
last two equations take on the simpler approximate forms 


u 




(170c, d) 


Even ordinary diffusion can be interpreted as a kind of forced 
diffusion, the equivalent force per molecule being from (169a) 


Fi 


_ 1 _ 

n\ dx 


The total equivalent force on the ni molecules in unit volume is then 

mFd = -kT^ = where pi = riihT and represents the partial 

dx dx 

pressure due to these molecules. Diffusing molecules can thus bo 
regarded as being driven by their partial-pressure gradients, a view 
of the process that is often illuminating. 

116. Thermal Diffusion. Another case of diffusion arising from 
causes other than a concentration gradient was predicted theoretically 
by Chapman (1916) and later revealed by experiment. He showed that 
a temperature gradient in a mixed gas might well give rise to a slight 
flow of one constituent relative to the gas as a whole, producing an 
effect that he called “thermal diffusion.”* 

Our approximate theory of heat conduction does not lead to this 
conclusion, since the approximate correction term that we introduced 
into the velocity distribution as given in eq. (1486) in Sec. 97 was such 
as to give rise to no net flow of molecules. The more complete analysis 
of heat conduction leads, however, to the contrary conclusion that 
collisions between different types of molecules in a mixed gas should 
usually give rise to a small differential diffusion. The effect vanishes 
for Maxwell’s molecules repelling as r“®, and for this reason was not 
discovered by him. It possesses a peculiar interest for theory as being 
one of the very few phenomena in gases which depend for their bare 
existence upon the particular form of the law of force; experiments upon 
thermal diffusion might be expected for this reason to throw a partic¬ 
ularly valuable light upon the nature of the molecular forces. 

The theoretical formulas obtained by Chapman are again too 
complicated to quote, so only a few illustrative figures will be men- 


* Chapman, Phil. Tram., 217A, 115 (1918). 
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tioned. Let kT denote the relative effectiveness of a temperature 
gradient in promoting diffusion as compared with a composition 
gradient, being defined as the ratio of the two resulting diffusive flows 
when {l/T){dT/dx) in the one case is numerically equal to 
{l/n){dni/dx) in the other, ni being the density in molecules per unit 
volume of one constituent and n that of the whole gas. Then, accord¬ 
ing to Chapman, if the molecules were hard spheres, kr should not 
exceed 1 per cent or so in a mixture of two similar molecules like oxygen 
and nitrogen, but when the masses are very different, as in an argon- 
helium or oxygen-hydrogen mixture, it might range up to something 
like 0.13. For molecules having softer force-fields kr is less, and it 
vanishes of course for pure repulsion as r~®. . Usually the direction is 
such that the heavier molecules tend to diffuse toward the colder 
region. 

The simplest case to study experimentally probably would be that 
of a steady flow of heat through a layer of gas; there thermal diffusion 
would result eventually in setting up a steady composition gradient 
parallel to the temperature gradient of such magnitude that the result¬ 
ing transport of molecules by ordinary diffusion in one direction would 
just balance the transport by thermal diffusion in the other. Actual 
experiments of this sort were performed in collaboration with Chapman 
by Dootson* and the expected effect was shown to exist. Two bulbs 
connected by a tube containing a stopcock were filled with the mixture 
of gases to be studied, and then with the stopcock open the bulbs were 
held at different constant temperatures for a number of hours in order 
to allow the steady state to be set up; the stopcock was then closed and 
the gas in each bulb was analyzed. As an example of the results, a 
mixture of nearly equal parts by volume of hydrogen and carbon 
dioxide, after the bulbs had been held at 200 and 10°C, respectively, for 
4 hours, showed a concentration of hydrogen in the hot bulb exceeding 
that in the cold one by 2.2 per cent of the total concentration; a mixture 
of hydrogen and sulfur dioxide in the ratio 3:2 gave Sj difference in the 
same direction of 3.6 per cent. The theoretical values for these two 
cases as calculated from Chapman’s formulas for hard spherical 
molecules were 7.1 and 9.1 per cent, respectively. The difference 
between these theoretical numbers and the experimental values might 
easily be ascribed to the softness of the molecules and can probably 
be taken as a direct indication that some softness exists, but probably 
not so much as would result from an inverse-fifth-power repulsion. 

* Chapman and Dootson, Phil. Mag., 33, 248 (1917). 
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CHAPTER V 

THE EQUATION OF STATE 

For our next topic we may conveniently return once more to the 
consideration of gases in equilibrium; but we shall now drop the 
assumption that the gas is practically perfect. The principal effect 
of the intermolecular forces in causing departures from the behavior of 
perfect gases is manifested in the relation between pressure and volume, 
and to this effect the present chapter will be devoted. 

117. The Equation of State. In the theory of a fluid the general 
relation between the pressure, the volume, and the temperature is of 
fundamental importance. An equation expressing this relation is 
called the equation of state of the fluid. For a perfect gas we have found 
for it the simple familiar form, pV = RT; and it has been remarked 
that according to experiment all gases follow this equation more and 
more closely as the pressure is decreased, so that it can be accepte*& as 
the universal equation of state for a gas in the limit of vanishing density. 

As the density is raised, on the other hand, departures from the 
pei;fect-gas law would be expected and actually occur; at extremely high 
densities all gases become, in fact, only slightly compressible and in 
general take on the properties that we commonly associate with liquids. 
In this chapter we shall survey the principal attempts that have been 
made to arrive at an equation of state that will hold for real gases at 
all densities, or at least over a considerable range. 

The problem is susceptible of attack along two fundamentally 
different lines. We may endeavor to refine our physical assumptions in 
regard to the properties of molecules in the hope of obtaining a theo¬ 
retical equation that will agree better with the facts; or, on the other 
hand, we may seek by trial and error to construct an empirical equation 
to fit the observations. Progress has actually been made along both 
lines; the earliest steps taken consisted mostly of modifications in the 
assumed properties of molecules, but during the last two decades 
the empirical method has received the greater share of attention. The 
ultimate theoretical solution should, of course, come out of wave 
mechanics, but as yet little has been accomplished in this direction. 

118. The Equation of van der Waals. The most important of the 
earlier attempts at an improved equation of state was the proposal 
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made by van der Waals in 1873. * The following is a paraphrase of the 
argument by which he arrived at his new equation. 

In a real gas there must be cohesive forces acting between the 
molecules; in the liquid or solid state this is shown very obviously by 
their clinging together, and it is natural to assume that such forces act 
at least slightly, however far apart the molecules may be. Conse¬ 
quently, a molecule near the wall of the containing vessel must experi¬ 
ence a net average force due to the attraction of the other molecules 
tending to draw it away from the wall. The pressure of the gas on the 
wall will be diminished thereby, and, since the amount of the pull on 
the gas will be proportional to the number of molecules pulled and also 
to the number that pull on each one, the diminution of pressure should 
be proportional to the square of the density of the gas; this diminution 
can accordingly be written in the form, a/V^, where a is a constant 
depending on the exact law of attraction. 

On the other hand, the pressure will be affected also by the finite 
size of the molecules. Each one is compelled at least to remain 
outside of all the others, and the space available for it to move in 
is reduced in consequence; the impact rate of the molecules on each 
other must thereby be increased. Now each molecule should reduce 
the available space by a definite constant amount, hence the total 
reduction for a given number of them will have some definite con¬ 
stant value; let us denote its magnitude for a gram by 6. The effect 
of molecular size will then be to increase the pressure caused by 
molecular motion, which otherwise would have the value RT/V, 
in the ratio of the‘whole volume V to the available volume, or in 
the ratio F/(7 - 6). 

Combining these two effects, we thus obtain for the net pressure 
upon the wall of the vessel 

P y ^ ya’ (171a) 

This is the new equation of state, usually written in the form, 

(p+^)0"-W = (1716) 

and commonly known as “van der Waals’ equation.” It is one of the 
most famous equations in ij.II kinetic theory. 

* Van dee Waals, "Essay on the Continuity of the Liquid and Solid States” 
(in Dutch; Leiden, 1873). Translated in Threlfall and Adair, “ Physical Memoirs ” 
(Taylor and Francis, 1890). 
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Perhaps the remark may be added that, like every important 
advance in physics, the equation had forerunners which went a long 
way toward accomplishing the same thing. Clausius, for example, 
introduced the term h, and Him wrote p a for p. The advance 
made by van der Waals over his predecessors was twofold: first of all, 
he made the change from a to a/F^, and then he discussed the equation 
in comparison with experimental data and showed that in certain cases 
it fitted well. Both of these steps were important. We can probably 
say with safety, however, that, if van der Waals had not proposed the 
equation, some one else presently would have done so; it was, so to 
speak, in the air. In scientific work in general the individual scientist 
seems to determine when and in what form an advance shall come 

rather than to determine what 
advances shall ultimately be 
made. 

119. The van der Waals Iso¬ 
thermals. The most interesting 
properties of van der Waals’ equa¬ 
tion lie in a region beyond the 
reach of present-day kinetic theory 
and will be mentioned here only 
briefly; a fuller discussion may be 
Fig. 49.—Van der Waals isothermals. SOUght in books on heat Or on the 

properties of matter. * 

The general character of the isothermal curves on the p, V diagram 
as predicted by the equation is shown in Fig. 49. All isothermals 
corresponding to temperatures above a certain limit, which is called the 
critical temperature, slope downward toward increasing volume, and at 
high temperatures they approximate to the hyperbolas that are char¬ 
acteristic of a perfect gas. Below the critical temperature each theo¬ 
retical isothermal exhibits a maximum and a minimum, between which 
there is a rising segment (e.g., BC). The critical isothermal KK', 
corresponding to the critical temperature, is merely horizontal at one 
point, called the critical point (JP in the figure). All isothermals rise to 
infinity as F approaches the value 6, 

Now the p, F diagrams of all substances actually show a region of 
this general sort, with one important modification. Instead of ascend- 
segments on the isothermals, there is a polyphase region, outlined 
by the dotted curve in Fig. 49, within which the substance, when in 
equilibrium, .is separated into at least two phases; one of the coexistent 
phases is a saturated vapor, the other or others are liquid or solid. 
* E.g., B. C. McEwbn, “Properties of Matter,” 1923, especially Chap. VI. 
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This region touches the critical isothermal at the critical point. An 
isothermal of the homogeneous substance can be followed experimen¬ 
tally only a short distance into the polyphase region, as from A to A' 
(superheated liquid) or from D to D' (supercooled vapor), and the 
substance is then not stable. It is easy to see why no point on an 
ascending segment JSC can be realized with the substance all in one 
phase; for it would then be highly unstable toward small inequalities of 
density, any slight rarefaction tending to increase without limit. 
The actual isothermals for the substance in equilibrium pass, therefore, 
horizontally through the polyphase region, as illustrated by the dotted 
line AD. 

In many cases there exist other polyphase regions representing 
states in which two or more liquid or solid phases coexist, but with 
these we are not concerned. 

Particular interest attaches to the critical point. The corresponding 
temperature and volume, as given by van der Waals’ equation, can be 
found as follows. 

Differentiating (171a) with T kept constant, we have 


dp _ RT . 2a 
dV~ (F - hy F3 


(172) 


Thus dp/dV = 0 when 


2a _ F» 

RT (F - hy 


(173) 


Now the right-hand member of this equation is infinite both for F = 6 
and for F = «; it has therefore a minimum when its derivative 
vanishes, i.e., for such a value of F that 

372 2F^ F2(F - 36) ^ 

(F - by (F - by (f -by “ ^ 

or when F ~ 36. At this value of F we have dV/dp = 0, provided, 
according to (173), RT = 8a/276; with this value of RT but any other 
value of F, the right-hand member of (173) is larger than the left and 
dp/dV < 0, so that the corresponding isothermal is horizontal at 
just one point. Also, for any larger value of T the left-hand member 
of (173) is always the smaller, and hence dp/dV cannot vanish any¬ 
where, the isothermal sloping downward toward the right throughout 
its course. 

The pair of values of F and T thus found refer, therefore, to the 
critical point. Calling them the critical volume Vo and critical tempera- 
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iure Te, and adding the corresponding (critical pressure po, calculated 
from (171a), we have thus for the critical constants: 

K = 36, p. = (174a, 6, c) 

Special interest attaches also to the critical ratio UTalp^c, which is 
a pure number and represents the ratio of the volume as given by the 
perfect-gas law at the critical pressure and temperature to the actual 
volume Fc (or the ratio of the perfect-gas pressure at the critical volume 
and temperature to the actual pressure, or the ratio of the critical 
temperature to the perfect-gas temperature at the critical pressure 
and volume). The van der Waals value of this ratio is, from (174a, 6 , c), 

^ = I = 2.67. (175) 

Pc r 0 3 

120. Quantitative Tests of van der Waals’ Equation. When we 
turn from its qualitative features to a quantitative comparison of 
van der Waals’ equation with the data for actual gases, we find very 
soon that it really does not fit the data very well. 

The easiest quantitative feature to test is the critical ratio RTo/peVc, 
for which the equation predicts a value of %, as stated in eq. (175). In 
the following table are shown experimental values of the critical con¬ 
stants for a number of gases and the corresponding experimental value 
of the critical ratio. It will be noted that the experimental values are 
uniformly larger than the theoretical value of 2.67, lying near 3.5 for the 
gases shown, except that it is above 4 for water, whose critical density 


Ceitical Data 


Substance 

tore 

Pc atm 

do = 1/Fc, 

g/cc 

BTo/peVo 

Hydrogen. 

-240° 

12.8 

0.0310 

3.27 

Helium. 

-267.9° 

2.26 

0.069 

3.26 

HaO. 

374° 

218 

iO.4 (?) 

5.40 

Neon. 

-228° 

25.9 

)0.329(?) 

0.484 

4.45 

3.42 

Nitrogen. 

-147° 

33.5 

0.311 

3.43 

Oxygen. 

-119° 

49.7 

0.430 

3.42 

HCf. 

52° 

86 

0.42 

3.48 

Argon. 

-122° 

48.0 

0.53 

3.42 

cds. 

31.1° 

73.0 

0.46 

3.57 

Ethyl ether, C^HioO. 

194° 

35.6 

0.262 

3.82 



to “■ critical temperature, pe = critical pressure, Ve = critical volume. 
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is hard to determine accurately. Dieterici collected similar data for 
23 other substances, all organic, and found values of the ratio mostly 
below 4 but ranging from 3.67 to 5. Probably, however, large as the 
discrepancy is, the fact that it is not even larger furnishes some ground 
for believing that there must be a considerable measure of truth in the 
reasoning leading up to van der Waals’ equation. 

Difficulties of a similar order are encountered when an attempt 
is made to fit van der Waals’ equation to a set of actual isothermals. 

It must be recognized, however, that in using the equation near the 
critical point we are taxing very heavily the general validity of its 
theoretical foundations. The equation might be expected to succeed 
better, although less spectacularly, at much lower densities. Such 
a test of its validity will be made later in connection with the dis¬ 
cussion of the second virial coefficient. First, however, let us see how 
the theoretical foundations themselves can be improved. 

121. More Exact Theory of the Pressure in a Dense Gas. The 
argument by which we arrived at van der Waals’ equation above 
was distinctly sketchy and needs to be replaced by a precise analysis 
of the process by which the pressure is produced in a dense gas. Such 
an analysis will now be given. 

The changes that were made in our hypotheses concerning molecu¬ 
lar properties when we abandoned the assumption of a perfect gas 
amounted to allowing the molecules to exert appreciable forces upon 
each other while their centers of mass are still at considerable distances 
apart. To find the effect of such forces upon the pressure, let us con¬ 
sider as in Sec. 5 the flow of normal momentum across a small plane 
area drawn anywhere in the gas (cf. Fig. 50 below). 

In order to locate the molecules definitely with respect to this 
plane, let us define the position of any one to be the position of its 
center of mass, so that by definition a molecule “crosses” the plane at 
the instant when its center of mass crosses. The mean molecular 
density, which now means the density of centers of mass, is then simply 
the ordinary number of molecules per unit volume. Furthermore, 
according to classical statistical mechanics, the distribution of veloci¬ 
ties is quite unaffected by the presence of intermolecular forces (cf. 
Sec. 205). Accordingly, the entire elementary calculation made in 
Sec. 5 of the rate of convection of momentum across the plane by 
molecules that actually cross it still holds, and we have for the part 
of the pressure that is due to this cause, which we shall denote by pk 
and call iM kinetic pressure, simply the perfect-gas value 

RT 

pk = -Y’ 


(176) 
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in which V is the volume of a gram of the gas and R = Rm/M and 
denotes its gas constant calculated just as if it were perfect 
(itiAf = universal gas constant, M = molecular weight). 

In addition to this convective flow of momentum, however, we 
now have an additional transfer through the agency of forces acting 
between molecules that lie momentarily on opposite sides of the 
plane, as at B and C in Fig. 50, irrespective of whether they them¬ 
selves ever actually cross it or not. This part of the pressure, meas¬ 
ured by the total force that acts across unit area, we shall call the 
dynamic pressure and denote by pa- A definite expression can be 



effect of molecular forces 
and finite size upon the 
pressure in a gas. 



Fig. 61.—Slater’s field for helium. 
<i) = potential energy; P »= force; r « 
interatomic distance; and cr = molecular 
diameter from viscosity. 


obtained for it only from a knowledge of the law of intermolecular 
force, but the following qualitative analysis possesses a certain interest. 

All that we know about molecules points toward the conclusion 
that the intermolecular force is usually of the nature of an attraction 
which rises as two molecules approach each other, reaches a maximum, 
and then quickly sinks and turns into a repulsion; the latter then 
increases rapidly as the molecules come close together. As an illustra¬ 
tion, the actual curve for the fotce F, measured positively when 

repulsive, and its associated potential energy (o = dr, for two 

helium atoms as obtained from an approximate treatment by wave 
mechanics* is shown in Fig. 51; the equations for the two curves are 
* Slathr and Kirkwood, Phys. Rev., 37, 682 (1931). 
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(177a) 
(1775) 

where ao = 5.29 X 10~® cm (the Bohr radius) and r = distance 
between atomic centers. Conceivably the force might also oscillate 
more than once between attraction and repulsion, and in most cases 
it must depend a good deal upon the orientation of the molecules. 

In any case, we can at any moment classify all of the forces that 
are actually acting across the plane between various pairs of molecules 
into the two types of attraction and repulsion, and we can in thought 
imagine each type to contribute its proper component to the pressure. 
The component due to attractive forces may be called the cohesive 
pressure and wo shall denote it by po] it is often called the ‘'internal” 
or “intrinsic” pressure. The component due to repulsive forces 
will be called the repulsive pressure, denoted by pr. These two 
components together then make up what we have called the dynamic 
pressure pa', and adding to this the kinetic part as given by (176), 
we have as the total pressure 


7.7 e 

_d(j) 

dr 


-2.43 


0.354 e 


0.68 

(r/ao)®J 

-2.43 - 


X 10“^® erg. 


0.0771 

(r/ao) 


j dyne, 


p - Pk + Pd = -y- pd, Pd = Pc + Pr. (178a, 5) 

It is interesting to note that the analysis up to this point would hold 
according to classical theory for a liquid or solid as well as for a gas. 
The kinetic pressure in a liquid or solid is, of course, enormous; 
the dynamic pressure is almost as great and is, of course, negative, the 
algebraic sum of the two equaling the external pressure. 

Further quantitative progress along these lines cannot be made 
without additional information in regard to the molecular forces. 
Furthermore, it must be recognized that the introduction of wave 
mechanics blurs the sharpness of the distinctions that we have intro¬ 
duced here; even in a rarefied gas the distinction between repulsive and 
cohesive components cannot be so sharply drawn as in classical 
theory, and as the density increases, even the distinction between 
dynamic and kinetic pressures progressively loses physical significance 
until probably it scarcely retains any validity at all for the liquid or 
solid states. Moreover, wave mechanics furnishes an additional 
source of pressure in the “exchange” effects which are characteristic 
of the new theory and have no analogue in the old. Since, however, 
the latter effects are appreciable only for very light particles, or at 
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enormous densities, or at minutely low temperatures, and so are as yet 
of importance only in the electron theory of metals, and since little is 
really known that is quantitative in regard to molecular forces, and 
accurate calculations are in any case necessarily complicated, we shall 
follow the usual procedure of working out by classical theory a simpli¬ 
fied ideal case as a sort of model. The conceptions that are developed 
in doing this have at least some value as qualitative modes of thought 
in reasoning about the internal state of an actual gas. 

Problem. Calculate the kinetic and dynamic pressures in water 
at 15°C and under 1 atmosphere of pressure. Ans.: 1,312 and —1,311 
atmosphere, (Estimates of the cohesive pressure by itself run to 
10,000 or 20,000 atmospheres.) 

122. Hard Attracting Spheres: The Repulsive Pressure. Let us 

suppose that the molecules are all of one kind and that they 

(а) are hai^d spheres of diameter cr obeying classical mechanics, and 

(б) attract each other with a weak force that depends only upon, 
their distance apart and effectively vanishes at distances several times 
as great as cr. Let us also restrict the density of the gas to be low 
enough so that the effect of these additional features upon the pressure 
is a small one; i.e., we seek only a first-order correction to the perfect- 
gas law. These are the assumptions that underlay the first quantita¬ 
tive calculation by van der Waals and others relative to his equation. 

Let us begin by calculating the repulsive pressure pr. With 
molecules of the type assumed, repulsive forces will act across the plane 
introduced in the last section only when a molecule lies part way 
across it and is struck by another whose center lies on the other side. 
Thus Pr arises here entirely from the finite size of the molecules. 

To calculate the total effect of such impacts, consider a particular 
molecule whose center is at some distance x less than cr from the plane 
(e.g., A in Fig. 50), and around it draw its sphere of influence of radius 
cr, upon which the center of another molecule must lie at the moment of 
collision. Consider an element dS of that part oi the surface of the 
sphere of influence which projects across the plane. If the given 
molecule A has a component of velocity wi in the direction of the out¬ 
ward normal to dS, the element dS will sweep out in time dt, relative 
to any other molecule moving with corresponding component v±, a 
volume (vi — v±')d8 dt, independently of any transverse component 
of the motion of either molecule. 

Now the density of molecules with a component within dvj_' of vx^ 
is, by (62) in Sec. 28, n(;d/.Y^)e~'®“’’x'“d«;j.'; hence the chance that 
another molecule has its center in the volume swept out by dS and 
so gets struck is 
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n{vx, — vj_') —7= dv_i_' dS dt 

■s/tc 

If such an impact occurs, according to the laws of elastic collisions 
an amount m(v± — v±') of momentum in the direction of the normal 
to dS is transferred to the second molecule, m being the mass of each 
one, and a component of momentum normal to the plane of magnitude 

in(v± — Wj.') cos 6 

is thereby transmitted across the plane, 6 being the angle between 
the normal to dS and the normal to the plane. 

On the other hand, the chance that a molecule lies within a volume 
element dr surrounding the position assumed for the first molecule 
and has also a component within dvj_ of vj_ is 

n dv± dr. 

a/tt 

The total normal momentum transmitted across the plane by 
such collisions in time dt is then the product of these three expressions 
integrated over all possible velocities and all positions of dS and dr or 

(^1 — cos 6 dvx d/S dr. 

This expression divided by dt and by the area of the plane then equals 
the repulsive pressure. Instead of dividing the whole integral by the 
area, however, we may also simply confine the integration over dr 
to the space contained in a cylinder standing perpendicularly on a 
unit area of the plane; for each such cylindrical portion of space con¬ 
tributes an equal part to the whole. We can also imagine the integra¬ 
tion over the two variables y and z running parallel to the plane to be 
carried out at once, the result of this integration being simply unity 
since the integrand is independent of y and z; we have left then only an 
integration over x perpendicular to the plane. 

Accordingly, the repulsive pressure pr will be given by the last 
expression with dr replaced by dx, the limits for x being 0 and a since 
no molecule can lie farther than <r cm from the plane and still collide 
with another beyond it. Let us transform the integral by writing 
dS = sin 6 dd dip in terms of polars with axis normal to the plane. 
Then, introducing obviously appropriate limits of integration, we 
have 
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Q2 r®" n 00 

Pr = dxj J sin 9 cos 9 d6 d<p j dv± 


(v± - dvj_', 

— 00 


in which a is the value of 9 at the circle along which the plane cuts 
the sphere of influence, and so depends upon the value of x, and the 

upper limit for v±' is vj. because faster 
molecules could not be overtaken by the 
first one. 

The double integral over v±, yj.' can, 
however, be simplified. We can extend 



plane and then divide by 2, since the 
integrand is symmetric in v± and p±'; the 
original region of integration is that which 
Fig. 52 . shaded in Fig. 52, but the integrand 

hs-s the same value at any two points 
that are symmetrically situated relative to the line vj, *= v,'. Doing 
this, we find .i. a. a 

J_ ^ dvj.J_yvi - dvj,' = " I* ” (yi.2 + 


dv± dv. 


‘■=ri 




r “ f 00 

J j 


TT 


az - 23 ,, 


term in Wx v± that arises from the expansion of (nx — 
p^ng sero by symmetry. («. table of integrals at the end of the 

The remammg integrations are then easily carried out with the 
help of the obvious relation, cos a = giving, since d,p = 

I Anecosede = ^sin^^ = i ^ ^ 

p. = nWf(2i)2.(|v) 

or, after inserting nm = 1/V and = l/(2iJD by (56) in Sec. 28, 

27r n 
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For the repulsive pressure we can accordingly write 
RT 9 

Pr = b^> 6 = 1 TmVcr^, (179a, 6) 

in which V is the volume of a gram. 

123. Equation of State for Hard Attracting Spheres. On the other 
hand, the cohesive pressure, arising from the assumed attraction, 
is easily found merely by restating the brief argument of Sec. 118 in 
more precise terms. Because of the low density, the molecular dis¬ 
tribution will be very nearly the same as in a perfect gas, i.e., each 
molecular center is as likely to be in one position as in another and 
the various molecules are distributed independently. Accordingly, 
the chance of a molecule’s being in any element dr, say at JB in Fig. 50, 
is simply n dr where n is the number of molecules per unit volume; 
the chance of another’s being in another element dr' at some point 
such as C across the plane is similarly n dr'; and the chance that both 
are in these positions simultaneously is dr dr'. The expectation 
of a resulting contribution to the cohesive pressure pe can thus be 
written nW±. dr dr' where F±_ denotes the component of force normal 
to the plane that one molecule exerts upon the other and so is some 
function of the positions of dr and dr'. Similar considerations apply 
to all elements of volume. Hence the total cohesive pressure is 

f f Fj_ dr dr' or 


Pc = 


—a'n^ = 


yi’ 


where a' or a is a small constant. 

For the total pressure we have then finally, inserting our values 
of Pc and Pr in (178a, 6) above, 

P = p* 4“ Pc + Pr = H" — ■'p* (180) 

Here R is the gas constant for a gram computed as for a perfect gas 
(e.g., R = Rm/M). 

This equation agrees for small values of h/V with that obtained 
from van der Waals’ equation, which can be expanded in powers of 
6 as follows [cf. (171a) in Sec. 118]: 

+ i + . .A-±. 

p — ^ I i -r y T y2 “ / y2 


( 181 ) 
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Our analysis thus furnishes a rigorous deduction of van der Waals’ 
equation for the type of molecules under consideration, but only for 
the case in which the effect of molecular size is relatively small. The 
question as to the validity of the equation at higher densities is left 
untouched. 

124. The Value of b. In the last section we obtained a connection 
between our constant h, which at low densities is the same as van der 
Waals’ h, and the size of the molecules, for the case in which the latter 
are hard spheres. The value given by (1796), 

b = ^7rnVcr% 

is equal to four times the actual volume of , the molecules in a gram 
of the gas. In our original rough analysis, on the other hand, 6 was 
introduced as representing a diminution in the space available for 
the molecules to move around in, and since each molecule excludes 
the centers of all others from its sphere of influence, we might perhaps 
have expected 6 to equal the total volume of all the spheres of influence, 
which would be eight times the sum of the actual molecular volumes, 
or twice as great as the value just found. The reduction from eight 
to four undoubtedly arises from the interpenetration of these spheres, 
of which an example is illustrated by molecules B and C in Fig. 50, 
where the spheres of influence are represented by dotted circles; 
but only a detailed calculation could show that the ratio of reduction is 
exactly 34- 

It must not be forgotten that even the value obtained above for 6 
has reference only to rarefied gases, i.e., it applies to the first-order 
correction to the perfect-gas law. If we assign this value to the 
constant 6 in van der Waals’ equation and then suppose the equation 
to hold even up to very high densities, a curious consequence results, 
since as 7 6 the pressure becomes infinite; this ought to mean that 

when 7 —> 6 the molecules become tight-packed, but if they were, 
the volume of the gas ought to be less than twice rather than four 
times the actual volume of the molecules themselves. This considera¬ 
tion alone is sufficient to show that van der Waals’ equation cannot 
be correct at all densities for an attracting-sphere gas. The equation 
might conceivably be found to hold closely for some actual gas even 
up to very high densities; but then we could infer that the molecules 
of that gas at least were not hard, weakly attracting spheres, and the 
empirical constant 6 appearing in the equation would then of necessity 
possess some other significance than that which we have found hefe. 

125. Other Equations of State. Many attempts have been made 
to obtain an equation of state agreeing more closely with the behavior 
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of actual gases. Besides efforts to improve the precision of calculations 
similar in typo to that which we have just made, various other lines of 
approach have been tried, varying from strictly theoretical arguments 
to purely empirical procedures. 

Boltzmann, for example, carried the calculation for hard spheres 
a stop farther by considering the effect of “triple encounters,” or 
cases in which a third molecule lies close enough to have an influence 
upon the probability of a collision between two given molecules. 
In our calculation we assumed that the chance of finding a second 
molecule in an element of volume dr near another one (e.g., near A 
in Fig. 50) has the value n dr in which n is the number of molecules 
in unit volume. This is certainly the average number in dr during 
the whole time. We must recognize, however, that a second molecule 
can have its center in an element only when the latter is not over¬ 
lapped by the sphere of influence of some third molecule. Now, if 
dr is assumed to lie just outside the sphere of influence of a molecule 
A, the range of positions in which a third molecule might lie with 
its sphere of influence overlapping dr is easily seen to be restricted 
by the presence of A, and hence it is easier for a second molecule 
to get into such an element than into one that is out in the open. 
Thus in an element near the sphere of influence of a molecule the 
mean density of molecular centers is somewhat greater than n, the 
excess being itself proportional to n so long as n is small. (A similar 
enhancement of the mean density near the wall of the containing 
vessel actually servos to account for the entire increase in the pressure 
on the wall corresponding to pr, not merely for the s(iCond-ordcr term 
which we are now discussing.) 

The resulting effect on the pressure can be calculated;* Boltzmann 


finds that it changes the parenthesis in (180) from 



+ T + 

¥ . 

The added term goes part way toward supplying the term yl 

the expansion of van dor Waals’ equation; but tlic behavior of the 
equation at the critical point is found not to bo improved. The 
calculation could bo extended further so as to allow for encounters 
of four or mon^ molecules, but this is s(!arc(*.ly worth while because the 
assumption of hard spheres is, after all, pretty wide of the truth. 


* Cf. also Ursoll, ref(‘renccs at end of See. 129, 


220 KINETIC ^THEORY OF GASES [Chap. V 

In a more general way, both van der Waals himself and others 
have proposed to treat a and h in his equation as variables, either 
replacing one or both of them by some expression containing addi¬ 
tional unknown constants, or simply regarding them as functions of 
V and T. A better fit with experiment can, of course, be attained 
in this manner, but it must be noted that the original form of van der 
Waals' equation loses all significance if a and b are allowed to vary 
without restriction; for in this sense any relation whatever between 
p, F, and. T can be written in the van der Waals form (or, for that 
matter, in the simpler perfect-gas form pV = RT, by allowing R to 
stand for a suitable function of V and Tl). 

Of the various other equations of state containing a limited number 
of disposable constants that have been proposed from time to time 
we shall mention only two. 

In 1899 Dieterici proposed the equation* 


in which a and h are new constants whereas R is, as usual, the perfect- 
gas constant. The equation rests theoretically on the assumption 
that the cohesive forces are on the whole equivalent to a force-field 
acting upon molecules in the surface layer of the gas in such a way as 
to tend to draw them back into the interior, with the result that the 
density is less at the surface in proportion to the Boltzmann factor, 
It v/ould be natural, then, to complete the argument by saying 
that we should expect co to be proportional simply to the density of 
the gas or to 1/F; but such a statement would be open to serious 
question, since the force-field at the surface must owe its origin largely 
to those molecules which are in the rarefied surface layer itself, and 
accordingly its mode of variation with the density is not obvious 
after all. In any case, Dieterici himself adopted the assumption that 
cc oc 1/F as a result of empirical trial, and his equation therefore 
rests on a half-empirical basis. It fits rather well in certain cases, 
and in particular it makes RTo/poVc = | = 3.695, which lies right 

among the observed values, in contrast to the van der Waals value 
of 2.67 (cf. the table in Sec. 120). 

The most ambitious attempt at a closed equation of state is perhaps 
that of Beattie and Bridgman if 


*Diiiteeioi, Ann. Pkysik, 69, 685 (1899). 

t Beattie and Bbidgman, Jour. Amer. Chem. Soc., 49, 1665 (1927); 60, 3133 
and 3151 (1928); Zeits. Physik, 62, 95 (1930). 
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By suitably choosing the five disposable constants in this equation 
{R being the ideal gas constant), the authors show that the data can 
be fitted within 0.5 per cent over a wide range of pressures and tem¬ 
peratures, even near the critical point, for at least 14 gases including 
all the common ones. Some theoretical justification for the equation 
can be given, but its chief interest seems to lie in its possible utility, 
since, as the authors point out, its algebraic form facilitates its use in 
thermodynamical calculations. 

Problem. Show that the equation of Dieterici obeys the law of 
corresponding states, and gives at the critical point Vc = 25, 



126. Series for pV; Virial Coefficients. The difficulties encoun¬ 
tered in seeking a satisfactory equation of state in closed form led 
Kammerlingh Onnes* in 1901 to turn to simple expansions in series, 
and this procedure has been widely adopted. The most usual form 
is an expansion of the product pV in powers of the density or reciprocal 
of the volume, thus, 

pV ==■ + -^ + * * * , (182a) 

or else, as preferred by many, in powers of p, 

pV = A A- Bpp + Cpp^ + • • • . (1826) 

Forms such as 

pV = a(i + ^ + ^,+■ ■ 

are also frequently employed; and d is sometimes written for 1/F. 
It is quite common to take as the unit for V the volume under standard 
conditions, or sometimes the ideal or perfect-gas volume under 
standard conditions, which is, of course, slightly different; if the perfect- 
gas unit for V is employed A = 1, whereas if the actual volume is 
taken as the unit A differs slightly from unity. 

The coefficients iL, J5 • • • or Ji, Bp • • • are functions of the 
temperature which were called by Onnes first, second, etc., “virial 

* Kammbbungh Onnes, Commun. Leiden, 71 (1901); K. Akad. Amsterdam, 
Proc., 4, 125 (1900). 



222 KINETIC THEORY OF GASES [Chap. V 

coefficients/' In all equations we must have A = RT to make the 
perfect-gas law hold at zero density or pressure; and B, C ■ - ' , 
often written B-u, C®, * • • are related to Bp, Cp • • • by the equations 

B — ABp = RTBp, C = A{B^ -f ACp), etc., (182c) 

as is easily shown by substituting the value of p from (182a) in the 
right-hand member of (1825) and equating the coefficients of powers 
of 1/V in the result to those in the right-hand member of (182a). 

127. The Second Viiial Coefficient. Much interest has been taken 
lately in the experimental determination of the second virial coefficient 
B as a function of temperature, and the results are of considerable 



Fig. 63.—The second virial coefficient B. (p in atmospheres, V in terms of the 1 

standard volume.) 

theoretical interest. This is done by running isothermals at different 
temperatures, i.e., determining values of pV for a series of pressures 
at each temperature and then fitting a series to the observations. I 

Equation (1826) often fits exceedingly well with only the three terms 
that we have written, and even C tends to be small. I 

Experimental values of B for several gases are plotted against the i 

absolute temperature T in Fig. 53, p being expressed in atmospheres ( 

and pV being made unity under standard conditions. The data i 

were taken from papers listed below, values of Bp being multiplied | 

by r/273.1* to get values of B, and Holborn and Otto's being mul- | 

tiplied by 0.76 to convert from meters Hg to atmospheres, t I 

f 

* This is not absolutely correct when pF is made unity under standard condi- 1 

rather than at infinity, but the difference is negligible for our purpose. j 

J Whitelaw, Physica, 1, 749 (1934); Holborn and Otto, Zeits. Physik, 23. i 

77 (1924), 33, 1 (1925), 38, 359 (1926). 
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The sign of B tells us the initial direction of the variation of the 

product fV with density. If B < Q, < 0 at p = 0, and the 

first change in pV with rising density is a slight decrease. In all such 
cases, however, the subsequent terms of the series are such that pV 
passes through a minimum at a certain density and thereafter increases, 
finally attaining large values under pressures of the order of 10,000 or 
20,000 atmospheres. All known gases exhibit this type of behavior 
at sufficiently low temperatures. As the temperature is raised, 
however, B eventually becomes positive in all cases shown in the 
figure, and probably this is true for all gases; at such temperatures, pV 
rises with increasing density from the start. 

The temperature at which B changes sign is called the Boyle tem¬ 
perature. It is more often called the Boyle point, but this term might 
better be applied in a more general way to any point on the volume- 
temperature diagram at which pV passes through a minimum along a 
given isothermal, so that in the immediate neighborhood of that 
point Boyle’s law holds; the Boyle temperature is then that tempera¬ 
ture at which the Boyle point on the corresponding isothermal occurs 
at density zero and above which no Boyle points occur at all. Holborn 
and Otto give the following Boyle temperatures (centigrade) for six 
common gases; these values agree approximately with the tempera¬ 
tures at which J3 = 0 in Fig. 53. 


He 

■1 



A 

O 2 

Air 

o 

1 

-167° 

H 

50° 

137° 

150° 

74° 


For most gases the Boyle temperature lies above 0°C. 

128. The Second Virial Coefficient and van der Waals’ Equation. 
The behavior of J5 as a function of temperature furnishes a very con¬ 
venient test of van der Waals’ equation at low densities, for comparison 
of (181) in Sec: 123 with (182a) above shows that according to van der 
Waals’ equation 

B = hRT - a. (183) 

The same value of B follows from eq. (180), representing the result 
given by the theory of hard attracting spheres. Thus, according to 
these equations of state, B should be a linear function of T, and the 
slope and intercept of the line representing B plotted against T should 
give us at once the values of the constants a and 6. If Bp = B/RT 
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is employed in place of B, we have Bp = b ~ ■—> and Bp should there¬ 
fore approach a constant value equal to h at high temperatures. 

Now, the curves for B in Fig. 53 do approximate roughly to straight 
lines, showing again that the ideas of van der Waals must contain a 
good deal of truth; but they all show some curvature. Their convexity 
upward suggests the equivalent of a decrease of h with rising tempera¬ 
ture; the latter is what would be expected if the molecules are not hard 
spheres but interact by means of extended force-fields. 

Apparent values of a and b can be calculated from the curves by 
drawing tangent lines at some point and assuming these lines to obey 
eq. (183). With our choice of units the values so found are also the 
values in terms of any units of the dimensionless quantities a/poVl and 
b/Vo, po and Vo standing for the standard pressure and volume; these 
quantities give an immediate idea of the degree of departure from the 
perfect-gas law at 0®C and 1 atmosphere pressure, and the general 
van der Waals equation can be written in terms of them if desired, thus: 


pVl 1 4 " 


PoVl a V, 
pv^ PoViJV 


Vo±\ 
V VoJ 


= RT. 


Values of a/poFf and of 6 /Fo so derived from tangents at 0®C 
drawn in Fig. 53 are given in the following table. For comparison, 
values of the same quantities are also shown calculated from the 
critical data by means of formulas (1746) and (174c) in Sec. 119, these 
two formulas being preferred because they do not contain F^; such 
values are distinguished by a subscript c. Finally, we have added for 
comparison with 6 /Fo values of this quantity calculated by inserting in 


Van dee Waals Terms 
(Unit in all cases, 10 “^) 



a/poVl 

6/Fo 


0.34 

0.95 

He 

-0.04 

0.46 

Ne 

0.30 

0.77 

N, 

3.07 

2.55 

O 2 

3.60 

2.60 

At 

3.04 

2.06 

H 2 O 



CO 2 

C 4 H 10 O 

(ethyl 

ether) 

(17.5) 

(9.9) 





ac/poVl 

hc/Vo 

fTTnoo-® 

0.48 

1.18 

1.16 

0.07 

1.06 

0.68 

0.44 

0.80 

0.98 

2.68 

1.72 

2.97 

2.70 

1.42 

2.65 

2.68 

1.44 

2.71 

.10.9 

1.36 

6.48 

7.17 

1.91 

6.44 

34.6 

6.01 
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the hard-sphere expression for it, or f Tr/iocr® as given by eq. (1796) in 
Sec. 122, the values of a obtained from the viscosity at 15°C, which 
would be only slightly different at 0°C (cf. table in Sec. 86); no = 
molecules per cubic centimeter under standard conditions. 

A broad agreement between the values of a/foVl and h/Vo derived 
from these different sources is at once evident. Assuming the data 
sufficiently reliable, we have here another indication that there is a 
good deal of truth in van der Waals' ideas but that his equation fails 
in the finer details. The values of b/Vo derived from viscosity data 
(last column) agree on the whole distinctly better with those obtained 
from the virial coefficients (h/Vo) than do values calculated from the 
critical data (6c/Fo), as would be expected. The values from viscosity 
are, however, all 2 to 32 per cent larger than the virial-coefficient 
values, except in the case of CO 2 , for which precise data on B do not 
seem to exist; this uniform difference may well correspond to the dif¬ 
ference in the molecular processes involved in the production of viscous 
forces and of pressure, and it at least serves to indicate again that 
the molecules do not behave quite like hard spheres. 

129. Theory of the Second Virial Coefficient, B. The value of B 
that follows from classical mechanics for any spherically symmetrical 
t:^pe of molecular field is readily obtained in the form of an integral by 
making suitable modifications in the calculation given in Sec. 122. 

Let us write w(r) for the mutual potential energy of two molecules 
when their centers are a distance r apart; the force on each, taken 
positive as a repulsion, is then — w' = — dco/dr. Probably the value 
of w will be negative at moderate distances, but as r approaches zero 
it will become positive and rise with tremendous rapidity, somewhat 
after the fashion of the example plotted in Fig. 51. We must still 
assume the density to be very low, since B refers only to the first-order 
effect of increasing density, but we need make no restriction upon the 
numerical magnitude of w other than to assume that it vanishes at 
least faster than 1/r^ as r-» <», in order to secure convergence of 
certain integrals. 

Resuming then our usual procedure of calculating the pressure 
as the rate of transfer of momentum across a small plane of reference 
drawn in the gas, consider the force due to a molecule, such as A in 
Fig. 54, acting upon other molecules lying on the opposite side of the 
plane. The chance that, when A is in the position assumed, a given 
other molecule simultaneously has its center in any element dr' distant 

(i) 

T from the center of A is Ce dr' by (94a) in Sec. 55, provided all 

/ <a 

e~kTdT', integrated for all possible 
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positions of the second molecule in the whole volume V of the gas, 
must be 1. The integral itself in this expression is practically equal to 
F, however, since the region in which w differs appreciably from 0 is 
negligibly small as compared with V itself; hence we can write as a 
first approximation C = 1/F. Because of the assumed rarity of the 
gas we can also neglect all encounters except binary ones and so can 
as usual treat the occurrences of molecules in dr' as independent events. 
Accordingly, we can write for the probability that some other molecule 

ija 

has its center in dr' the product of Ce dr' by the total numbernF of 
molecules in the gas, or 

CO 

Tie dr', 

n being the number of molecules in unit volume. 
In Sec. 122 we wrote simply ndr for this 
probability because there by hypothesis co was 
necessarily small. 

If, now, a second molecule does lie in dr', 
A will exert upon it a component of force 
normal to the plane of magnitude — oi' cos d, B 
being the angle between the line joining the 
centers of the two molecules and the normal to the plane; and there 
are on the average n dz such molecules as A lying at a distance 
between z and 2 + dz from a given unit area of the plane. The total 
normal component of force exerted by the latter on all molecules 
beyond the plane is, therefore, 

— n^dzj'{co' cos 6)e~kT dr' 

integrated over the whole space beyond the plane. 

The integral of this expression from z = 0 to z = oo then gives 
the dynamic pressure p^. Putting dr' = 2Tr^ sin B dB dr with the 
polar axis perpendicular to the plane and introducing appropriate 
limits of integration (cf. Fig. 54), we thus find 

Vd = " dzj cos B sin B dd 

= -2m2j^ drj^ cos B sin 6 dBjJ ® dz 

or 

Pd = rWe~kf dr 



(184a) 
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ir 

since cos^ 6 sin 6d6 = We can also write for this last integral in r 

- e~^) dr, 

in which we have inserted the 1 to secure convergence at infinity; and 
if we then integrate it by parts, the integrated term vanishes at both 
limits, reducing at infinity to r=‘oj, and hence to zero according to our 
assumption as to the smallness of w there. We thus obtain the 
alternative expression: 

pd = 27 rn^kTj^ dr. (1846) 

Now, from (178a) in Sec. 121, we have 
pV = RT + pdV; 

and comparison of this with (182a) in Sec. 126, in which A = BT, 
shows that at low densities 


B = pdV^. 

Hence, inserting in this equation either of the values of pd just found 
and writing N for the number of molecules in the mass of gas whose 
volume is V, which can be chosen arbitrarily, and R for the perfect-gas 
constant appropriate to this chosen mass, so that nV = N and Nk = R, 
we obtain finally: 

B = rN^ f r^'^6~^dr ^ 2tNRT f r2(l - c"^) dr. (185) 
o Jo dr Jo 

This value of B may be contrasted with that for hard, weakly 
attracting spheres as stated in eq. (183) in the last section. The 
expression obtained here is more general, not only because of substitu¬ 
tion of a general potential-energy function co for the hard-sphere 
assumption, but also because we have here employed the Boltzmann 
distribution formula in place of the more restrictive assumption that 
the distribution is sensibly uninfluenced by co. 

From the last expression for B given in eq. (185) it is evident that 
positive values of co result in positive contributions to B, and negative 
to negative. We can say, therefore, that a positive value of B implies 
a predominance of repulsion between the molecules, whereas a negative 
value implies a predominance of attraction. 

By employing still more precise forms of the Boltzmann formula 
it is possible to take account of ternary and higher orders of encounters 
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for the formotioE of ohemloal oompouiidfl through primary or satiable 
valence and, on the other hand, for the obaerved Impenetrability of 
atoms. The ImponetrabUlty was always difficult to explain in terms 
of the olafflin al oonoeption of an atom composed solely of elootiio 
ohorgee; spherleally symmetrioaL shells of charge about a nuolous, 
for instanoe, should pass right through each other, the effect of such a 
shell on any element of ohorge outside it being tho same as if the wholo 
shell were oonoontrated at its canter (and on on element of charge 
iiuddo it, nothing at all), so that no special repulsion would develop 
when two sholls oomo Into oontaot. 

Foroes of tyjM 0, on the other hand, ore belleypd to account for 
the van der Waals attraction in most of the oomrooner gases; the 
ohemloal oomblnation by secondary'' or nonsatlable volenoo is 
bolioved to be an onhanoed effect of the Bomo sort.' Permanent 
moments when present must also oontrlbuto, however, to the van der 
Waals attraction; if the dipoles wore oriented at random thair effect 
would vanish, as must tho moan eleotrio flold duo to any distrlbutloii 
that is olootrloally neutral os a wholo, but tho Boltunnnn factor 
results In a slight proponderanoo of molocpular positions having leas 
potential energy and so gives rise to an average attractive effect. 

The foroe-aotlon between aotuol moleoules may, of oouise, and 
no doubt eommonly does, repre^t a condsinotlon of soveral of the 
elementary types Ustod above, 

181. B with an Inverse-power Force. When the force is both 
spherleally symmetriool and proportional to a slmplo power of tho 
intermolecular distanoo, the variation of B with tomperaturo is 
easily found, Buppoee that the mutual potential energy a of two 
moleoules is proportional to l/r*. Then wo can write w/hT ■=■ o/(r*!P), 
where e is a oonstant, uid, if we take r*T as a new variable », so that 
r » and r*dr « wo find from the lost 

expression lu eq. (185) 

fl - % da. 

• JO 

Before drawing oonolusiona from this formula, however, we must 
first discuss the integral in relation to the value of a. It dlvergoe 
at the upper limit unless a > 8, so that a value of a equol to 8 or lossi 
oorresponding to spherleally symmetrloBl forooa decreasing at beet 
os rapidly os l/r*, would lead to a presure arising mostly from distant 
parts of the gas and therefore depending upon the shape of the con¬ 
taining vessel Now, of tho forces listed in the last seotlon, tyiws 
3 and 4^ arising from dipole mom^ntSf f^U wd^h distanpq 
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X __ M 

By adjusting tlie four positive constants X, n, n, m they were able to 
secure agreement with sucli aecurato observations on B as have been 
made. The theoretical results were^ however^ found to be extra¬ 
ordinarily insensitive to the values assumed for n and w; for simplicity 
they merely always set m = 6 and made n integral, or sometimes, for 
mathematical convenience, equal to 14;!-^. 

The approximate best values thus found for n and the correspond¬ 
ing values of the force constants X and ix are shown in the table below. 
To give a better idea of the spatial extent of the corresponding molec¬ 
ular fields, we give also under the heading o-', as a sort of equivalent 
diameter, the distance of closest approach of two molecules which 
approach each other at speeds each equal to the root-mean-square 
speed at 16°C and along coplanar lines inclined at 45° to the line 
j oining their centers. The distance Va at which the force itself vanishes, 
calculated from the equation X/rg = mAo Is also given; it is of course 
much larger than <r'. Finally, values of the equivalent hard-sphere 
diameter <r„o as obtained from viscosity data (cf. table in Sec. 86) are 
appended for comparison. 



n 

m 

X 

(C.g.8.) 

tx 

(o.g.B.) 

tr' 

(unit 

10-8 

cm) 

ro 

(unit 

10-8 

cm) 

0VB 

(unit 

10-8 

om) 

Helium. 

UH 

11 

6 

2.36 X 10-"« 

2.33 X lO--*® 

2.04 

3.17 

2.18 

II j. 

6 

7.38 X lO-®* 

1.Q8 X 10-“ 

2.62 

3.94 

2.74 

Neon. 

11 

6 

4.38 X 10-«» 

1.72 X 10“« 

2.39 

3.70 

2.69 

Nj . 

0 

6 


1.82 X 10-“ 

3.40 

6.43 

3.76 

Argon. 

WK 

6 

1.04 X 10““* 

1.13 X 10-« 

3.26 

4.21 

3.04 








The agreement between v' and (Tvo is quite good enough to be 
satisfactory. Of course a much better test would be actually to 
calculate the viscosity using the law of force in question. T-Miis was 
done by Lemmrd-Jones and Cook only in tlio case of hydrogen, where 
the attractive field has relatively little effect upon the viscosity; 
excellent agreement was obtained, the values found for X being 
7.19 X 10"8» from viscosity and 7.38 X from the virial coefficient. 

Revised calculations of this sort are described by Lonnard-Jones in 
the second edition of R. H. Fowler’s “Statistical Mechanics,” published 
in 1936, The above discussion serves, however, to give a general idea 
of what can be accomplished in this manner. 
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If such a field yields theoietical values both of B and of tho viscosity 
agieemg with expeiiment, we can poilmps conclude that it gives us 
some rough idea of the actual field Tho significance of tho agioomonl 
must not be ovciestimated, however, for two reasons. In tho first 
place, the assumed law of force contains, after all, four adjustnblo 
constants, and any foimula containing so many can bo made to fit 
a considerable range of experimental data unless tho experimental 
values are much moie accurate than are tho existing ones for B and 
the viscosity In the second place, and this is oven movo important, 
classical mechanics is undoubtedly inadequato to give anything 
bettei than rough qualitative results in dealing with forces botwcon 
molecules that aio close together, accuiato results can bo obtained 
only by means of wave mechanics To this we shall now turn. 

133 Calculations of B by Wave Mechanics, In applying wave 
mechanics to the interaction of molecules thoio is a choice between 
two diffeient starting points, and the significance of tho results is 
decidedly diffeient aceoiding to the choice that is made. 

We may stait out from some arbitrary assumption as to tho law 
of moleculai force, as m the classical calculations just dcsciibod, and 
then try to fit the data by assigning suitable values to certain dis¬ 
posable constants If agreement with the data can bo secured, 
such agieement then constitutes evidcnco in favoi of tho assumed law 
of force, and the lesults will possess significance chiefly in proportion 
to the extent to which the same law can be made to explain dilToront 
phenomena 

On the othei hand, in wave mechanics it is also possiblo to approach 
the problem along much more fundamental linos The simple genoial 
principles of the theory are believed to bo adequate for tho deduction, 
by mathematical calculation alone, of all of the piopoities of atoms and 
molecules and so even of matter in bulk, Tho fundamental equations 
contain four univoisal constants, i o, Planck’s h, tho speod of hglit, 
and the charge and mass of the election, to thc.so wo need add only the 
atomic number and the nuclear mass of any particular atom in order 
to be able to deduce all of its pi opci ties 

Unfortunately, howevoi, the puiely mathematical difficultioa in 
the way of cariying out this lattci piogiam aio piodigioiis, and in tho 
particulai field of moleculai properties little has as yot been accom¬ 
plished by this method In regaid to tho equation of state, littlo has 
been done beyond a few calculations oi tho second virial cooffioiont B, 
and these calculations, besides employing very rough mothods of 
approximation, have been limited to holium Tho results obtained 
by Kirkwood,* however, possess loal mtoiest because of tho fact that 

♦ Kirkwood, Zetls , 83, 89 (1032) 
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they woro reached along the more fundamental of the two lines of 
approach. 

ffirkwood employs the approximate expression for the mutual 
potential energy of two helium atoms which is stated in eq. (177a) 
in Sec, 121 and also plotted in Fig. 51. This curve for w drops so 
low at the deepest that there is room for one disci’cto quantum state 
for the pair of.atoms, at an energy 6i = —0.6X10”*° erg. This means 
that a pair of helium atoms can form a sort of molecule, loose but 
stable, in a quantum state of energy ei; the center of mass of the pair 
can then also be moving with any positive amount of kinetic energy. 
The only other states in which a pair of helium atoms can exist aro 
states in which they are moving with positive energy of relative motion 
and will eventually separate completely, perhaps after first approach¬ 
ing and undergoing something like a collision. 

The method of approximate calculation which Kirkwood follows 
amounts to assuming that so long as the energy of the relative motion 
is positive, classical theory holds nearly enough and the probability 
for spatial position in dr and velocity in is 

[cf. (88) in Sec. 52]; whereas, on the other hand, the probability of 

*» 

the occurrence of the discrete state of negative energy €i is Ch^e 
[cf. (93a) in Sec. 64],* An indirect method of obtaining the pressure 
must then be employed, since our simple geometrical analysis of it 
fails when quantization has to bo introduced. 

The resulting values of BJRT for helium are shown in the follow¬ 
ing table in comparison with the observed values, the units being 
cubic centimeters per mole; 


T (abs.) 

15“ 

20 “ 

26“ 

36“ 

100 “ 

200 “ 

260“ 

300“ 

860“ 

BfUT (obs.) 

M 


0.80 

4.80 

10,06 

11,05 


11.80 

11,60 

B/BT (calc.) 

BB 

-6.M 


4.44 

10,80 


11.37 


10.82 


In view of the rough approximation involved in the motliod, the 
agreement shown by these figures is surprisingly good. Even the 
slight drop at high temperatures in the values of the ratio B/UTf 
which according to the hard-sphero equation should approach a con- 

* Wlion a Byatojn is imagined to bo capable of existing oitlioi’ in one of a sorioa 
of discrete quantum states or in a condition to which classical theory applies, tlio 
classical element of phase space dp dq is to bo replaced for each quantum stale by 
/i”, n being the number of coordinates noodocl to describe tlie motion (of. Sec. 233), 
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stant value, is given by the theoiy Such a theoretical success is 
particularly interesting as an example illustiatmg the general remark 
made above, because m the entiie calculation, including the obtaining 
of the formula for w, no special quantity is mtioduced lefoiiing spe¬ 
cifically to helium except its atomic number 2 (and the fact that its 
nucleus is veiy much heavier than an election). 

An improved method has been woiked out by Kiikwood in 'which 
the use of classical methods as an appioximation is ontiiely avoided,* 
but this method is hard to handle and numoiioal losults havo not 
yet been published 

134. B for Mixed Gases, When several diffoicnt kinds of mole¬ 
cules aie present, theio will be interaction not only botwoou the 
molecules of a given type but also between those of one typo and those 
of anothei It is immediately obvious that at low pressuios the 
effects of these interactions will bo simply additive in the dynamic 
pressure pa and also, thercfoie, in the second viiial coofiicicnt B 
Accordingly, when just two kinds of molecules arc prc.sent witli 
respective densities ni, the expression for pa will consist of throe 
teims each of the foim of (1846) in Sec 129 but containing, respec¬ 
tively, n], nm, and n\ as factois and wu, 0)12, or W22 in place of w, 
denoting the mutual potential oncigy of a molecule of typo % in 
the piescnce of one of type j. If wo wiito for convonionco = yoi, 
= y^n, whcie ft = ni + na, so that 71 and 72 represent the frac¬ 
tional concentrations of the two kinds of gas m toims of molecules 
and 71 -h 78 “ 1, it is easily seen that the resulting oxpiossion for B 
can be written, as a generalization of (186), 

B s= (7iJ5n + 27172 B 12 + 72 ^^ 22 ), 

where 


B,i = 27rf^2jrJ^"j2(l - e 

N denoting as usual the total niimboi of molecules and R the value of 
the gas constant for the whole mass of gas 

For a hmaiy mixtuio B should thus bo a quadratic function of the 
molecular concentrations. Now for a mixture of oxygon and nitiogon 
the observed lolationship seems, rather, to bo lineai m 71 , 72 ,! this 
can happen, howevoi, if Bi^ = H(J5n -{- JS 22 ), which is very plausible 
in the case mentioned since the molociilar fields of oxygon and nitrogen 

♦ICiRKWOOD, P/tys Rev., 44, 31 (1033); 46, 116 (1034), 
t IIoLBOUN ami Otto, ZexU. Phystk, 10, 367 (1022) 
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€ire probably quite similar. For hydrogen mixed with nitrogen* or 
lieUum,t on the other hand, a quadratic curve fits the data very well, 
'The original data on these latter mixtures had reference to Bp = BjRT] 
the values of Bpn that were found to secure the best fit with the data 
\vere 


im 

NrNa 

Na-Ha 

IIs-Hj 

Ha-Ho 

Hc-Ho 


-2.80 

6.10 

0.50 





.... 

6.59 

7.00 

6.10 


Tho unU 18 10'' in terms oC ftlinospliores nnd tlio sinndard voUimo nt 0®C, 


These results are interesting as indicating that repulsion predomi- 
nate.s over attraction, ns shown by tho positive sign, not only between 
the molecules of hydrogen itself but also between tho molecules of 
liydrogen and those of nitrogen, and, furthormoro, that the repulsive 
effect is a little greater between a moloculo of hydrogen and one of 
lielium than it is when, both molecules aro of the same kind. 

136. The Virlal Theorem. In place of the treatment of tho pres¬ 
sure in a real gas that wo have given in Sec. 121, the argument can 
loe rearranged in a more abstract but very neat form known as the 
virial theorem of Clausius. Tho discussion of tho equation of state 
will bo closed with a deduction of this theorem. 

Let X, Uf z denote tho cartesian components of tho center of mass of 
ti molecule, and lot us write down tho equation expressing Newton's 
second law as applied to its a:-coorcUnato and then multiply this 
equation through by x. Wo thus obtain 

d^x d^x v 

= mx-^=xX, 

in which X is tho total .'c-componont of force on tho moloculo. Tho 
second of these equations can also be written 



Now these equations must hold at all times; hence tlio average 
values of tho two members of tho last must be equal. Let us take 
such averages over a very long time and denote thorn by a bar. 

Then the average of tho first term in the last equation is simply tho 
total change in mx dx/dl divided by the total time. Now, dx/dt does 

* VunscHOYLiD, Roy, Soo, Proc,, 111, 662 (1020). 

t Giiaiy, Tannwu, and Masson, Roy, Soc. Pree,, 122, 283 (1034). 
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not increase without limit ; x may do so, but the theory of the Brownian 
motion {q.v.) shows that it increases only as the square root of the time. 
Hence the average of the first term will ultimately be zero. The 
average of the second term is minus one third the average of 



provided we assume the motion to be on the average isotropic, hence 
by (256) in Sec. 15 it equals kT. Thus in the long run 

-kT = FX. 

A similar equation holds for the y- and ^-coordinates and the cor¬ 
responding force components, Y and Z. 

We can also sum up these equations for all N molecules in a given 
mass of gas and write as our result 

NkT = (186a) 

or, adding these three equations and again inserting = kT, we 
have the double result that 

SNkT = = - 2(xX -f- ^ -f iZ). (1866) 

The right-hand member of the last equation divided by 2 was 
called by Clausius the “virial” of the forces, and it is this latter form 
of statement that is usually called the virial theorem; it can be 
expressed in words by saying that the mean translatory kinetic 
energy of the molecules is equal to the virial of all the forces that act 
upon them. 

If we can evaluate the virial, the equation of state can be written 
down at once. The forces consist in part of forces exerted on the mole¬ 
cules by the walls of the containing vessel and the term representing 
their contribution to the virial introduces the pressure into the equa¬ 
tion. This term is most simply calculated if we give to the vessel a 
rectangular form with its faces perpendicular to the axis; then if 
Xi and Xi are the values of x at the two faces perpendicular to the 
a;-axis, Xz being the greater, the contribution at the first face to 2 icA 
can be written xiIi'X = XiS^p where 8 ^* is the area of this face and p 
is the macroscopic pressure on it; the contribution at the second face 
is similarly —XzSxp; and the sum of the two contributions is 

- {xz - xi)8xP = -Vp, 
where V is the volume of the vessel. 




Sbc. 136 ] 


THE EQUATION OF STATE 


237 


If the gas is perfect, there are no other contributions to the virial, 
and (186a) then gives at once the perfect-gas equation, pV = NkT. 
Otherwise, wherever two molecules interact, the equal and opposite 
forces on the two act at points for which, in general, x has different 
values. The calculation of the resulting term in in case the 

density is sufficiently low so that only binary encounters need be con¬ 
sidered, differs only in nonessentials from the calculation given in 
Sec. 129 above in obtaining an expression for B. If enough knowledge 
of the molecular motion were available so that could be calcu¬ 
lated at all densities, we could at once find the complete equation of 
state. The same can be said, however, of the methods employed 
above, so that the virial theorem does not seem to be of much real use 
in kinetic theory. 

Problem. Making the same physical assumptions as in Sec. 129, 
calculate the contribution to hxX in (186a) that arises from inter- 
molecular forces and so obtain the expression for B given in eq. (185). 



CHAPTER VI 


ENERGY, ENTROPY, AND SPECIFIC HEATS 

The physical state of a given mass of gas that is in equilibrium and 
subjected to ordinary conditions (e.g., not subject to any force-field) 
is completely fixed when we assign values to any two of the three 
variables p, V, T (pressure, volume, temperature). These three 
variables are connected by the equation of state, which was the subject 
of discussion in the last chapter, and by solving this equation any one 
of the three can be obtained as a function of the other two. 

In addition to these three there are other quantities that are 
characteristic of a gas in equilibrium. Especially important are the 
energy and the entropy, and, connected with the derivatives of these, 
the specific heats. These might be called collectively thermal magni¬ 
tudes. They will form the subject of discussion in the present chapter. 

The laws of thermodynamics require certain connections to exist 
between the thermal quantities and the equation of state. This 
connection is such that if we know the equation of state and either 
of the two quantities, energy and entropy, we can calculate the other 
one; furthermore, it is sufficient to know one of these quantities 
merely for the gas in its perfect state of vanishing density. Our dis¬ 
cussion of the thermal quantities in terms of kinetic theory can 
accordingly be greatly restricted; it can be limited to the problem of 
the energy of a perfect gas. 

In preparation for this discussion, however, it is advantageous first 
to survey the conclusions that are furnished by thermodynamics. 
Of course, the general validity of the laws of thermodynamics is also 
itself one of those properties of gases which it is the object of kinetic 
theory to explain as a consequence of the fundamental properties of 
the molecules; such an explanation of the second law of thermody¬ 
namics we shall, in fact, undertake in the chapter on Statistical 
Mechanics. The explanation there obtained is so abstract, however, 
and our confidence in the validity of these laws is so great, that it is 
best at this point simply to assume their truth and to direct our prin¬ 
cipal efforts toward developing a theory that shall supply the other 
half of the information which thermodjmamics cannot furnish. 

The preliminary thermodynamic investigation of the relations 
between thermal quantities and the equation of state is necessarily 

238 
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rather mathematical and abstract. Any reader who is interested 
primarily in the contributions of kinetic theory to the subject and 
prefers to take the thermodynamics on faith can without difiSculty 
omit the next six sections entirely and pass at once to Sec. 142. 

INFORMATION OBTAINABLE PROM THERMODYNAMICS 

136. Some Definitions and Basic Principles. Let U denote the 
internal or intrinsic energy of a gram of gas, i.e., that part of its 
energy which is neither kinetic nor due to an external force-field. 
For simplicity it will be assumed that energy of these latter sorts is 
entirely absent, and hereafter for brevity we shall refer to U simply 
as the energy (or specific energy, since we are dealing with a gram). 
In books on physical chemistry the mass is often taken to be a gram 
molecule, but the advantage in physics seems to lie in the direction 
of the gram as the unit. In any case, all of the formulas in this chapter 
will hold for a gram molecule, provided all quantities, even the specific 
heats, are understood to refer to that unit of mass. 

Then U can change only through exchange of energy between the 
gas and its surroundings; and this exchange may occur in either of 
two ways which from the thermodynamic standpoint are fundamen¬ 
tally different. Energy may pass into the gas by thermal conduction, 
or by some process equivalent to this so far as its effects on the gas 
are concerned (such as the absorption of infrared radiation); energy so 
passing into a body is called heat. On the other hand, the gas may 
lose energy by doing mechanical work. 

These three quantities are related by a simple formula expressive 
of the conservation of energy. During some slight change let the 
gas absorb heat dQ, undergo a change of energy dU, and do work dW. 
Then dQ = dU dW. Under ordinary conditions, however, a gas 
does work only by expanding while exerting pressure. Confining 
ourselves hereafter to such cases, we have dW ~ pdV, V being the 
volume (or specific volume) and p the pressure; thus 

dQ = dU + p dV. (187) 

To this equation, expressing the “first law^’ of thermodynamics, 
the second law then adds the proposition, already noted in Sec. 13, 
that if the heat dQ is imparted reversibly, we can write 

dQ = T dS. (188) 

where T and S are two other definite functions of the state of the 
gas, i.e., functions of whatever pair of independent variables are being 
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employed to specify its state. From (188) and (187) we have then 
also 

TdS = dU+pdV. (189) 

This equation was, in effect, employed in Sec. 13 in setting up the 
thermodynamic temperature scale, and in accordance with the pro¬ 
cedure followed there, we can interpret T to stand for the absolute 
temperature, the new function S then representing the entropy. 

Connections between U and S, on the one hand, and the equation 
of state on the other, are now arrived at by seeking the mathematical 
consequences of the equations just written down, especially when 
taken in conjunction with the fact that both U and S are, by ,assump¬ 
tion, definite differentiable functions of the independent variables. 

Equation (189) shows that if the equation of state is known, so 
that, say, p is known as a function of V and T, then S can be found 
from U, or, alternatively, U can be found from S, by a process of 
simple integration; for example, 

S = J^ + J|«JF. (189a) 

It is sufficient, therefore, to discuss in detail only one of these two 
quantities. Experimentally, S is the more important one of the two, 
but U is more interesting from the point of view of kinetic theory; 
accordingly we shall select 17 for further consideration here. 

, 137. Differential Equations for the Energy IT. Taking as inde¬ 
pendent variables V and T, we can write 

dU^dV{V,T)^(ffj^dV+[§\dT. 

Then (189) can be written 

(^,5 = 1"—^ (^17-f. L 

lT\dVjT^ ^ T\dT)v 

In writing partial derivatives here we have indicated in each case by a 
subscript the variable that is being kept constant. 

Now this expression for dS is of the form dS = H dV + K dT; 
if we make dT = 0, dS/dV = (dS/dV)T by definition of the partial 
derivative, while if we make = 0, dS/dT = idS/dT)v; hence 
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But, since 5 is a definite function of V and T (and if we may assume 
its second derivatives to be continuous), 

±(^\ = ^ _ d fdS\ 

dT\dVjT dT dV dV dT ~ dV\dT)y 

Hence 

(dg\ ^ (dj^ 

\dT)y \dv); 

In the case before us this means that 

_Ji I 1 , d p _l dm 

T^dV T dT dV dT T ~ T dV df 

whence 

(^)j, = 

As an alternative, we might employ p and T as independent varia 
bles. We need then only to replace dV in (189) by 

and d 17 by a similar expression, so that, divided through by T, (189) 
takes the form 



Then, by similar reasoning, we obtain 


(s). - ), - K^a• 

Both (190a) and (1906) obviously rest for their validity in part upon 
the second law of thermodynamics. 

When the relation between p, V, and T is known, either (190a) 
or (1906) constitutes a partial differential equation for U. The two 
equations are mathematically equivalent, of course, for from (190a) one 
can pass back to the conclusion that (dH/dT)v = (dK/dV)T with H 
and K defined as above, and then by a simple mathematical theorem 
it follows that H dV + K dT is a perfect differential, or the differential 
of some definite function of the independent variables, for which we 
can write dS ; one then finds easily that TdS = dU + p dV, as in (189), 
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and from this we can then deduce (1906) as before. In a similar way 
we can pass in the reverse direction from (1906) to (190a). 

From (189), which is reached on the way in either case, one can 
also pass by the conservation of energy to (187) and (188), which latter 
expresses the second law. It is therefore evident that any form of 
the function U that satisfies one of the differential equations just 
obtained will automatically be in complete harmony with thermo¬ 
dynamic requirements. 

The solution of any partial differential equation contains, 
however, a large degree of arbitrariness. Additional information is 
necessary, therefore, for the complete determination of U. 

The same situation exists as regards, the entropy. 

Problems. 1. Show that thermodynamics requires similarly that 
the entropy S satisfy the following differential equations (constituting 
two of what are called the “thermodynamic relations”): 

(wX = fe); {fX = -(S); 

2. Show that if C7 is a function of T alone, then p/T is a function 
of V only; and, conversely, if the equation of state has the form 
p = Tf(V), then 17 is a function of T only and the heat of free expansion 
vanishes. 

138. Experimental Measurement of Energy and Entropy; the 
Specific Heats. According to (187) and (188), the energy U and the 
entropy S of a. gas can be found from the integrals 

U = jdQ- jpdV, S = j^, 

in which T is the absolute temperature and dQ is the heat absorbed 
by the gas during a small reversible change in its state. Since, how¬ 
ever, an integral necessarily contains an arbitrary constant of integra¬ 
tion, values of U and S must be assigned arbitrarily to some convenient 
base state of the gas, e.g., the state at some point Ao on the p V diagram 
(cf. Fig. 55); in other words, it is only changes of U and S that possess 
physical significance. * We might then determine U and S in any other 
state A by carrying the gas along any reversible path from Ao to A, 
such as AqBA, and observing the successive elements of heat dQ and of 
work p dV and the values of T; from these we could then calculate the 

* If we take the view suggested by relativistic and atomic phenomena that mass 
and weight are associated with all energy in a definite ratio, then U itself is 
physically definite. Such considerations, however, lie entirely outside the range of 
kinetic theory. 
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increases in U and in S. In practice, however, the thermal observa¬ 
tions are usually interpreted as yielding values of the specific heats, 
and the other necessary data are taken from observations on the equa¬ 
tion of state. 

The specific heats are very simply related to U and S. When the 
gas is kept at constant volume, so that it does no external work, 
dQ = dU = TdS (the process being assumed reversible). Hence, 
since we are dealing with 1 g of gas, we can write for its specific heat 
at constant volume in mechanical units 

If, on the other hand, the heating is done 
at constant pressure, the gas does external 
work and dQ = dU + p dV = T dS; hence 
the specific heat at constant pressure in 
mechanical units is given by Fig. 66. 

= {§\ = @1 + 

in which the value of {dV/dT)p can be found from the equation of 
state. Here for Q we have written a total derivative because Q is 
not a definite function of p and T as independent variables, but does 
become a function of one of them when the other is held fixed. 

These formulas can be utilized in calculating U and 8 from observa¬ 
tional data in the following way. To calculate the gain in energy of 
a gram of the gas as it passes from the base point Ao where its pressure 
is po and temperature To, up to any other point A where the pressure 
is p and the temperature T, let us first suppose it to be heated (or 
cooled, as the case may be) at constant pressure po along the path 
AoC to temperature T (Fig. 55). During this process the gain in 
energy can be written, according to (1926), 

The last integral here represents simply the change in volume, 
V(po, T) — V{po, To). Then let us compress (or expand) the gas 
isothermally from C to its final state A; using (190a), we can write for 
the increase in U along this path 
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If we Ww denote by U(po, jTo) the assumed value of U at the base 
point we thus ebtain finally for -U at A 

Uip, T) = 17'(po, To) 4- Po[r(33o, To) - F'(po, T)] 

Values of 7(p, T) and of {d/dT){p/T)Y, the latter all being taken 
at the temperature T, are furnished by the equation of state. 

Of course, other paths of integration may also bo followed. 
Problem. Show in a similar way that 


S{p, T) = S(po, To) + dT - ’^P: (1936) 

the values of {dV/dT)p being taken at the temperature T. 

139. Specific-heat Relations. From the equations obtained in the 
last section it is clear that in order to be able to ascertain the energy 
and entropy of a gas, all that we need in addition to the equation of 
state is a knowledge of the specific heats. There exist, in turn, a 
number of relations between the latter and certain mechanical quan¬ 
tities which serve to simplify the problem still further. 

In the first place, we may note the familiar relationship that 


Cp (dp/dV)s 
Cy ■“ {dp/dV)T 


(194) 


or the ratio of the specific heats y equals the ratio of the adiabatic and 
the isothermal elasticities. * The proof of this equation requires only 
a straightforward application of the conservation of energy, but we 
shall refer for it to other books.t 

In the second place, an important expression for the difference of 
the specific heats can be deduced by means of thermodynamical rea¬ 
soning. From (192a, 6) 



* As usually defined, these elasticities are, of course, —Vidp/dV)s, ~V(Bp/dV)T> 
t Cf. PoYNTiNG and Thomson, “Heat,” 9th ed., 1928, p. 288; also, K, Ensuit, 
“Heat,” 1936, p. 367, where the proof is indirect. 
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Hence 



the second and perhaps more useful form here results from the mathe¬ 
matical relations* 


fdV\ fdp\ _ /dV\ /'dV\ _ 1 

XdpJAdTjv \dTj,> \dp)r (dp/dV); 

The values of the derivatives in (195) are all obtainable from the 
equation of state. 

We thus reach the important conclusion that separate observa¬ 
tions of both specific heats are unnecessary if the equation of state is 
known. 

As a matter of fact, (194) and (195) together could be employed 
to calculate the specific heats themselves from mechanical data alone, 
7 being known from the velocity of sound in the gas and the value of 
the right-hand member of (195) from the equation of state. Certain 
qualitative information of a nonmechanical sort would still be required, 
however, for we should need to know what constitutes an adiabatic 
compression, and this is not a purely mechanical conception. In 
practice, furthermore, the mechanical data are scarcely complete 
enough at present to make it worth while to substitute them for direct 
observations upon one of the specific heats. 

140. Variation of the Specific Heats. The experimental or theo¬ 
retical study of one specific heat which thus remains to be made can 
be reduced further by means of yet a third connection with the equa- 

* These can be obtained by writing 

dv = (-) (^) (m) +(£1) U, 

\dp/T \dT/p \dp/ T\dV/ T [.\^P/ T\dTjv \dT/pJ 

in which (dV/dp)r (dp/dV)T “ 1 and hence the last term equals wro; dividing 
out dT we have then the equation stated, 
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tion of state. For by differentiating the first and last members in 
(192a) and (1926) with T constant, and then substituting for d'^8/dV dT 
and d^S/dp dT from (191a, 6), we find 



In view of these equations it is clear that we need add to the equa¬ 
tion of state only a knowledge of Ck as a function of temperature at a 
single volume, or of Cj, at a single pressure, in order to be in a position to 
calculate all values of the specific heats, and then from these the energy 
and the entropy. It is sufficient, for instance, to determine in some 
way either cy or Cp for the perfect-gas limiting case of vanishing density. 
To a theoretical study of the latter problem we shall accordingly devote 
the major part of this chapter, tarrying only to note the special forms 
which some of the preceding equations take in certain simple cases. 

141. Thermodynamics of Perfect and van der Waals Gases. If a 
gas obeys the perfect-gas law, 

pV = RT, 

we have at once 

^ - L /^£Z^ _ ^ 

\dT)y V" t \dT)p - p - T 

and hence, by (190a) in Sec. 137, 



The energy U is, therefore, a function of the temperature alone. 
The reasoning here constitutes the inverse of that in Sec. 13, where we 
started from the assumption that, for a perfect gas, C/ is a function of 
the temperature only and then proceeded to show that the equation of 
state must have the form, pV = RT. If we know the function U(T), 
we can evaluate both integrals in eq. (189a) in Sec. 136, the second 
Cp fdV 

giving \ ^dV = R \ -y = jK log 7; we find thus for the entropy of a 
gram of a perfect gas, writing dU = Cy dT from (192a), 

s = Jc- ^ + 22 log y = Jc7 ^ + /e log (ier) - B log j>. 

Furthermore, it follows from (195) that 

' Cp Oy ”* jR, 


(197) 
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so that for a perfect gas this difference is a constant, representing a 
constant work difT<‘rejice between tlu‘ two specific heats equal to the 
gas constant R. From this ecpiation we Imve, in terms of the spccific- 
h(*at rati<j, 7 = Cp/cv, 

“ y"^ f “ "“-I' (198a, b) 

Differentiating furthi'r, we find also tliat 


ami hence by (I96rt, b) 


( flCvA 

\aF/: 


Thus, for a perfect gas both Hpisafic lu'ats and liki^wise their ratio 7 are, 


\t 
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increase, however, when the density becomes considerable; they may 
ultimately become much larger than at low densities, especially near 

the critical point. itt i 

Prohlem. Obtain the following equations for the van der Waals 

gas, valid .also at low densities for a gas of weakly attracting hard 
spheres, and compare them with the equations for the perfect gas: 



Thus for small values of a/RVT and h/v 

C,-Cy=:B + ^- ( 202 ) 

SPECIFIC HEAT OF THE PERFECT GAS 

We shall now complete our study of the energy and related mag¬ 
nitudes of a gas by taking up the fundamental problem of its energy 
and specific heat at vanishing density, when it becomes perf(;ct.^ 

It is instructive to consider first the conclusions that arci indicated 
by classical theory, which contain a great deal of truth, and then to 
correct and amplify these results by introducing wave mechanics. 

142. Molecular Energy. The energy of a gas, regarded as the 
energy of its molecules, can be divided more or loss definitely into a 
number of different parts, as follows: 

а. Translatory kinetic energy. 

б. Rotational kinetic energy. 

c. Energy of vibration of the atoms relative to the center of mass 
of the whole molecule, partly kinetic and partly potential in nature 
(at least in classical theory). 

d. Mutual potential energy of the molecules as wholes. 

e. Internal atomic energy. 

Even in classical theory the distinction between’these different^ 
types cannot always be drawn sharply, but it is sufficicmtly definite 
to make the classification helpful. 

At very low densities the mutual energy, type (d), becomes negligi¬ 
ble, and hence it will not further concern us here; its effect is, in fact, 
covered by the various connections with the equation of state that 
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have deduced from thermodynamics. The translatory kinetic 
energy of the molecules moving as wholes is likewise quite distinct 
at low densities from the other forms. The remaining types, which 
we have been lumping together and calling internal molecular energy, 
are much more closely interrelated; both classical and quantum theory 
indicate, however, that they can be distinguished clearly enough so 
long as they are of quite different orders of magnitude, and such is the 
case at least when the temperature is sufficiently low. 

Each of these types of energy is a definite function of the coordi¬ 
nates and momenta, and if the form of this function is known, the 
average value of this part of the energy can be found by the methods 
of statistical mechanics. For one type of energy classical theory 
furnishes an extremely simple general rule: According to the famous 
principle of the equipartiiion of energy, if any part of the energy of a 
system is simply proportional to the square of a coordinate or of a 
component of velocity or momentum, then, when the system is in 
thermal equilibrium at temperature T, the mean value of this part 
of the energy is | hT, h being the gas constant for one molecule (cf. 
Sec. 206). 

Now the translatory energy of a molecule is the sum of three such 
terms, corresponding to its three degrees of translational freedom; 
it can be written, for instance, {pi + Py 4- pi)/2m in terms of the 
cartesian components of momentum, p*, py, p*. The mean translatory 
energy of a molecule should accordingly be %kT, in agreement with 
the usual elementary result. Multiplying this value by the number 
of molecules, we have therefore for the translatory energy of a gram 

Ut = -I RT, (203) 

M being as usual the gas constant for a gram. 

143. The Classical Theory of Specific Heat. We can conceive of 
molecules that possess no other form of energy than translational. 
'This would be true, for instance, if they were simple mass points 
incapable of rotation, or if they were smooth spheres initially devoid 
of rotation and having the center of gravity at the geometrical center, 
so that their state of rotation could never be changed by any molecular 
impact. For a gas composed of such molecules the total energy would 
be U ^ Ut) the specific heat at constant volume would accordingly 
be, by (203), Cv — (dU/dT)r — fR, and, since for a perfect gas 
Cp — cv — R [cf. (197)], the specific heat at constant volume would 
be Cp = 72, and for the ratio of the two we should have Cp/cv = 

If the gas constant Rm for a gram molecule or mole is substituted for 
JR we have | JKjw as the specific heat in terms of moles; substituting 
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Rm = 83.15 X 10® and dividing by 4.186 X 10^, we find for this 2.98 
cal per mole. This result is often cited as a specific heat of about 
3 cal per mole for a monatomic gas. 

Since any internal energy that the molecules may possess is almost 
certain to increase rather than to decrease with a rise of temperature, 
its presence should increase not only U but also the specific heats. 
Accordingly, we are led to expect all real gases at low pressures to 
satisfy the following inequalities: 

U ^ I RT, cv ^ -I R, Cp ^ I R, 7 ^ | . (203a, h, c, d) 

The last two of these is based upon the assumption that Cp — Cv = R. 

The next simplest type, after the simple mass point, would be a 
dumbbell, or two atoms rigidly united into a molecule possessing a single 
axis of symmetry. Such a'molecule would be incapable of any change 
in rotation about this axis; it would have, therefore, two degrees of 
rotational freedom, corresponding to independent rotations about two 
axes perpendicular to each other as well as to the axis of symmetry. 
The principle of equipartition also asserts that the mean kinetic energy 
associated with each of these degrees of rotational freedom would have 
an average value of f kT (cf. Sec. 206). Accordingly, the molecules 
in a gram would possess, in addition to Ut, rotational energy of 
magnitude 

Ur = RT 

and we should have U — Ut + Ur — i RT, cv — i R, Cp = B, 
7 = , 

If, on the other hand, the molecule were rigid but possessed no axis 
of symmetry, as would almost certainly be the case if it were composed 
of three or more atoms not lying on the same line, all three degrees of 
rotational freedom would take up their share of kinetic energy and we 
should have 


Ur = I RT; 

hence U = ZRT and cy — ZR, Cp = 4i2, 7 = %. 

Another possibility is that the atoms may vibrate relative to each 
other. If these vibrations are of rather small amplitude, they should 
be very nearly harmonic; the expression for the corresponding potential 
energy would then be of the squared form to which the principle of 
equipartition applies, e.g., f where g is a coordinate and a a 
constant, and so would likewise average \kT. The total mean energy, 
kinetic and potential, associated with each mode of vibration would 
then be kT, and the total amount of this kind of energy in a gram would 
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he RT. A gas composed of dumbbell molecules in which the atoms can 
vibrate along the line joining their centers would thus have energy 
U = Ut Ur -h RT = -I- RT, so that Cv = -g- R, Cp — R, y = 

A general formula can easily be worked out for an asymmetric 
molecule containing any number r of atoms which are capable of rela¬ 
tive vibration in simple harmonic motion. We require 3r coordinates 
to specify the positions of the atoms, but three combinations of these 
represent the position of the center of mass of the whole molecule and 
three more are accounted for by the three possible independent rota¬ 
tions; hence there are only 3r — 6 independent modes of vibration. 
Thus there will be in a gram Uv = (3r - 6)J?Tergs of vibrational energy, 
Ur = i RT of rotational and Ut = I- RT of translational, or a total of 
U = Z{t — 1)RT ergs: consequently Cv = 3(r — l)i?, Cp = (3r — 2)i?, 

y — j . The specific heats in an actual case might be smaller 

than these values if some of the atoms were rigidly bound together; or, 
if some of the modes of vibration were anharmonic, the specific heats 
might even exceed the values stated, but probably not by a great deal. 

The classical results thus worked out are summarized in the follow¬ 
ing table, the column headed U/Ut giving in each case the ratio of the 
total energy to the translatory energy alone: 


Molecular type 



Cp/R 

y 

Spherically syminetrical. 


HH 

% 

% = 1.667 

Dumbbells. 

% \ 


% 

% = 1.400 

Rigid nonsymmetrical. 

2 

3 

4 

% = 1.333 

Diatomic, vibrating 8.H. 

% 

% 



T atoms vibrating S.H. (nonsym- 
metric, r > 2). 

2(t - 1) 

3(r — 1) 

3r - 2 



144. Comparison with Actual Specific Heats. For comparison 
with the theoretical formulas the principal thermal data for the com¬ 
moner gases and a few organic ones under ordinary conditions are col¬ 
lected in the annexed table on p. 252. 

Under the heading y is given the ratio of the two specific heats, 
mostly determined from the velocity of sound, and under the head¬ 
ing c'p is given the specific heat at constant volume stated in terms of 
calories per gram for convenience in comparing with other specific 
heats; must, therefore, be multiplied by the mechanical equaivalent 
of the calorie, J = 4.186 X 10'^ ergs, to obtain the quantity Cp that 
occurs above in our formulas. In the fourth column are shown val- 
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Specific Heats 


Gas 

7 

f 

Cp 


Cv 

R 

Helium. 

Neon. 

1.659 (18°) 
1.64 (19°) 

1.252 (18°) 

1.001 

1.’519 

Argon. 

Krypton. 

Xenon. 

1.663 

1.68 (19°) 
1.66 (19°) 

0.125 

1.008 

1.509 

Ha. 

1.410 

3.393 

.9995 

2.438 

HCl. 

1.40 (20°) 

0.194 

1.02 

2.64 

Na. 

1.404 

0.2476 

1.005 

2.448 

CO. 

1.404 

0.248 

1.005 

2.488 

Oa. 

1.401 

O. 2 I 80 

1.004 

2.504 

NO. 

1.400 

0.233i 

1.005 

2.512 

Cla. 

1.36 

0.115 

1.09 

3.02 

HaO. 

1.32 (100°) 

0.48 (100°) 

1.06 

3.3 

HaS. 

1.32 (18°) 

0.253 

1.05 

3.29 

COa. 

1.304 

0.199 

1.027 

3.38 

SOa .. 

1.29 

0.152 

1.10 

3.79 

NHa. 

1.31 

0.524 

1.06 

3.42 

CaNa. 

1.256 

0.205 

1.09 

4.27 

CH 4 (methane). 

1.31 

0.529 

1.01 

3.25 

CaHi (ethylene). 

1.256 

0.360 

1.03 

4.04 

CaHe (ethane).* 

1.22 

0.386 

1.05 

4.78 

CaHoO (ethyl alcohol). 

1.13 (90°) 

0.454 

(100°“223°) 

1.21(?) 

9.3(?) 

C^HioO (ethyl ether). 

1.08 (35°) 

0.445 (35°) 

1.23 

15.4 


The data are for 1 atmosphere pressure and, unless otherwise stated, 16°C. 
cp and Cy are in mechanical units, cp in calories per gram. 


fQ 

lies of the ratio —- calculated as —^or mostly as 

(7 — l)Cp X W/jRm, Rm being the molar gas constant or 8.315 joules 
per degree and Cp, the heat capacity of a gram molecule in joules per 
degree. The fifth column contains values of Cr/R, cv being calculated 
as CpJJy. The data were taken largely from the International Critical 
Tables, where the values given are mostly those of Cp, from which 4 
was found by dividing by 4.186 and by the molecular weight. 

A glance at the table shows at least that inequalities (2036) and 
(203d) are always satisfied. It is really sufficient to discuss only one 
of the two quantities cv and y, since, as we have seen, the other is 
determined in terms of it by means of relations obtained from thermo¬ 
dynamics, but as a matter of interest we shall discuss both. 

We note that for five gases y lies close to the theoretical value of % 
that was found in the last section for mass points; and for two of these 
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cv/R is known and lies close to the theoretical wdltne of 1.5. These are 
the rare gases, whose molecules are believed to consist of single atoms. 
When these gases were first discovered, to be sure, their monatomic 
(Character was actually inferred from ^observations on y and the 
imteifpretation iin ithe light <of Mnetic theory, for the reason that these 
(gases scarcely enter into tchenfical combination, but modern atomic 
itheory has now lent strong support to .the conclusion that they have 
.'monatomic molecules. 

There follows next a group'from'HaitoMO for which y is close to 1.4 
and Cv/R fairly close to 2.5, which are the theoretical values for rigid 
dumbbell molecules. Since there are abundant chemical reasons for 
believing these gases to be diatomic, classical theory was able to explain 
their values of y and Cv very nicely by supposing the two atoms to be 
bound rigidly together in the molecule and hence incapable of vibration. 
The next gas in the table, however, Cb, is also certainly diatomic, yet it 
has 7 = 1.36 and Cv/R = 3.02. These values do not correspond 
exactly to any simple classical type; if the explanation of the departure 
lay in a classical vibration of the atoms, which is the most attractive 
supposition, we ought to have y = 1.286 and cv/R = 3.5 (cf. table at 
end of preceding section), whereas if the dumbbell were rigid but some¬ 
how asymmetric we should have y = 1.333 and cv/R — 3.0. The 
latter number agrees well with the experimental value, but the value of 
7 definitely does not; such an assumption is, moreover, very improbable. 
Thus in this case classical theory fails. 

All of the gases in the table with more than two atoms in the mole¬ 
cule have 7 less and cv/R greater, respectively, than the theoretical 
values % and 3 for rigid asymmetric molecules. This much is satis¬ 
factory, since their molecules all contain at least three atoms; and we 
note also that cv/R never exceeds the value 3 (t — 1 ), which is the 
maximum that could be accounted for by allowing all of the r atoms in a 
molecule to execute classical simple harmonic motions. No definite 
progress can be made, however, using classical ideas, toward accounting 
for the data in detail. 

It is interesting to note that the classical results were supposed to be 
applicable to liquid and solid phases as well as to gases. In the case of 
pure elementary substances the molecule was commonly thought to l?e 
monatomic in condensed phases, the individual atoms moving inde¬ 
pendently. If we then assume that in a solid the atoms of such a 
substance vibrate approximately in simple harmonic motion, we arrive 
at the conclusion that the heat content should be just twice that of a 
monatomic gas, the energy averaging half kinetic and half potential, 
and the specific heat should accordingly be ^R. The heat capacity of a 
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mole would then be SRm or 3 X 83.15 X lOVd.lSG X 10^ = 5.96 or 
about 6 cal per mole. 

Now, it is a fact that for most solid elements at ordinary tempera¬ 
tures the specific heat is not far from 6 cal per mole. There are a few 
notable exceptions, however, such as diamond. Furthermore, later 
work has shown that the specific heat of all substances drops eventually 
if the temperature is lowered sufficiently, apparently tending toward 0 
at F = 0. The first satisfactory explanation of these facts was given 
by Debye in 1912, but it lies outside the scope of this book.* 

146. The Specific-heat Difference. The values of (cp — Cy)/R 
are in quite a different status from those of y or Cv, since the value of 
Cp — Cv is fixed by eq. (195) above in terms of quantities derivable from 
the equation of state. Departures of (cp — Cv)/R from the perfect-gas 
value of unity thus serve as an indication in thermal data of a departure 
from the behavior of a perfect gas, and some interest attaches to them 
for this reason. 

For the first eight gases for which values are given, with the excep¬ 
tion of HCl, and for methane, (cp — cv) /R is actually within 1 per cent 
of unity; these are all gases whose critical temperature lies below 0°C 
(even that of methane being — 82.5°C). The remaining gases in the 
table all have critical points above 0®C and would be expected to show 
greater departures from the perfect gas. We found above that a gas 
composed of hard weakly attracting spheres, or a van der Waals gas, 
should obey eq. (202) in Sec. 141; since a is, according to its theoretical 
origin, necessarily positive, for such a gas (cp — cv)/R should exceed 
unity. This is uniformly the case for actual gases except for hydrogen, 
where the slight defect in the ratio may easily represent experimental 
error. 

146. The Problem of the Internal Energy. It is obvious from our 
discussion that classical theory was unable to deal in any satisfactory 
way with the internal energy of the molecules. The worst feature of 
the situation was that classical statistics indicated a mean value kT 
for the kinetic energy associated with each degree of freedom, and the 
nature of atomic spectra pointed very clearly to the existence of many 
internal modes of vibration even within a single atom; it was necessary 
to assume that for some unknown reason these modes did not contribute 
appreciably to the specific heat. 

The difficulty was not quite so serious in the present connection 
as in the theory of radiation, where the degrees of freedom of the 
electromagnetic field were actually infinite in number, and where the 


Cf. F. K. Richtmyer, "Introduction to Modern Physics,” 1934, p. 280, 
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difficulty had in 1900 led to Planck's invention of the quantum theory; 
but as time went on, matters became worse instead of better. 

The success of the Rutherford atom in 1912 was the last straw; 
for the concentration of the positive charge into a minute nucleus 
opened up a deep hole in which, according to the classical Boltz m a nn 
formula, the electrons would be completely swallowed up. The poten-' 
tial energy of an electron of charge e at a distance r from a nucleus of 
positive charge —Ze being w = —Ze^jr, the probability, according to 
the Boltzmann formula (92a) in Sec. 55, that the electron is in an 

element dr of space is dr, and the chance that it lies at a dis¬ 

tance between r and r + dr from the nucleus is, therefore, 

Pr dr = iirr^Cdr; 

the total chance of its lying within a distance ri of the nucleus is then 

rri pn ^00 J 

Prdr = hrCrn, dr = irCm, % 

Jo Jo Vl/n P* 

This is infinite unless Cm a = 0, in which case the electron would have to 
be right on top of the nucleus. Any departure from the Coulomb law 
that could reasonably be assumed did not help matters much. 

The first step toward a solution of such difficulties was the partial 
substitution of quantum for classical ideas in the atomic theory pro¬ 
posed by Bohr in 1913. Accordingly we shall turn now to the treat¬ 
ment of the internal energy that is furnished by modern wave 
mechanics. 

147. Quantum Theory of the Specific Heat. The different parts 
into which the molecular energy can be divided, as described above in 
Sec. 142, fare differently in wave mechanics. As regards the transla- 
tory kinetic energy, it can be shown (cf. Chap. X) that in practically 
all cases the classical expression is correct within the limits set by 
experimental error, and in those special cases in which perceptible 
deviations of quantum origin can occur, the effects of molecular forces 
are sufficiently great to mask the quantum effects. Furthermore, in 
the limiting case of indefinitely low density the quantum effects 
disappear entirely. Hence we can write with complete accuracy for 
the translatory energy of a gram of indefinitely rare and therefore 
perfect gas 

Vt = -I RT, 

as in eq. (203) above. 
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The internal energy, on. the other hand, requires radically different 
handling, as was explained in Sec. 54. If for simplicity we suppose the 
various fundamental quantum states of a molecule to be numbered 
off in a single series, then for statistical purposes we may imagine the 
molecule to spend a fraction P,- of its time in each quantum state of 
energy e,-, where ?,■ has the value given in eq. (936), viz., 

p,. = e~^/Z, Z = (204a, h) 

3 

the sum in Z extending over all fundamental quantum states. The 
mean internal energy of such a molecule will thus be 

= (205) 

J 3 

and the internal energy of a gram of gas containing N such molecules 
will be 

Ui = e~^/Z = RT^ ™ log Z (206) 

j 

where B = Nk or the gas constant for a gram. 

The quantity Z{T) which thus plays an important role in the theory 
was called by Planck the state sum (in German, “Zustandssumme”); 
it has also been called the ^'partition function,” We could equally well 
include in it by definition the factor N, so that it would have reference 
to a gram. If we know the energies e,- of the molecular quantum states, 
we can calculate Z and Ui as functions of the absolute temperature T; 
the specific heat at constant volume can then be calculated as 

Cr = ^ (U, + Ui). (207) 

The quantum states for a given molecule ordinarily fall naturally 
into a number of distinct groups corresponding to the fact that the 
energy can be separated approximately into rotational energy of the 
whole molecule, vibrational energy of the atoniic nuclei, and electronic 
energy, and for this reason it is customary to number them by means of 
not one but three quantum numbers; the latter are often denoted by 
n, V, J, being assigned so that changes of J imply chiefly changes in the 
rotational motion, of v, in the relative motions of the nuclei, and of n, 
in the electronic configuration. The change in energy involved in a 
jump of one of the quantum numbers from its lowest value to the next 
higher, which is the most important jump from our standpoint, is 
of a different order of magnitude in the three cases; expressed in 
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terms of kTu, the value of kT at 15°C or two thirds of the mean kinetic 
energy of a molecule at that temperature, the first step in rotation or in 
J requires about 0.15 to 0.3 kTu ergs, whereas the first step in vibra- 
tion“or in v requires 1 to 10 kTu, and the first step in electronic excita¬ 
tion or in n usually requires at least 100 kTu- 

A further multiplicity due to the nuclei must often be allowed 
for, either by the use of additional quantum numbers or by the intro¬ 
duction of suitable statistical weights or multiplicity factors into 
formulas such as (205) or (206). (Cf. Sec. 54.) This is illustrated in 
the discussion of hydrogen below. 

148. Variation of Specific Heat with Temperature. In the light 
of the facts just stated the general course of the specific heat as a func¬ 
tion of temperature can at once be predicted. If we first go to 
extremely low temperatures, the probability P,- of the state in which 
the internal energy e,- has its lowest value ei is very much larger than is 
Pj for any other state, and the molecules remain, therefore, nearly all 
of the time in this lowest state; all terms in the series for Ui in (206) are 
then extremely small in comparison with the first term, in which €j = d, 
and the series for Z in (2046) likewise reduces to its first term alone. 
Thus Ui = iVei and is independent of temperature, and the specific 
heat reduces to dUt/dT = SR/2, just as for a gas of mass points. 

If we then gradually raise the temperature, in the case of polyatomic 
molecules the higher rotational states eventually begin to be occupied; 
and a little consideration shows that when kT comes to exceed the suin 
of the first few energy steps between these states, there will be'an 
approximation to the classical value of the rotational energy. This 
condition can often be met before the higher vibrational states begin to 
occur with appreciable frequency; in such a case there may be a,con¬ 
siderable range of temperature over which cv has its classical value, 
including the part that represents rotational energy but nothing more. 

When the temperature is raised sufiSciently, however, vibrational 
energy will begin to occur in appreciable amounts, and cv will then 
increase further. Electronic excitation, on the other hand, can occur 
in appreciable amount only at temperatures of the order of a hundred 
times normal, or above, say, 20,000°. It should be noted that in the 
electronic energy there is included all energy of rotation of monatomic 
molecules, and also, in the case of molecules with collinear nuclei, the 
energy of rotation about the axis through the nuclei. 

The general shape thus predicted for the specific-heat curve of a 
perfect gas with polyatomic molecules is shown in Fig. 56. In the case 
of the more permanent gases there is evidence to show that the curve 
actually has such a form, the gas at ordinary temperatures being on 
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the flat part of the curve between A and J5; only in hydrogen, however, 
does the drop at A occur at easily accessible temperatures. The 
success of the classical theory in dealing with these gases is thus 
accounted for. Most gases are at B or still farther to the right. 

In order to construct a quantitative theory, we might now adopt 
some simple model for the molecule and try to adjust its assumed 
moments of inertia and vibrational properties in such a way as to make 
the theoretical values of c^^at different temperatures fit the experimental 
data. Several attempts to do this were made in the case of simple 
molecules such as hydrogen, but for various reasons complete success 
was never achieved. A much better procedure, in general, is probably 
to make use of the rich material concerning molecular energy levels 
that is furnished by the study of band spectra and to leave the theoret¬ 
ical interpretation of the levels 
themselves as a problem for the 
theoretical spectroscopist. The la¬ 
bor involved even in this procedure 
is considerable, and it is increased 
by a peculiar complication due to 
nuclear spin; but several cases have 
Fig. 66.-Spedfic h^eat of a polyatomic worked out. As an example 

the famous case of hydrogen will 
be discussed in detail presently; but first it will be worth while to 
consider briefly an ideal case that can easily be treated completely. 

149. The Case of Harmonic Oscillators. As a special case, suppose 
the molecules can vibrate harmonically in some way with a definite 
frequency v. Then there will be some coordinate q that can vary 
sinusoidally with the time and can be written q = a sin 2'irv{t S), 
and there will be a corresponding term in the energy of the form 
At where q = dq/dt and a and /3 are constants. In such a 
case wave mechanics predicts a series of quantum states whose energies 
are of the form (n + }4)hv, n being a positive integer or zero. 

The state sum for such an oscillator is easily calculated. We have 
only to establish first the mathematical formulas 
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Putting X = hv/hT in these formulas and e,- = (j -j- }4)hv in (2046) 
and (205), we obtain at once for the state sum Z and the mean energy 
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(208a) 


(2086) 


N molecules in a gram, each containing such an oscillator, would then 
contribute iVe to Ui, and to the specific heat cv the amount 

d J . , 2 /'onoN 

Cv. - = 4)^2j72/ 2/cr 

in terms of jK = iV/c and sinh a; = (e® — c“®)/2. 

In Fig. 57 are plotted e/Ziv and cv./i? against the temperature 
T. For large T or, more exactly, for 
small hvIkT, these quantities approach 
the classical values, kT and 1; for, if 
we expand the exponential that occurs 
in (2086) or (209), we obtain the 
series: 

7 mf t I 1 \ 

6 — /ci I 1 + Y2 ^2^2 ‘ ' y 

_ \ 

12 ' ' y 

For small IT, on the other hand, 

Cvv sinks exponentially to 0. It might "hv 

have been anticipated that at some S7.--The harmonic oscillator. 

. - - € » mean onorgy. 

intermediate temperature it would 

rise above the classical value in order to make up the deficit 
in energy that should exist at low temperatures, but no such rise occurs; 
according to present theory, there is really not a deficit but an excess of 
energy, due to the zero-point energy or the constant term ^ hv ini. The 
physical significance of this term is not too clear, however; if it were 
missing, as in the older quantum theory, the energy at high tempera¬ 
tures would simply remain permanently below the Classical value by 
the amount I hv. 
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To give some idea of numerical magnitudes, we may note that 
at 15°C the specific heat cw would be 1 per cent below R for a frequency 
V = 0.346 = kTn/h = 2.08 X 10^^, corresponding to a radiant wave 
length's X 10^V2.08 X lO^® cm or 0.14 mm. As the frequency rises, 
•the difference between cvp and R increases.- For the normal oxygen 
^molecule the second vibrational level lies above the first at a height 
•'equivalent to a frequency of 1,556 cm~^ or p = 4.67 X lO’^^ If we 
'treat -this as a simple harmonic mode of vibration, which is certainly 
.’justifiable at ordinary temperatures, we find from (209) that it con¬ 
tributes to the specific heat'Cy^ = 0:026i?. This is just appreciable. 
'Chlorine, on the other hand, has a first vibrational frequency of about 
560 cm-Vfor which at 15°C, Cy„ = 0.542. This is just about right to 
■accouift for the observed excess of 0.521? above the dumbbell value, 
'Cr = 2.5R* 

In hydrogen and nitrogen the vibrational frequencies lie too high to 
affect the specific heat at ordinary temperatures. The hydrogen 
molecule, on the other hand, has such a small moment of inertia that 
the drop in its rotational energy occurs at a moderately low temperature. 
The behavior of this gas will accordingly be discussed in detail. 

160. Hydrogen. The hydrogen molecule consists of two electrons 
and two nuclei or protons so tightly bound by the force-actions 
between the various particles that, as already remarked, at ordinary 
temperatures the vibrational and electronic energy practically never 
vary. Included in the electronic energy is also the equivalent of 
rotational energy of the electrons about the line joining the nuclei. 
There remains, therefore, as internal energy that does vary under 
ordinary conditions, only energy of rotation of the molec'.ule as a 
practically rigid dumbbell about an axis perpendicular to the nuclear 
line. 

The quantum states for such a rotation are shown in wave mechanics 
to have the energies 

h? 

_|. 1 )^ (" 210 ) 

where J is a positive integer or zero, h is Planck's constant, and I is the 
moment of inertia of the molecule about an axis perpendicular to the 
nuclear line.f 

In the case of hydrogen the moment of inertia arises almost entirely 
from the large masses of the nuclei, the electrons being 1,821 times 
lighter and so negligible; and its value is known from the spacing in 

* Cf. also Teatjtz and Adee, Zeits. Physik, 89, 16 (1934). 

t Cf. Condon and Moesi, “Quantum Mechanics,” 1929, p. 69. 
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band spectra to be I = 4.67 X 10~^^ c.g.s. units.* The factor 
in (210) has thus the value, 


(6.62 X 10-27)2 
8x2J 


1.19 X 10-1^ erg = 0.30 fcTis, 


so that only about the first three states (J = 0, 1, 2) would be well 
represented at ordinary temperatures; hence appreciable deviation of 
the specific heat ought to set in upon a moderate lowering of the 
temperature. 

The first attempts at a quantitative theory of the specific heat of 
hydrogen failed, however, because two important principles of quantum 
theory were unknown until about 1927. In the first place, nuclei as 
well as electrons exhibit the phenomenon called spin, or something 
equivalent to it. One aspect of the spin is an internal angular momen¬ 
tum, whose total value in the case of a simple particle like a proton or 
electron never changes but whose component along any chosen axis 
when quantized can take on only one of two possible values, either 
3 ^ or — times h/2r. For two protons we should accordingly expert 
four times as many independent quantum states as there would be 
without spin; in the absence of interaction between the protons, the 
corresponding wave functions would be obtained by taking each 
allowed function in terms of the spatial coordinates and assigning the 
spin 34 or —yi in succession to each proton separately. 

But then a reduction in the number of quantum states occurs 
in consequence of the second of the two new principles, the Fermi- 
Dirac-Pauli exclusion principle, which applies to any set of identically 
similar particles. When we have obtained any wave function for such 
a set, we can always form another one corresponding to the same 
energy merely by interchanging in the given function the coordinates of 
any two particles. The exclusion principle now asserts that, for some 
reason as yet unknown, only those quantum states occur in nature for 
which the new function thus obtained is merely the old one changed in 
sign, and so does not represent a new quantum state. Functions 
having this property are said to be antisymmetrical in the coordinates 
of the particles. 

As a consequence of the exclusion principle, in the case of the dumb¬ 
bell rotator, rotational quantum states with even J would not occur at 
all if there were no spin, for the wave-functions of these states without 
spin are symmetrical in the particles, only those with odd J being 


Hoki, Zeits. Phys., 44, 834 (1927) 
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antisymmetrical* When spins are introduced, however, it turns out 
that the functions for even J can be made antisymmetrical in the spins 
and so can be used. Those for odd J, on the other hand, can be made 
symmetrical in the spins and so antisymmetrical on the whole; and it 
happens that this can be done in three different independent ways, 
in two ways with the spins parallel and in one way with them anti- 
parallel, so that we obtain three different functions of this type for each 
odd value of J, as against only one for each even value. 

Thus there are two distinct types of hydrogen molecules. One 
type, which is called parahydrogen, has wave-functions antisymmetric 
in the nuclear spins and rotates always with an even value of J, includ¬ 
ing the state of no rotation at all with J = 0; the other type, called ortho¬ 
hydrogen, has wave-functions symmetric in the nuclear spins and rotates 
with an odd value of J. The para molecules have 2J + 1 quantum 
states for each value of J, corresponding to 2J + 1 different possible 
quantized values of the component of angular momentum about any 
chosen axis, or, the statistical weight or multiplicity of the multiple 
state J is 2J -f 1; but the ortho molecules have three times as many 
states or a multiplicity of 3(2/ + 1). 

161. Para-, Ortho-, and Equilibrium Hydrogen. The first treat¬ 
ment of the specific heat of hydrogen in which allowance was made for 
these new features of quantum theory was that of Hund,t but his 
results did not fit the facts. Hund assumed that individual molecules 
would pass freely back and forth between the two types. Dennison 
then pointed out that, J since the process of conversion from one typo 
to the other ought theoretically to be an extremely slow one, the 
proportion of the two types would probably not change appr(3ciab]y 
during the time in which the gas changes temperature in an ordinary 
measurement of specific heat. Hydrogen should therefore behave like 
a mixture of two gases which can transform into each other at a slow 
rate and so will come to a definite equilibrium of relative comsentration 
when the gas is allowed to stand long enough, but which will not 
remain in equilibrium when a change of temperature is made quickly. 
In ordinary experiments on specific heat we are dealing, therefore, with 
a mixture that is practically fixed in composition. The e(iuilibrium 

* Polar angles Q, <p can be used to describe the rotation, with the axis drawn 
from one particle to the other; then the wave-functions for even J are of such forms 
as 1, 3 cos=^ 0-1, e*»’ sin 0 cos 0 [i.e., (cos 0) with oven 1], and siuih functions 

retain their value if we substitute in them <«> -[- tt for <p and t — 0 for 0 to represent 
an interchange of the cartesian coordinates of the particles, whereas the functions 
for odd J or odd 2, such as cos 0, cos 0, etc., change sign. 

t Hund, ZdU. Physik, 42, 93 (1927). 

I Dennison, Roy. Soc, Proc., 116, 48‘J (1927), 
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composition itself will, however, vary with the temperature at which 
the equilibrium is established, because of the differences in the Boltz¬ 
mann factors for even and odd J. 

This extraordinary theoretical conclusion has been confirmed by 
experiment, A good description of the relevant facts is contained in a 
recent book by Farkas.* At 20®K the molecules tend to crowd into 
the lowest state of no rotation, and in consequence equilibrium 
hydrogen at this temperature, according to eq. (212) below, is 99.8 per 
cent pure parahydrogen. It has been found that the process of con¬ 
version from the ordinary mixture into this form, which would take 
three years to go only halfway under standard conditions, can be 
catalyzed by adsorbing the gas on charcoal, so that at 20°K the process 
goes practically to completion in at most a few hours. If the tem¬ 
perature is then raised, the gas remains in its new form for a long time. 
Thus practically pure parahydrogen can be prepared and experimented 
upon; by comparison of its properties with the ordinary mixture, the 
properties of pure orthohydrogen can then be inferred indirectly. 
In most respects the two forms differ very little, but in specific heat 
and in related properties, such as thermal conductivity, as also in 
their band spectra, they differ decidedly. 

An exact expression for the composition of equilibrium hydrogen 
at any temperature can easily be obtained from the Boltzmann proba¬ 
bilities. The relative numbers of molecules in the various quantum 
states are given by (204a) in Sec. 147 with e,- replaced by €j as given in 
(210) above or 


6. = JiJ + l)xkT, X = g™ ^ ~ (211a, h) 

For convenience we may, as explained in Sec. 54, group together state's 
having the same energy and hence simply write for the probability 


of any multiple J state Pj 


ej 

(2/ + l)e *2’ 
Z 


for even J and 


„ 3(2J + l)e ^2’ 

I J ^ 

for odd J. The fractional part of the equilibrium gas that is in the 
para form will then be SPj- summed for even J beginning with 0, 
divided by SP/ summed for all J, or 


Fakkas, “Orthohydrogen, Parahydrogen and Heavy Hydrogen,” 1935. 
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1 + + • ■ • 

1 + 3 X 3e“2“ + 5e-®“ + 3 X + 9e-2®“ + . . .’ 


( 212 ) 


This formula gives for the per cent of parahydrogen in the 
equilibrium mixture: 99.8 per cent at 20°K, 88.6 per cent at 40°, 
38.5 per cent at 100°, 25.7 per cent at 210°, 25.13 per cent at 273°K. 
Thus at room temperature the ratio of para to ortho has practically 
its limiting value of 1:3; this latter conclusion is confirmed by the 
distribution of the intensity in the band spectra of ordinary hydrogen. 

152. Specific Heat of Hydrogen. In a similar way, by inserting 
€.7 from (21 lo, h) for e; in (206) and (2046) in Sec. 147, we obtain the 
following expression for the rotational energy of a gram of equilibrium 
hydrogen containing N molecules: 

d Nh^ d 

Uj. = RT^ ^ log Z. = g log Z., 

2 :, = 1 + 3 X 3e-2® + 5e-®* + 3 X + 9e-2o* + • ■ • , 

in which x is given by (2116) whereas R = Nk and represents the gas 
constant. If the temperature were now changed so slowly that the 
hydrogen remained continuously in equilibrium, its rotational specific 
heat at constant volume would be 


= = 
dT 


Bx^AlogZ.. 


Corresponding expressions for para- and orthohydrogen arc 
obtained by including only terms for even or odd values of J, respec¬ 
tively, thus: 


cjp = Rx^ ^ log Zp, 

Cjo = Rx^^^.logZo, 


Zp = 1 + 5e-8“ -h 9e-2o* + 
Zo = -f 7e-i2* + • • • 


7 


Finally, if a mixture containing fractional parts 7 p and To of para- 
and orthohydrogen, respectively, is changed in temperature with 
ordinary rapidity so that its composition has no time to change 
appreciably, its apparent rotational specific heat will be 


Cvr = JpCjp + ToC Jo¬ 
in all cases the total specific heat at constant volume is obtained by 
adding to these values the translational terra f R. The series given 
above do not represent any ordinary functions, but fortunately they 
converge rapidly at room or lower temperatures. 
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In Fig. 58 are shown data obtained by several observers on hydro¬ 
gen subjected to various preliminary modes of treatment, and also 
the theoretical curve for that mixture which gave the best fit with 
the data, the assumed percentage of parahydrogen being given near 



Absolute Temperature T 

Fia. 58.—Rotational specific heat Cy, of hydrogen. R = 0.986 cal per g. 


each curve.* The ordinates represent in terms of R the rotational 
specific heat at constant volume, obtained by subtracting R from 
the total specific heat cv- The uppermost curve is almost that for 
pure parahydrogen, and it shows an interesting maximum, well above 
the classical value, at about 16()°K. 

The curve marked 25 per cent is for 
the ordinary mixture. Theoretical 
curves for pure parahydrogen and 
orthohydrogen are also drawn; and 
in Fig. 59 is shown the total specific 
heat Cv for these two forms and for 
ordinary hydrogen. 

From these curves it appears that 
the modern theory is completely 
successful in accounting for the 
specific heat of hydrogen at ordinary 
or low temperatures. 

163. Specific Heats of Mixed Gases. The heat capacity at con¬ 
stant volume of a rarefied or perfect gas composed of dilTerent kinds of 
molecules will be the sum of the heat capacities of the separate kinds; 

*Cf. EtraKBN and Hieler, Zeits. phys. Ckemie, 4(B), 142 (1929); CLUsrtrs 
and Hiller, ibid., 158. 
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for at low densities interaction can be neglected and the energies of 
the molecules are simply additive. Accordingly, if molecules of kind v 
form a fraction by weight of the whole and have specific heat Cw, 
the specific heat of the mixture at constant volume will be 



P 

Since according to (20c) in Sec. 14 the gas constant obeys the same 
“law of mixtures,” so that R = '^y^R^, and by (197) in Sec. 141 

P 

Cpu ~ Cyp + Rp and for the heats of the mixture Cp = cv + R, the 
same law will hold for the total specific heat at constant pressure: 

Cp ’’^^'YvCpp. 

V 

Few data exist by which these conclusions can be tested, but their 
truth is hardly open to doubt. As the density of the gas is increased, 
however, departures are to be expected because of the mutual energy 
of the molecules, and in the case of Cp also because of departures from 
the perfect-gas law. 



CHAPTER VII 


FLUCTUATIONS 

In the preceding chapters we have dealt with gases in mass, con¬ 
fining our attention to physical phenomena on such a large scale that 
the gas behaves like a continuous medium. In developing a molecular 
theory of such phenomena we continually averaged molecular quanti¬ 
ties until we smoothed out all irregularities due to the particular 
behavior of individual molecules. In marked contrast with such 
phenomena there exist others in which molecular irregularities them¬ 
selves give rise to observable effects; the most famous case of this 
sort is the irregular dancing about or “Brownian motion” of small 
particles suspended in a fluid. This chapter will be devoted to the 
discussion of such phenomena, which are often grouped together under 
the collective name of fluctuations. 

These phenomena possess great theoretical interest as constituting 
direct and striking manifestations of the molecular structure of matter; 
they are likewise increasing in importance as a nuisance for the 
observing physicist. Most of the cases of practical importance do not 
invdlve gases, to be sure, but the appropriate methods of treatment 
and the nature of the phenomena have so largely the special character 
peculiar to kinetic theory that it seems natural to step a little outside 
of our principal range of subject matter at this point. 

The methods that have been developed for the theoretical treat¬ 
ment of phenomena of this sort fall into two rather distinct classes. 
In one type of method the attempt is made to obtain results as conse¬ 
quences of the assumed properties of the molecules themselves; in the 
other type, only broad features of the molecular motion are made use 
of and a connection is sought with some mass property of the gas, 
such as its viscosity or its coefficient of diffusion. The latter method 
is the safer and more widely useful one, but the former, more funda¬ 
mental method does lead directly to a few observable results, and it 
also assists greatly in forming a lively picture of the chaos in the 
molecular world; so we shall include one or two examples illustrating 
this method as well. 

The fluctuations themselves can also be divided roughly into two 
classes, phenomena of dispersion and fluctuations about an average. 
We begin with the former.* 

* An extensive study of fluctuations is contained in R. Fflrth's “ Schwankungs- 
erscheinungen in der Physik,” 1920. Cf. also the excellent book by T. C. Fry, 
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PHENOMENA OF DISPERSION 

164. The Simple Random Walk. The essence of all problems of 
molecular dispersion is contained in the simple one-dimensional 
problem sometimes called that of the '‘random walk.” A vivid and 
completely typical form of this problem is the following. A man takes 
steps of equal length either forward or backward at random. Where 

will he probably be after taking N steps? 

To solve this problem, we note first that under the conditions 
stated each individual step is equally likely to^ be taken forward 
or backward quite independently of the directions of thc^ others. 
All possible sequences of steps, each taken in a definite direction, 
are thus equally probable; and the probability of any given sequence 
is (^)w, for the probability that the first step is 
^ ^ taken in an assigned direction is similarly foi 

3 __I- 1 —the second independently of tlie direction of the 

r . first, and so on through the N stops. 

1 7=^ Now the only way in which the man can arrive, 

^ in the end, just m steps away from his starting point 

Fig. 60. — The various in the positive direction, [is by his taking on the 
groupings of three steps, positive and Ni negative steps, where N i 

and Ni have such magnitudes that iVi — iVa == and iVi -f- iVa — N , 
it follows that iVi = f= f - f Clearly m can only bo 

even if iV is even, and odd if N is odd. But only certain sets of steps 
can result in any particular value of m (ch Fig. 60); the number of 
such sets is obviously the number of combinations of N things taken 
either Ni at a time or JV 2 at a time, and so is equal to 
Multiplying this number by (M)^> "the probability that any partkailar 
set occurs, we have, therefore, as the probability for the occurrence of 
any particular value of m 


P 



(213) 


This result is easily seen to hold for negative values of m as well. 

We may note in passing that if the probability of a positive stcqi 
were p instead of and that of a negative one, therefore, g = 1 - p. 


“Probability and its Engineering Uses,” 1928, and R. A. Fisher’s Statistic.ftl 
Methods for Research Workers.” 
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tlu‘ sani?* (‘xprrssion would be obtaiiUMl exeei)t tluit (3'2)^ would be 
.Y j m N m 

r<‘i)luci'd by p~ ***(/■“ 

In kiiu'tif Ilu‘(»ry we shall b(‘ conctM’rifMl (jluefly with very hirge 
values of A”. Ill any sueh east* (216) tuin Ixi rt'plaetHl liy an approxi- 
inaie expression that is (‘asit'r t<i ha.iulle by nu*aii.s of Stirling’s formula, 
wliieh rentls: 


?i! 



within 9/n pt'r e(‘nt for integral n > 0 (tin* monenail error inereaainir, 
however, with increasing n), or 

log n! -= (fi + * 2 ) log n n + l-'i '<>1? (2146) 

with an ern»r b'ss tlnin 6.t)9/n. 

Using the latter form, wt* can wrib*, approximndely, 


log I\„ 



(N , m , l.\, I wA 

(2 + 2 + 2) '■« (2 + 2 j 

i) liJK ” ’l) - I *"K 


N log 2. 


Now l<*t UH us<* tile 8t‘ri<‘H, log (1 + x) 




2" 


HO that 


log 


(2 2) 


log 



log Af — log 2 ± 



'Tiien, dropping powers of 1/N beyond tin; lirHt, we obtain 


log Pm “ -'I I«g iV" *+■ log 2 - I log (2ir) 



nP 

2N« ‘ ‘ ' 


and 



approximately. H<‘re m takes on valu(*8 only in steps of 2, being 
or otid with N. 

Wheti N is largt*, It is more eonvt'nient also to introduet*, in place 
of rn M a variable, t he total i«*t displacement from tlu' st.arting point, 
I *= ml, wbert* I is tlie length of a ste}). In i)raetiea.l eases I is usually 
Hinidl relativf* tti distances in which we are interested; tlien it, is con- 
ve»i<‘nt to treat | as if it were a continuouH varialde and to define, the 
irrolmbility for it, P|, by the statcniamt that is the (dianee that ^ 
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lies in a given lange The number of possible values of m included 
in IS since m vanes in steps of 2, hence P(d^ = Pmd^!2l 
and = Pm/21, so that, wilting 


we find 


X = iVN, 


p. = 


X'v/^ 


2X» 


(216&) 


The eiioi in (216&) as compared to (213) can be idatively large 
in the “tails'* where |^| is largo, but this does not mattci since Pj 
itself IS there negligible when N is laige Foi the same reason wo 



Fio. 01 —^Tho random-walk probability curve, oq (215&). 


can also for mathematical convenience suppose £ to lango fioin — w 
to + CO. If we then evaluate the aveiagcs 




recalling that ^Pfdf = 1, wo find: 


■ ^ 1II = ^X = 0 798X, (2iea,4) 

Thus X IS of the natuie of a loot-mcan-squaro displacement. 

The piobability cuivc for the final displacement thus has the 
foim of an ciror cuive, as illustrated in Fig 61 The most piobablo 
single net displacement, lathcr suipiisingly peihaps, is zoioj but the 
absolute expectation of displacement, [f], and tlio looi-moan-squarc 
expectation or standard deviation, X, both incioaso as "s/N, These 
expectations nicieaso loss rapidly than the numerical sum of the stops, 
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however; the expectations for the fractional displacenaent, or 

\/lN, decrease as 1/vTV, \/lN being in fact equal to If-y/N. 

The quantity Pm. or admits, of course, of the usual double 
interpretation, either as a probability referring to a single instance 
or as a distribution function for a large number of instances. If the 
random walk were repeated a huge number of times the various values 
of ^ would be distributed (almost certainly very nearly) as indicated 
by Pf in cq. (2156), and the square root of the average of their squares 
would (almost certainly) lie very close to X, and the average of their 
absolute values to Jfj. 

166. The Varied Random Walk. The results just obtained con¬ 
tain the gist of the solution of all simple dispersion problems; certain 
generalissations of them are required, however. 

First of all, suppose that the steps in a random walk vary in size 
but are numerous enough so that we can, without incurring appreci¬ 
able error, assume that there are many of each individual size. Then 
formulas (2156) and (216a, 6) will still hold but with a value of X 
given by 

X = (217) 


where denotes the mean of the squares of the variable step lengths. 

To see this, consider first the simple instance of Ni steps of length 
h and A ^2 of length h. Ijot ?i, $2 denote the separate net displacements 
resulting from each kind of step. Then the probability functions for 
and ^2 are, by (2156), 


XiV^ 


■2Xi« 


X2V27 


Jil 

■2X3" 


where Xi = h^/W X 2 = Us/W^] and what we desire is the probability 
for the resultant displacement, ^ + $ 2 . Now, when has a 

certain, value, £ will lie in a given range 5^ only if ^2 lies in a certain 
range of equal size, S ^2 ~ 8 ^; and the chance that ^2 should do this is 
Pf, 5^2. On the other hand, the chance that itself lies in a range 
d^i is Pji d^i, independently of the probability for ^2 (the location 
of the specified range 8^2 shifting a little, of course, as shifts position 
in dii). Accordingly, the probability that simultaneously lies in 
dii and also $ in 8 ^ is P{iP£> 5^ and the total chance that $ lies 
in is 


Pf 


l 


(P^,P6, 5?) d^t 


£ 3 * 
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Hole fa = ? — h and is a vaiiable, whoioas f is to be kept constanb 
m integiating Evaluating the intcgial, wo aiiive again at {215b) 

foi Pi, but with = iVi?? + ^ 2 ?! = NP, as stated in (217). 

What we have piovcd heie is a soit of addition thcoiein foi on or 
cuives The addition of othei groups of stops can be effected in the 
same way, and cleaily in the long lun the same foim foi must 
lesiilt if the steps aie distiibiited continuously in length accoiding to 
some definite distiibiition law 

In the second place, howovci, the stops may be taken in random 
diiections in two oi even thiee dimensions In such a case the dis¬ 
placements in any two diiections at light angles to each othci aio 
statistically independent Poi, if wo coiifsidcr fiist a lot of stops whose 
components in two chosen dnections have always one of the foui 
sets of values (a, h) {—a, h), {a, ~h), {—a, —6), the plus and minus 
signs will occiu at landom independently foi the two components, 
and the lesultants of the two components of these .steps will thcicfoio 
be quite independent of each othei The same thing holds lor any 
pail of values Accoidingly, each component will have a piobalnlity 
function of the same foim as (2156) but with X^ = IIN', h standing for 
the coiiesponding component of a step If I denotes the total length 
of a step, we can also wiito, because of the obvious symmotiy of tho 
situation, eithei Ij ~ IP oi II ~ ^ P and 

X2 - i PJV 01 X2 = irw, (217a, 6) 

according as the motion occiiis in two or thice dimonsiona, N being 
the total number of steps 

The mean values for any component of the displacement are then 
given in teims of X by (216a, h) 

Since tho vaiious components aic statistically independent, wo 
can obtain the pi obability that a displacement ends in a given element 
of space meioly by multiplying togcthoi tho piobabilitios for tho 
sepal ate components, it is unnoco.ssaiy to wiite down explicit formulas 
[but cf. (218a) below] 

166. Dispersion of a Group of Molecules. The random-walk 
foimulas could bo applied at once to the motion of molecules in a 
gas if we could assume that each molecule after colliding with another 
is equally likely to move off in any diiection Wo could tlien say 
that a group of molecules initially in tho neighboihood of a point will 
be distributed aftoi a time t m such a way that an element of volumo 
whose cooidmates lelative to tho point of dcpaitiue aro 

Vt fj contains a fiaction P d^ dri dt oi them, whoie P is tho pioduct 
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P - 




2Xii . 


(218a) 


For X we should have, from (217&), in which N - vt/L or the number 
of free paths of mean length L that are executed by each molecule 
during the time 



V being the mean molecular speed and P the moan of the squares of 
the free-path lengths. 

These formulas are not accurate, however, because of the per¬ 
sistence of velocities that was discussed in Sees. 86 and 109, In 
consequence of this phenomenon, successive free paths are not statis¬ 
tically independent, but there is a moderate tendency for a .succeeding 
path to favor the direction of the preceding one, and the dispersion 
is thereby increased. Accurate formulas for such cases are given in 
Furth’s book. In practical cases, however, it is better to apply the 
ordinary theory of diffusion; the persistence of velocities is then fully 
allowed for in the value assigned to the di:ffusion coefficient. 

The formulas obtained hero furnish, nevertheless, a convenient 
basis for a useful qualitative view of the procc.ss of dispersion, and for 
a rough numerical estimate in an actual case. The formulas cor¬ 
rectly indicate that the molecules remain permanently densest near 
their point of departure but show a dispersion from it increasing as 
the square root of the time. 

In using the formulas for a rough e.stimato, it is sufficient to set 
F 2L2; this would bo accurate if the distribution of the free paths 
were exponential. Equation (2186) in conjunction with (210a, 6) 
above then gives for tlie mean numerical value, [^, and the root-mean- 
square value of any component of the molecular displacement 



According to these formulas, in air, where L == 6.40 X 10“® cm and 
5 ” 46.9 X 10® cm/sec at 16°C and 1 atmosphere, HI — OMs/l cm, 
t being in seconds. 

167. Molecular Scattering of Light, Another interesting case is 
that of the scattering of light, as in the case of scattered sunlight 
received from the clear sky, When a beam of light passes through a 
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KlNKTJt' TtlhaKY nt'dishs 
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gfVH, i'lU'h iH N«'| into ftinj'il vil*m!nii» j«u«l i* iliU'i mn^nl (o 

ju’t us a Houn'i* i>f itulmlioii, itiul if Uu’ wu < i'* rui*'lu «i. n* iliul if luiitr 
Uru llisllllmlisl H'l if »l IlllulnHI, flu* pll'l •* nf WiUi i I hiltfiii 
Ity <‘urli mnli'i'ulp, Ihiiik «lrt»*rmni«sl 1*\ flu* pljs t t.| f!i«^ iiuhlini 
»{ ils imsUimt, will Mirv frnm uiu' imi'Ii'i’IiU’ Ih iIh* n« \l in n luiuloiu 
IUUlim*r. Ill I’l'rlniu iluisfinm flir * t'inilliil 1*> fla* {liffidfU 

lIUlllSMlll'S lU'M'l llll'lc'S I'MlIK* IM H r>i I'intli U’ iM'llllil r Utul 

givu nsc' {o (he* nreluiiirv ii*liuilt*il Is uni uiul f*' lh»' ul*, <uplitui «if (hi* 

Ul(*iih'lt( litsitii; lull III fill nth<*r fliH'i’flim > ti lumiioii tln<(Mliti(M*M of 
H'liiliVf* iihiiMfs umi (hi* ifiiiM uhul w** i nil ’^uillornl 

imliulioii. lu HU<*h ilim (uhin (hi* \uiioiii >\uir iMiiihiiit* 

hkf* (lit* sfops lit u miutoni vwilk, umi, i im i* (hr i m ih |•il 1 |H>r{lo^ul 
lu Ihi* uqiiiili'H uf (hi HI* vrt'lurn, (hr liirun i«'^uilfuiil imig^ i oiiit n oiif 
jiihI i*i|iiul (ii (hr stiiim of (hr riirtgu *i iiuiMiil i«> (hr tli0i r* ii{ mulr 
rulru; juh( u« urruiihug lu (2l(liil (hr im uii u( m umi (lu «in (urii 
hy (217) rqiiulu XV ui (hr tuftil itumlH’i ••( hlrpi itiullt|ihrii )*y (hr 
iiiruii u<iiiuir uf Ihrir Iriiglh 

It fulluus (hill (hr hiulrriili * of u iiiU' ijtim r'ltt Is* (hutifl nn imir 
jHtllfh’ht uru((rrrm uf ligh( Ihrumu* m( (hit fu« ( n < liuplr r< hilloii 
rtmiiy fuuiul hrlvsrrii (hr uiihmuv irfmr(i\r imh \ umi (lu iiiiMi«*i(y 
uf mulrriilar Hrullriiiig, hh fullmiM.* 

Arruiiling (u rlrulluumgiirUr (hnuy (hr rrfnirUvr imh \ in 

fi " 

whrn* tr Im (hr rffrrlivr tlirlrrdir lumilutif fur Hghl of fmiuriirv *>; 
luul 111 luilt f, 'll 4jriuyr, whirr yr, 1*1 (h»* niM)ili(mlr uf ilnfrir 
liiuinriit imliirril in (hr inuln iiir hv UiiK itiiiplKtiilr of ihi rlrrtrir 
vrrlur in (hr liriiiu, n liring (hr inititlirr of lutiln iilrfu {wr »iiliir rriiliH 
liirlrr. JIrnrr rr,. (u’* (In (hr ullrr huirl, rlnfri*- 

niiiKiirlir thrniy givru fur (hr inuiilirr uf ithw jK*r m*uml wallrml hy 
a iiiulmnilr vihtuUiig with iiiumriit iiin|ih(mir tr^ 


r hring (hr Hpml uf hghi Mu)ti|ilyitig ihiw t|unii(ily liy rr nml th\i(l“ 
mg liy r/Hir, whlrh rrnirM’iils (hr mrim rm*r«,v imnhnf im umi urnt 
(irr wrruml in a munurliiunmdr lH«nin uf mii( iiiMplHmlr, ami luw rliiiK 
ihrn ihr vnlur jiin( ghrii fur n, in (mint uf ji* wr hml fur (hr fnirttun 
uf thr inriilrnt rnrigy rrallrrnl frum nmh rtilnr imlimrlrr uf (hr pa 

♦t'f H A hmiKNir, "i'ruhIpiMs uf Mrilprii l'hvalr«>.‘'lOJt u W 
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8 irh* ifi^' ~ 1 )^ _ 32 t^(m - 1 )=^ 

3 c‘ 3 wX‘ ^ 

ninoo /n -]- 1 « 2 noarly oiiouKh for ii giiH and g/p ~ X, tho wavo length. 

This formula ecndd ho used for fclu! detorinhiation of n if better 
motliods were not avuilahh^. In optUial exixu'iments on Hcattoriug 
aoc'.uraoy iH hard tt) attain, hut m(!tiHur(5m<nitH of tlio absorption of 
Kiiiilight in tho (larth’s atinosplKU’e, and uIho of H(!att(iring by pure gases 
in tho laboratory, seem to bo in .satisfa(!tory agreoinont with tho 
formula. Tli(5 phononunion i.s of spoeitd intonjst booau.so it cloponds 
((SKcntially upon tho gmuiihirity of tln^ medium and would disappear 
entirely if tho latter wesnj mad<5 iudelinitely rm(?-grained (n = oo). 


FLUCTUATIONS ABOUT AN AVERAGE 


So far w(^ have tlealt witli tlm diHp<u'.si(>n of particles that start out 
in a groui) from a given initiid position, or with in'obleins tliat are 
matluunati(!ally of the same typ(i. A ratluir dilTor<mt class of eases of 
great importance is eharaebu’ized by tho fa(!t tluit a statistical equilib¬ 
rium of some sort exists, and what we are inter(*.sted in is the irregular 
loeal or monutntary dei)artnr(>H from it. The distribution in question 
may l)e a spatial one, such as tho distribution in space of tho mcleoules 
of a gas, or it may be tompond like th(5 distribution in time of cosmic- 
ray impulses. More lioimdy (^xainphis from kinetic, tlu'ory are the 
spatial distriliution of the Hei)arato mohxjular iiupuises that give 
rise to tin*, prossun? of a gas on the walls of its (smtaiiiing vessel, or tho 
distrilmtion of timse iiu))uls(!H in tinuj on a small bit of the wall. 
Most of the quantituis eiuiountenal in physics are subject to such 
fluetuations, and what we ordinarily <1 (!m 1 with is some sort of average 
vahi(!; even the hmgth of the standard meter bar inust bo ooiitiniially 
fluetuatiiig to a minute extent. 

Bimje in all such eases the. basic mathemati<!al theory is the same, 
wo shall first develop it in the abstract and tlum talco up special coaofl. 

168. Theory of Fluctuations about an Average, Suppose that wo 
have before us iV elements of some sort and that they are distributed 
at random among a possible regions or ranges of value, wliicli avo shall 
for convonionco call cells. ^JMio average muidier of elenumts in eardi 
coll is then N/h, Bupposi*, now, we ask for the probal.)ility that some 
particular niimlmr p of them occur in a certain (iell. 

Since each of tlio N" elements has a chaiujo 1/s of falling into tho 


givon coll and a c.haiuse 



of falling elsewhoro, tho ohaiico that 


a parti(!ular group of p of tho elemmits falls into tlie givon c(dl, and tiuit 
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III Du* Hiitiu* turn' nil tin* uIIut A *’ *’li m* nt - f**ll *1 *wh»r<', is 

(0 0 0 M»iltU'l>»‘K i\|ni > >tMti l>\ lilt lUituU r tif 

ilifTpri'iil mttU|w runliuiunK *' *‘}nl» !li’*t • »oii i.i Hit* 

I'lU'li Ilf wliu'li Kir‘U[n liH * itm • nu'il * li’ui*« f«* l» iln iim* Uiat 
fiiU‘< III (III* gtii’ii M'll, UP iililaiu 1 * ‘ ill'' I'll il ("ImImIiiJiI\ lltii iliirt' 
nil' just !• I'li'iiM'iili ill tins i«'l! 
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Then, provided y/iV is negligibly small in comparison, with unity, we 
can replace the second fraction by — P”, and if 1/s is lilcewise 

very small we can set 


log 




approximately. Then log 7^,. = — log (I'l) + ^log P — P, and wo 
have as an approximation Poisson's formula: 


P. 



( 220 ) 


Here P is the average number or expectation of elements per cell; 
and the maximum value of Pv still occuns at r = P or else at a value 
V = Vm such that 

P — 1 -p i ^ ^ P + 

S 8 

For practical use we require also some sort of mcasuro of the 
spread of the values of v about its average value. A convenient 
quantity for this purpose is the root- 7 nean-squai'o or standard deviation, 
whoso value is 

5 = [Av{p - P)2]W = Vp, (221) 

Av denoting the average value of wlmtevor follows it. To obtain the 
value foi' 


69 





hence in 


A„{, f.yp, = - 2}'^vP, + 

i '«0 



by (220) 
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In IIh' Mmnn un\ i nn l*i* nlif'tiiM i| llir nijn rwi mIi\ n*u - * 


IfiMUM* 
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.1 t ( » »'* ' » ' I » " ! » ' t 


‘riiu*^ n^ » I'iitH ji ij'•<*( ’i in> It't I nl't' Itiil Hm* r« !'»f n i* ♦!« \ nillun 

^ 'l' ill'i'Jt Jl' I t (1 ‘ 1 \ ' r, llit< jtt' ik i»f llu’ / * t Ml V iMlI t‘» ht 'II I > ill iMlliU 

liiMUiliMi’'*, init i( iti'i iiiiM ! hurittufi it > «<t|M|t'ti4'i| uiili (Iim 

iiifiKUilMttM mI 1’ 

KnmllVi ill I I it it'll n hiiK* itutluiMtit uiftt* f» i{ itulv in Mttu* *« 

nf i» h'lutiu'ly iIm'm Im f, IIim ninttiilnhi v ffi nth»i Vjtliit > l»« mu utai 

finnlly ^rin, vm' < im ^iinplih ‘"liH iMitlni !>\ in <rtiM); (Im Mitlinu 
fnt' 1 mjj( j’j iiMhi t'rJI W<i httmH till , \\i ttM'uu Irttin rJitti 

ImK /V I ktg V J IttK I i< I j" 

III wlih'li vu> run iiuitt* 



KU I lint if ur krrp uttlv Mir ttinutli >^1 til (r *>K lin\n 
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If I' in \riy rlnwr |m |{ r»n hr ri h\ r mnlrr I hr milhnl «ljitn in 

lillH rxpii H?t|Mn, luitl |In ii wr Iium' u tiiniph riittr t Ini' l\ 

*riir htuinliUil i|r\inlhtii i*», III Mini ‘I , tilill \ iiri | 4 ;iii n hv t‘*t 
I'Vnin (U‘22) Jl IH rluir iinntn fiml «hin r |'» \nx^,n !*, list* nppri * liihlr 
\nlurMmih lrl(i[|\rl\ iirui r r, I r ivlttn'ii" t In Mimll 

In Fin nii Mtv fdittwII phitti 111 /V nt Miiditi^ h« rj^iii h«r t - *,i, 
liiid/i Fni r Alhrriirvi alriind^ dmu i a fair ripprii\iiini(i<«ii tn nil 
iTim riirvr, llir iimxiniiim fidhnn at 1 *1 
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iiiKHttl liy tho iiiU'nncili'ciilni' fon'PN itiul miiiiri'n ntluT rnr it;( 

(|iiantitnUvo Irnnliiunit. 

I'^ucliiiiMoiiM ill tiiiin mil Ih< iiiniiliirly Iminlli'il. 'I'lii'V iii't* iimhiI 
Hkoly til liMwl Ui ilc'tiHtl-iilili* t’ITc'C‘lM in riniiii'rliiiii ivilli iiiMlrrnliii' Ih'iumh; 
Hiiiih (•(TiHitH am muily hIwitviiIiIi' in lln’ nim* nf |n 

wliidli Llin HHinii HltiliNlli'iil Uii'iiry iipplii':!. 

Hiipiiimo, for oxiiiiipid, liiiili piirlirlfn ini' i’iiiill»‘il iinli’pi'iiilciilly »f 
f'liiili <ilh(.'r lit nil iivrniKi' min of i* |h' 1 ' lii’i'uiiil mu I lliiil tin* iiiiiiilit<r 
nniiltnil (turliiK HiirrrKiivn riiiiiil iiilt'i'viilH of liinr Im niiiiih'tl, 'Hit'll 
V, nH Klvon liy (2!ill) rnpn'KonlH Ilin rriirliniiiil imiiI nl llir; i‘ iiiiiuIhtm 
U nit will in Uin Iomk mii 1»> rniiiitl In liiivn ii piirtii’iiliii' viilnt* v. In 
many oxiHiriinnnlK nf UiiH mirt p in iiiiirli InriM fliini I; lliiii rri‘i|iii'iitly 
hupIMum, for nxiiinpln in nUMiTViiliniiit willi ii (ii'iarr rnniili'r iipnn 
iifiNniii) niyH. In Himli ihiring llin iniijurity nf tlir iiili'i viiln nf 

tlnin no imrtidlii at all Ik nlwnTvi'il (/*ii c ' I, iiciirlyl; tliiiiiiK a 
Hiniill friuitiun nr iV ' of tin* inlnrvuln jiiNl. niit' in ii|i;m<i vi'il; ilnriiiK 
/*a, or I i nf tlunn, twt» (i.n., a *'i'iiiiin|ilniin''* (MM'iiimI; I'lr. 'I’lm 
fiiolnr In Pi Hlnmlil I in iinlnd. (i iiiIkIiI liavn U’l’ii IIhhikIiI tlnil llin 
nliannn of a nolnulilnnni wnniil Ihi Himply I’u Miiirn /'i in lln' liki'llliinHi 
of niuih of tliu HoimmliO ovoiiIk; Iml in llm Iriiin nf IlmiiKlii li’iKlinK up 
to UiIh oximalatinn ntuili noinrlilniinn In rt'iilly rnuiilnl (wii'n. 

Hovnral (irhi’h of UiIm gminnil imrl liiivt' Imnii (liiolii'il in ili'lull 
uX|Hirl limn tally anil llin |.liiNirn||i‘iil fornniliui linvr lii’t'ii iilniwn In linlil. 

DIFyumoN AND TIIK IIKOWNIAN MDTION 

100. The Brownian Motion. In IN2H a liMlimitil, ItnlN'il. Ilmwn, 
oIiHorvini tliiiL |Millnn HiiH|N«ni|i>il in wnlnr iiinl vifwnil iiiuliT 

tlio mlnroHiiii]Ni hIiowikI an Irn'Kiiliir ilniu'iiiK niiillon ilmi nnvt'r miHt'il. 
KxiHirlniiaiMiiK fiirtlmr, lin fouiiil Unit any kiml nf Miillii'initly iiinall 
IHirtlnliiiixIilliltial tlinmtino iiioUnn ami i>iiim'|i|i|i'i| (Imi. ilin plit'iinninnon 
inUHl Im lino to Hoiiin iilikliown inniiiniiiln nmiHn. 'I’liiti inolitiii ki nin* 
of tlin moat intnn'Htlnt; plmiiuniniia In pliyitini uml In ralli'il, afinr iin 
(liHiHivomr, llm Ilrowiiinn inolliin. 

Aftnr vaiioiiH hypnllii'Hi'n nn t.ii ||m ninnii Inn I lmt>ii prn|HWMMl, llm 
nuHlnrii vinw nHrrililiift it to ninli'nilnr anil alinn wim piil. forwiird liy 
DoIhuux 111 1K77 anil lalni' liy (Iniiy In IKHH. (limy nlniwoil tliiil. llm 
inoltoM wiiH iiimlTf’idiitl liy viiilitlinim nf ilm IniniiHiy of llm IIkIii 
falling nil llm piirtirlnH, Imt l liat It ini'ri‘ii(ii>i| in viitnr wlmii (lin viMonMlly 
of Ihn HiipportliiK Hniil wiih ili‘rn*iiHi'i|. lln ivum inixitlntl, lin\vi*vi*r, 
liy tlio faob tliiil tlio apimront vt'lmily of llm pai iirlrit in vory iiiiirli 
liiNH than Would Im that of a kuh iiinii'i'iiln of Urn hiihh' iniukH art'ordiiiK 
to kliiutln tlmnry; ho did not roallxo Hint llm iiiio puih nf n llrnwiiiau 
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As a final comment, it may be lomarkod that tjie random-walk 
formula, (213) above, is really a special case of eq (219), obtained by 
sotting s = 2 Ill both cases the thcoiy lests upon the fact that a 
selection occuis, guided by piobability, between two alternatives In 
phenomena of dispeision, howcvoi, wo aie inteiesled m the diffeiential 
lesult, the negative steps being subtiacted fiom the positive ones, 
wheieas iii the typo now undoi discussion we aie mtciestcd only in 


one alternative, counting up the ele¬ 
ments that lall into our selected cell 
and ignoring those that fall olscwhcic 
169. Examples of Molecular Fluc¬ 
tuations. The foi inulns just obtained 
can bo applied at once to Uio distiibu- 
tion in space of the molecules of a 
gas in cquilibiium. Any volume r 
that IS small compaiod with the whole 
volume contains on the avci age ? = nr 
molecules, n being the mean density 
in molecules per unit volume; but 
momentaiily it may contain any other 
numbci. The chance that it contains 



V molecules is Py as given m (220) Probability ourvo for a 

riAi . 1 fluctuntion 

01 (222) I ho loot-mcan-squaio de¬ 


viation fiom the average value ar, according to (221), is 5 = ■\/m. 
As the volume is inci eased, the actual magnitude of the fluctuation 
incicases as the squaic root of the volume, but its lolativo magnitude 
decicascs in the same ratio Equal fluctuations occni at equal values 
of the pioduct of the volume imdoi consideration into the picssurc. 
As a numerical illustration, a culio on edge drawn in air undci 
standaid conditions contains on the avoiagc P == 2 7 X 10^ molecules, 
and this numlior fluctuates only by about [2.7 X oi 6,200 mole- 
culo.s, i 0 ., by per cent, If, however, the picssuro is loweicd to 
1 mm Ilg, io, to a Goisslor vacuum, P = 3.8 X 10‘ and S ~ 190 
molecules or 0 6 per cent, while at 0.001 mm, oi in a cathode-iay 
vacuum, ? = 36 and 5 ~ 6, oi 17 pci cent 

Such fluctuations in density cause vaiiations in the lefractive 
index, and the latter may bo rcgaidecl, if desiied, as the cause of the 
molecular scattoiing of light by raiefied gases, a phenomenon which 
was treated above fiom an entiiely different point of view. When a 
gas is bi ought clo.se to its ciitical point, those fluctuations become 
01101 mously large and give use to a chaiacteiistic opalescence, at such 
densities, howevei, the character of the phenomenon is gioatly influ- 




SBC. 161] 


FLUCTUATIONS 


281 


particle is irregular on a minute scale far beyond the reach of the 
microscope and is, therefore, immensely longer than the apparent 
path that we see, which is only a sort of blur or average of the actual 
one. 

161. Theory of the Brownian Motion. An adequate theory of the 
phenomenon just described was first developed by Einstein, who pub- 
lislied in 1905 the equivalent of our eqs. (224a) and (2245) below. 
His method of procedure was to establish' a connection between the 
properties of the Brownian motion and the viscosity of the medium, 
with a minimum use of molecular assumptions. 

Let .r, y, z denote the cartesian coordinates of a particle and 
at, y, z, as usual, the corresponding components of its velocity. Then 
the ordinary viscous force on a suspended particle has the magnitude 
—ctjy, where v = + j)* + while y denotes the viscosity of 

the medium and c is a constant depending upon the size and shape 
of the j)nrticle; the components of this force can be written — ctjx*, 
— crjff, —cifz. Hence wo can write as the equation of motion of the 
particle in the direction of x 

mA ~ X — cr}X] (223) 

here m is its mass and X is the instantaueous .-r-componont of force, 
exerted upon it by tho molecules of the medium over and above the 
ordinary viscous force ~-cr]X, which represents tho average of tho 
actual instantaneous forces. X will thus bo highly irregular in value 
and as often negative ns positive. 

Now let us multiply this equation through by x dt and then inte¬ 
grate it, thus: 

dl = "" 

Hero in tho last term tho differential is aDa; dt = d(i x^), while in the 
first term it equals {d:b/di)x dt ~ x Hcnco, if wo integrate tho 
first term once by parts, wo obtain: 

A(??ia:.'c) — dt ~ ~ cjjAOu'*), 

tlie symbol A denoting tho change in a quantity from t — 0 to t - t. 

In this equation the second term can bo written m¥H and so 
increases ultimately in proportion to f; for will have in the long run 
some definite average value, JK The first term, on the other hand, 
fluctuates rapidly because of tho factor x in it; furthermore, since the 
motion must be in reality of tho nature of a random walk, our general 
results in Sec. 165 indicate that tho factor x in that term should 
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ludmiso only as -s/t, (lonwiincally, in Ua* Imiik run tlin lirMl Iitiu 
lu'cmacH iicgligihlc in cnmimriHnn willi llu* hi I'oiul, ami ran hr iIn»ji|H*i! 


Til Uia iulcgiaml X.r likrwi^r (Im fmilr^i lajmllv, ami wt* 


might iH‘rliapH(‘\iu‘(‘(, Unit, by (hi' lamlnm walk |ium iph*, (hm lufi'ginl, 
alsn, Hlmnld iacH'usn mily as \/l In irnlili, linwi'Ni’r, (lir pn'^i'm'n 
nf the faetoi' x eauneH (he iniegiaail i(self, wlm li hen* lain ^ (he plaee 
of the Hiep lengih in (he lamlom walk, In lemi In nineaM* a< \//, 
and the whnlo inlegial, (heiefnie, ineieases al a fa‘>lii lale. i( mimi, 
in fact, inerease as (lie (imt ]Hi\ver nf I, ehe (he i*ipiahnii wmihl ftiimdi 
us with a uniform vahio nf AP tnr all pailieh wheieas lumhuii walk 
tlieoiy leadH um to e\pee( widi' \aiialiniis in (Ins lader ipmntiu 

fjct UH now Hiipplemenl. (he iiilegialinn jimf made h\ avtiauing 
tlio laat eijiuUion for a huge minihei N nf ihnfereal pairuhs 'I’Iih 
averaging laoi'ess (ends finlhei (n suppiess the (list teim m the i ipm 
lion, whieh will he ponilive forMoine pailieles ami negative fnr ntherf* 

It uIho Ihmlly mippiesses the (Idid leim Pv rd/, him-e (hie (eiin, Inn, 

»/ii 

nmat hi' ))Osilive for Homo pailieles ami negative for niheis and mi 
ean only yield a lamlom-walk leHiilmd propmiimial In \ N when we 
Hum the eiimUions, and lienee a inidnlaitinn In the avuage pm 
portional to I/s/A^. 

Wo tliUH ohiaiu rmally, as (he leHuli nf aveiaging nvir a large 
mimher of jiartieles, 


niPt 

aW repieHenling the aveiage nf A(r«) for all parlieles aNow 

I //^ d*'I wii^, 

ami by the piineiple of the ei|iiipai(iiinn of laieigy the mean kim*t(e 
onoi'gy of the Hiownmnjiailiele Hhniild he the aaine an (hat nf a gaa 
inoleeiilo, ho that li aif* ^ k 7 ', lienee, if we assume (hat the 
parlieli'H Hl;art fiom the otigiii ho (hal Ahr**) » we have iia (he 
(inul reHuIt; 




2 i'r 

rtf 


I wrvt 


(22'hi} 


Jloro h iM (,ho giiH eoiiHlant for one moleeule, M 1/eit and repreaenla 
tho (dynamie) molahly* of the jiaitiele in the riiml or its nteady 
voloeity of drift under unit diiving foiee, 7' im the ahHolute lein» 


'•'Not to ha (•oiifiiNail wKli Uia aiohilitv of na ion rnrrylag n elmrge t la an 
Olccliilc field, imoidiimiih dalinod, whieli h |f]f/ 
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perature, and is tlie viscosity of the inecUum; a;** represents the square 
of the a;-component of tlie displacements during the time i, averaged 
either for a large number of particles moving simultaneously or for 
many successive diaplacoinonts of a single particle. 

The value of the coefUcieiit c depends upon the shape of the particle. 
For a sphere whose radius a is much greater than the mean free path 
of the particles of the medium, c = Oira, as first shown by Stokes; for 
such a particle the last equation becomes 


= 


kT 

Bircir} 


(2246) 


The method of analysis that wo have followed hero gives us only P, 
but not the distribution fiinotioii for the sopai'atc values of x^. Anal¬ 
yses more complete in detail have also been given, which start by 
writing down an actual integral for the equation of motion; the 
final result is then obtained by an application of the random-walk 
theory. Tlie whole prooos.s is, however, so obviously of random-walk 
character that without giving such an analysis wo may assert that, 
in accordance with the conclusions readied in- Sec. 166, the prob¬ 
ability function for the position of a Brownian particle after the lapso 
of a given interval is of the Gaimsian error-curve form. This being 
granted, the actual function can then easily be written down if desired, 
care being taken to make it yield the correct value of as given in 
eq. (224a). For example, wo can write, as a spoinal case of (218a) 
in Sec. 166, for the fraction of a group of Brownian particles starting 
out from the origin which after a time t lie in an oloinent of volume 
dx dy d^, P dx dy dz, wliere 




_________.4fcj'w . 

{ArhTViW 

this makes ffp dx dy dz = 1 and also 

00 

<o 

^ J*J'J'x’^P dx dydz ~ 2hTUt, 


(226) 


which agrees with (224a). Here, as wo shall see in Sec. 163, kTU 
can also be replaced by D, the cooflicient of diffusion of the particles 
in the supporting medium; and formulas such as (226) are, in fact, 
more commonly obtained by an application of tiie ordinary theory of 
diffusion. 
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162. ObsorvntlonB ot Brownian Motion, nlmrrvnhrtnh 
(•ally (IcrnKnod to nmko a (nianlilativo trsf nf (1 m‘ kiiuMu- fh< oiv mlar-' 
pintatioii of tho lUownian inolion wjmo iu^^lilulfd Itv Pan in m HHIfl, 
Ho workod with oinulHioMM of kuihIhik^' “i laaslio niadr’ inUKldy tiiuftirni 
an to partif’lo mjio liy (’(*^lnfll^all/lll^!; 

Ih'irin fiiNt sliowod that tli<* pai(ir]i»4 of Moh an tMiiiilatin liid not 


p—--to (lio Imttujo iif ihi* lint 

actually loniaiiiril (li^liilailoil acMinlihij; ft* fitn law 

* ,* of lla' <lis(nl»n(ioM of amli'i oh ^ ui a fiui'i (a‘lil, 104 

, (‘\i»iohsrd l>y iMj (Tiif) \ lla-orofa’al ih^mlmhnn 
Hiiinlar to IIum' olaiiuvod hv hnu ^Imwii tii Kijii;. 
, ^ • nil lly counliiiK paihrloM at ihlTnoul la i^lU < /i 

^ * mah'r lli<> iuu*io“aopa, ha \aMlad (ha( lha ntuLit 

^ jliMtnhuliou WONoNpiMa'iilial ONihaiaV riapun ».aiid 

• 

aKauiuinp: it to ha proporlional lo 1 ha wna 
^ * ahio to aalaulalo front hia ohni jva!ion« lha iiiituhar 

^ of pailiah's in ti Kiani iitolaatdiMir .Yb /tfw.'A, Wv 
lu‘iii|j; (ha Ka‘t aotmlattl for a Ktnin itmlaanla In 
, ♦ \ IhiH way ha fotjial ^Vq ^ 0 5 to 72 X UP*. Thn 

* t * naat'HHmj^ valua of lla' ut vui'< ohiainatl in 

* * , , *• Havaial iuKtaiioUH wayn, aa ihMarihial to luN nilarr‘4 

^ inK Itooklat.'*' 

^ ^ * ,, * , PiUTUi tlaui tthwanad lha imifnui tjf titdhtihial 

. ** * * parliah‘H, projaalin^ (ham for (hin pnrpuftt' i»it a 

\ aaraaii, and almwad (lint lha maan wtpiara of (hair 

/a ^ hori/.imtal dinplaramimia dmiuK « lima / waa 

\ * • tiltpioximalaly pioporlhmal to {, \h latjuirad liy 

lha thaory that waa davalopati in lha hwt witlon; 

* * ' *’'***^ ^*** nlao ahowad (hat tha**t* dtNjilHaotiiantM wara 

— Li t diKtrihutai! aa naarly aaaorduiK lo an arror 1 tirs a aa 

Klnnlly. Ii.. ni..m..ir...l ... 

KrilvUy (ft ilitioMUrnl Utott'r of ItiM puiIH'laH iiud lhaiahy mMMifad, willi lha 

viMaohily of \vaj(«r,miiri. hmi data forawataid 
aalaulation of No or Ru/k hy maniiHof lha I'liiiHtain 
oquation, (2246), Thn hoHl valua found in thiH mannar waw 0 K x UP*, 
Kvou tho rotational dmplaaainaulM of lha imrltrh'f<. for whlalt a mmdar 
thooiy IioIdN, aoultl ho follttwad iitat)im*<if ilu' ilroimof (jyimhoga wiia^a 
diamotar waa arouiul 13 a aud wltiah had \iMihla apot^ on tlnunj ftoin 
thoHo obHarvationa ho datluai*d i\\ 0 n X UP* 


*'J. n ri9HiUN, "Atfnim," trnnfil hy Ihouml. k, lUIO. 
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A theoretical track exhibiting the same general features as do 
some tracks actually observed by Pernn is shown in Fig, The 

successive positions of a particle at equal intervals of time are shown 
by dots; these are connected by lines in the figure, but the actual 
intervening path would be irregular and very complicated on a fine 
scale that is even beyond the reach of 
the microscope. 

The fair agreement of Perrin's val¬ 
ues of JVo with those obtained by other 
methods, which were not very preciso 
in his day, combined with the qualita¬ 
tive results that had been obtained by 
him and by others, completed such a 
striking confirmation of the kinetic 
tlieoiy that the last doubting Thomas 
seems to havo been converted forth¬ 
with. Later work on tho Brownian 
motion has yielded values of A^o in still 
better agreement with what wo now 
know to be the true value of this num¬ 
ber; thus Pospi^il (1927)t obtained 
from suspensions similar to those used 
by Perrin iVo — 6.22 X 10^*, as against 
the present value of 6.02 X 10“®. 

Ill practice, instead of observing 
displacements in a given 'time, it is 
more convenient to note tho time re¬ 
quired for a particlo as seen under tho 
microscope to cr 0 .ss for the first time pnrtiolo {a thoorolical traok roBom- 
cither of two parallel cross hairs, after ISR,"'”"'"’*' 
crossing a third hair placed midway 

between tho outer two. Tho rather complicated analysis necessary 
for tho interpretation of such observations was given by Fttrfcli4 

’"Tho theoretical Brownian track was drawn as follows. First, n random 
sequence of SOO digits was proparod by copying tho luiiidrocts digits frpm tho 
numbers in a telephone directory, taking names as they stood in alphabotloal 
order, Tho row of digits was then divided into groups of three, and successive 
pairs of these groups wore taken to represent x- and j/-compoiiont8 of the succossivo 
displacements of the particle. Tho distribution shown in Fig. 68 was coiistruotod 
by moans of tho same sequence of digits, one group boiug taken na tlio aj-coinponent 
of a particle, and tho logarithm of tho noxt as its i/-compouont moasurod downward. 

t PoswaiL, Ann> Phyaik, 88, 736 (1927). 

I FOimi, Ann. Phyaik, 58, 177 (1017), nr hia book, loc. cil. 
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The Biownian motion is also visible in the case of oil drops oi 
othei small paitides suspended in a gas, and on a much larger scale 
than in liquids because of the lowei viscosity Several cases of this 
soit have been studied in detail, but the expeiimonial difRcultics 
aie consideiable, and the lesults have not always boon entirely satis¬ 
factory from the theoretical standpoint. 

163. Diffusion, as a Random Walk. It is evident after a little 
thought that the ordinary pioccss of diffusion must arise as a con- 
sequence of Biownian motions executed by the individual pai tides 
A connection must exist, thoiefoie, between quantities chaiacteiistic 
of this motion and the ouluiaiy coefEcient of diffusion, this connection 
was ascertained by Einstein in the following way 

Let <p{^, t) denote the piobabihty that a given particle duiang a 
time t undeigoes a displacement whose 
component in the a:-diieotion lies between 
^ and ^ + d^ We need assume nothing 
about the foim ot the function except 
that i) “ i) Then if we draw 

a small plane in the gas perpendicular to x, 
any particle starting at a positive distance 
X from the plane will have crossed it in the 
Pro 06 —Diffusion «8 a random backward direction after a time t provided 

foi this particle $ < —a;; and out of n dr 
particles initially m an clement of volume dr located at a positive 
distance ^ from the plane, the number 

n drj^ i) 

will cross the plane toward —x m time t (cf. Fig. 66) The total 
number thus ciossing unit aioa of the plane will be, theiofoie, 

since p( — 0 “ t) Heio n has been indicated as a function n(jx) 
since we assume it to be nonunitoim. Similaily the numboi 

cioss toward Thus, if wo leplace n(t) by n. -h a dnfdx, where n 
now lefeis to the density of the pai tides at the plane, we find for the 
net tiaiisfei of paiticlcs toward -j-'r 

W-= -2~j\dxj’^(pik,t)d^, 

the teims containing n itself canceling, oi, after integiating by paits 




Sec. 1041 FLUCTUATIONS 

with respect to x and noting that 


287 


N = 


" _ ^ f 

D dxjo 


•<‘’‘’'*1.-. “ij -vfc.** 


representing the mean squared displacement per particle in the 
direction of x. The integrated term vanished here because wo may 

X eo 

<p(^, 0 vanishes as x —> co faster than increases. 
Tins number must now also equal —W dn/dx by the definition 
of the coefficient of diffusion, D. Hence ^Dt — ■—or 


(•2 == 2Dt. (226) 

(Wo need not worry about the backflow of the surrounding medium 
so long as the diffusing particles form only a small part of the total 
mass (of. Secs. 106 to 108).) 

By means of this equation either of the two quantities or D can 
be calculated from observations upon tlie othor. For example, we 
can calculate ^ for a gas molecule, whose displacements cannot be 
directly observed, although its value of D can be; or from the observed 
or theoretical value of or x'^ wo can calculate the coefficient of diffu¬ 
sion for a Brownian particle. 

The equation also shows again that the mean square of the dis¬ 
placement must be proportional to the time, this conclusion following 
hero from the assumption of a constant coofliciont of diffusion. If 
we compare the equation with (224a), identifying x"^ with wo obtain 
again the result that 

D = hTU, 

as was found from a different point of view in arriving at eq. (170d) 
in Sec. 115, 

164. Brownian Motion, under External Force, Certain experi¬ 
ments involve a measurement of the rate of drift of a small particle 
through a fluid under the action of an external force; for example, 
in Millikan^s determination of the electronic charge, measurements 
of this sort were made upon charged oil droplets suspended in air and 
either falling under their own weiglit or moving iindor the influence 
of an electric field. It is important to know what effect the Brownian 
motion may have upon such observations. ' 
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l'\ir H pHilu’li* \\'«‘ (•»» UH 111 !' «‘innUii*h uf nuitKiii nf Uh 
in place (if (2^10 ulmve, 

Wil‘ X c>/r I Fa 

where Fg JH the cdiuponeiii nf a fcnei* F (if evlciaiil iinKui, whielj we 
kIihH iiHHunH* to In* Hleudy I.el m eliuuni* hi iirw hnc^ ii»m\ mm ni mieh 
a way I hat, if c', //', z' are llie iu*\\ cdiadinalt (, we cun wiPi* ni itTiaw 
Ilf Ihe time I 

F 

r ' * J*' I Ugl, a, 

with a Hiiuilar eituatmn fm // ami z 'riieu .r Jt" \ Ut, / .r', nml 

thn (‘{piatimi of mol ion for j* in 

t/iF X rtfF, 

tlie term A’, liaviug iliHappeaieil I’liin eipmtion lum now exnelly llie 
aamo form in leiiiiH of the new vanalile .r' aa (228) hud in lerniN of the 
old one. A coircHpondiiiK lesnll in oMamed for ^ and i? fitmee we 
may aonclude that lelalive to liii' new axea ihi' pailicleM will execule 
tlu'ir UHual Jliownian motion unnioihned liy {lie prcfamre of Ihe field 
The motion of the pailieleK ih IIiuh in xenmal Ihi^ vector aum 
of their ordinaiy Ihowman motion and a uniform motion of drift 
under the foic.o F at a veloeily eipial to F/tt/ or lo f'F, wdiere U m 
the (dynamic) mohility; one motion ih nim|i!y anperpoNcd upon the 
otli(*r. 'i’he UL'cnifff vector dinplacmnent of a ((roup of parliele« in 
time / i«, Iheiefore, Hinmly f/F/, imalTected hy Ihe Hrownian motion, 
which hy itHclf givcM an averuKe diMplaceinent of nero 

III inactice, however, it in much moie coiivimient to measure, not 
diHjilacemenla in a niven time, hut lalher the lime reipiired In go a 
given dlHtauce, for example, the tmn* lecjuired liy a |iarticle aa ween 
niuUw the mieiOHCoiie to tiaverne (ho distance hl•lwee^ two parallel 
oroHH haii'H. If thei«» weie no Itiownian mol ion, thin tune, for a dis¬ 
tance a, wciuld he a/l^F, and mo w'ould give iminedialely the value of 
U.^ It Ih important to invcMlignle w'indher the Hrownian itiollon, 
wdiieli eauKea theae tiineM of tiaimit to fhicluate, alMo altera their mean 
value. 

8 ho diatribution of aiich (imoH of IraiiHit ran he inferred from rwulla 
already ohlained above by nieaiiK of the following argument, ita was 
ahown by Hchrfidiiiger.* HintpoMo a grouji of pnriichst alart out at 
lime t 0 from a (mint, which wm ahall lake a« the origin of coonli- 
iiatoH, and drift tlmrcafter under a couHtant external foreo F at mean 
apood u UF toward the geometrical plane x a (ef. big. 00) 

I hon at time I the group will have lieeome both diapemed, in eomw- 
*8miuei)m0MH, FhymK. Zt>Ua., Ifl, 280 (1015). 
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quonco of their Brownian motion, and also displaced a mean distance 
ut toward +a:. Their density in terms of a; will accordingly bo 

dy dZf whore P is given by (226) in Sec. 161 with x replaced by 

X* or X “ ‘id't it can be written 


P* 


N 


ioi 


with D = /cYT/ (cf. ond of tho last section). Here p* da: ropresonts the 
fraction of, tho i>articIeH that lie in the range dx, and the value of the 
constant factor (iau bo verined by 

^ Pas dx ~ N, 

Now wo can find tho rate at whioh 
tho particles make their first transits 
across tho piano x == a if wo can find 
a gonoral expression for the total 
numbor of those that at any moment 
have crossed it at least onco; tho 
latter wo shall call for brevity 
“crossed” particles. Obviously all particles that lie beyond' tho plane 
at a time t have ciussod at ono time or another; lienee at points beyond 
tho piano tho density of cro.ssod particles is simply p«, and, in parti¬ 
cular, at tho plane itself it is 

N 






6 

a 


00.-™I>Hft pluH Brownluii motion. 


(p»)n 


(4jr W'* 




Thoro will bo others, howovor, whioh after crossing toward tho 
right, i.o., toward subsequently crossod back to tho loft again; 
lot thoir density bo denoted by p'. Some of them may have cro.ssed 
back and forth several times. Wo know tho value of p'^ only at a: - a, 
since thoro it must equal (p«)n; for tho crossed molecules actually 
originate at tho jilano and tlion quickly scatter away from it in both 
diroctions, so that thoir donsity, viewed os a function of a;, must bo 
continuous at tlio piano. If thoro wore no oxtornal force those particles 
would scatter oqually in all directions, and thoir density at any 
momont would, thoroforo, bo symmetrical on tho two sides of the 
piano. Tho drift due to tho force, howovor, disturbs this symmetry, 
and we are, thoroforo, eompollcd to resort to some spooial device in 
order to find a gonoral expression for p', 

Wo may regard tho crossed molecules to tho loft of the piano as 
having ontorod that region through tho layer of fluid next to tho 
piano and having undorgoiio thereaftor a combined Brownian dis¬ 
persion and drift. Tlioir density will, therefore, be uniquely deter- 
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CHAPTER VIII 


PROPERTIES OF GASES AT LOW DENSITIES 

In our treatment of transport phenomena we assumed the mean 
free path to be small compared witli distances in which we are inter¬ 
ested from the physical standpoint. Under such conditions the 
properties of the gas depend essentially upon the frequency and 
character of the intcrmolccular collisions. 

As the pressure is lowered, however, with any given experimental 
arrangement, there must come a time when this condition is no longer 
satisfied, and a departure from the laws of high-pressure behavior 
would then be expected. As the density sinks, interinolecular colli¬ 
sions must lose their importance, and linally there must come a stage 
when such collisions are actually rare in comparison with collisions of 
gas molecules with other bodies such as the walls of the containing 
vessel. Each molecule will then act independently of all the others 
in giving rise to the properties of the gas. 

A gas in this latter condition will be said to exhibit free-molecule 
behavior, in order to have a convenient term of reference. The term 
“molecular" has often been used in tlie same sense, eontrasting with 
tlie “mass" or “molar" character of ordinary gaseous behavior. 

Experimentally it lias been found that at low densities gases 
actually do exhibit noverproperties. As the density is lowered, tho 
gas seems to lose its grip, so to speak, upon solid surfaces; in viscous 
flow it begins to slip over the surface, and in tho conduction of heat 
a discontinuity of temperature develops at the boundary of tho gas. 
Curious force-actions may also manifest themselves, such os are 
responsible for tho lAotion of tlioso radiometer vanes that are fre¬ 
quently seen spinning in the sunshine in jewelers^ windows. 

It is convenient to discu.ss the theory of all these phenomena as 
a group. If we knew more about the interaction of gas molecules 
with solid and liquid surfaces, it might be logical to begin with a 
study of the laws of tliis interaction. . We know little as yet, however, 
concerning these laws, and hence it seems preferable to follow the 
historical order and to take up in succession the subject of viscosity 
at low density, then tho conduction of heat, and finally that of thermal 
creep and its application to the elucidation of the radiometer, In 
dealing with the first two subjects, it will be convenient to take up 
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fiiHt tlu' initial (l«‘pailuic from ouimary n‘< tin* tlonMiv i-. inwori'il, 
uinl IIm'M llit‘ ln'luivnn' of lla* ^^lM'n in llto fi< •’ moloi nio < omlitioii 
(Jkh'p uml Ihr radlornrh-r (•/Tt-cls «m llu< o(1ht Imml, an* artrlnHy 
Inniti'd to tlonajltrs that ai<* only modi uilolv low, 

MOTION IN RAUKKOn OASl-H 

166. Viscous sup. In l.S7n Ivimdl and \\mliinK* }mfoiimal a 
M'ucs of cxpiiinuadH upon tlm daimiinj^ of a MlaatiuK dj^k liy u mu' 
i<nindinp; and found (hat at lou pri'‘^‘nuo'-‘ tho dninpum di rnaiH'd; 

(‘ITni’t (hoy aMuiluMl to a HlippinR of (ho Ra^ o\ot tlio uallt^ of Iho 
tuhn, HUt’li m had aoniotimoH boon ‘nippo^^'il (o oooui liipudH 

M’luar jnLoipu'lation J>f (In' phonoinonon !nn< boon lonlirmod by lator 
work, both o\})cunn‘nlal and thooiolioal 

PioNumably anyauoh nlipinnK would bo proporfioual In I bo volouiy 
fj;m<Iu*uL noxt to (In* wall of (In* tube, at b'aal oo louR lbn< ^radioul 
m Hinall. AocoidiuRty, if wr* wulo on foi that oompmnmt of tln^ ma*ot 
volonil-y wliioh vauon and tli'u/tlz for i(h giadiont, (akou jmMlno tn tho 
iliioction aw'ay fitnn (ho wadi, (ho \oIority of n1i|i m rolalno to lljo widl 
will hav(‘ thn duortion of un and ran lio wniton 

iW) 

whoni 1* ia a aouHtanl and in oommonly I'ullod Dm rarjftnruf n/ n/i/a 
ObyiouHly I lopioHontH a hmgtli; it oan la* pioluiod by notiuM: that tin* 
motion Ih thoHamn an if (lio wall wort* dinplanod biu'kwnrd ii dipdauoo f 
with lilt) vohu'ity iirmliont oxtoudiuR uniformly hrIiI up to Rom 
voiot'ity at Ua) wall. Kumit and WaibniR found Urn imiKtutudo of f 
to bo of tlin ordor of tho moiooular moan froo path in Ibo fptjn, ami, 
liko tint latLor, iuvoiHoly piopotlmnal to iln» pioaMiro. 

Inal,(‘fid of tlm appioaoh Dial wt* hau* olnmon lioro, tbo |imro«« 
ocomrmK in tho ruh noxt to (lio wnll in fiotpionlly ntmlyRod in torma 
of tho foiooH, followmij^ tho jimotaluro onudoyod by l!o!niinilt» in 
tho oaH(‘ of inpiidH U’ho vimoouh ttaolion In tho (fa^, wliioh m 
in tonuHof thoonliimiyoooflioiont of viHooaily v, mimt, inatoady motion, 
bo otiual to th(‘ traoliim or foroo piT unit luoa oxortod by tho gax on 
tho wall; and for tlin latter wo can w nio tu, wlioio e m « ooiiHlnnl oallod 
tho ounUioiout of oxtornal friolmn of tho goa on tho wall. 'l‘huH 
cH ti(b/dz, and by oomparimm with (5327) wt* aoo that 


KoNnraiul WAUiiunn, Ann Vhyeik, lOfi, 337 (1H7.1) 
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166. Steady Flow with Slip. Formulas pertaining to viscous 
phenomena are easily corrected for the existence of slip. We shall 
illustrate this by obtaining the correction to Poiseuille’s formula 
for the steady flow of a gas through a long straight tube of circular 
cross section.* 

In such a tube the velocity w of the gas across any cross section 

is a function of the radial distance 9* -- 

from the axis (cf. Fig. 67). Consider 
the gas inside an inner cylinder drawn 
coaxial with tho tube and with length 

dx and radius r. To make steady flow --- 

possible, the net force duo to the pres- Fm. 07.-Fiow along a tube. 

sure p on tho ends of this mass of gas must be equilibrated by the 
viscous drag over its sides; hence, equating forces in the a;-direction 
along tho tube, 




Ir 


dx 



■vr 




dx 


o 

■2wrnj^> 


dv _ r dp 
dr ~ dx' 


and by integration 


" “ 4, d* + 


Now, when r ~ a, the radius of the tube, wo have v — u, tho velocity 
of slip, or, by (227), 

dv ^dv 

Honco, according to the expression just found for dv/dt', when r ~ a, 
y = — ^ (fttA) dpfdx, Tho formula found for v reduces to this if wo 
give to 0 such a value that 

0 = + 

We then obtain, after multiplying through by tho density, which 
can be written p/RT in terms of tho gas constant R for a gram and 
the absolute temperature T, for the total ina.ss of gas flowing past 
any cross section of the tube per second, 


0 ==> 

RTjo 8vRT\ 


a/ dx 


Now in the steady state Qm must bo tho same at all points; and, 
according to Kundt and Warburg, we can write f wjiere J*], 

* TJiQ flow l8 cBBumecl to bo slow enough to avoid turbulence. 
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and pH'HHuioH, /) (/u | /isi)/*2, wo lm\o 


* H r}l ^ (22Si 

AlwoluU* unila liavt* b('(‘n anniuMod DiiouKliouf in dodioiMK Ibin oiiim 
lion, but it ia obviouHly p(*niUMHililo in i*\|ijo‘<aiiji: lo oinplny nnv 

otluH' unit for tba )ii<‘hhuio, piovtdi’d Dio oaiio* uitil 11 nbo imod for 
{pi - Ps). 

In DiIh foinnda Dio form -((i/u may lio lonaidod »n an inoiono’iil 
that inuat ba add<*d to Do* lu'tual moan pio*.ano to allow fur ibo 
advanta^oouH offooH of nlip. At low* pior<Nun**< Dioi lomi mav bo 
K'lativoly liuw*, but Dio foimula ils.-lf \h bKol\ lu fod wboii Do* ratio 
or i'/rt ia not aiiiidl, for tlo*n iioimal ooiobtioiiK oannol do\o]op 
in tba (*ontial pait of tlio tula*, and, finDioinono, tbi* onunturo of 
tlia wall ta Llu*n likoly to bo of im)ioilaio’o 

Pvohl(’inn, J. Jii tin* al(*ady How of a na** botwoi*n two paridio] 
jilana aurfaia'a, tlia v(*loody bi’inK I’M'iywboio in tlio ^anio tbrottion, 
allow that tin* amount of tjuaa Iranafoiiod por woond (tir oaoii iimt of 
widtli porpandicular to ita volooity, mi*aMnrod in li'riiiH of do pV vabio, 
ia (axaapt, of mnao, near tin* odgo» ol ibo planoH) 

' jVijf (22Krj) 

ta baing tlia dialnnoo botwiM'ii tin* Ninfaooa and I tboir lougib in tlio 
diH'ction of flow, 1 } (In* viHoimily of Dio gnu, p jIm moan pioKNiiro and 
Pi “"Pa tba total diop m proHHuro. f,/p {*, Dm abp diatnnoo at 
aaab aurfaca; a g.H, unilH an* amumod. 

2, If ona plain la at r(*Ht and tin* idlior moving langontiiilly at 
unifoiin apaad ff, abow Dint in tin* notation jnal dofinod tlm vioioiiM 
drag upon (*a('b plate ia ((*\eept near Dm edgi*a, and provided tin* pbdi*M 
are ndatively (done logetimr and tba gaa preaaiiu* nniftnin} 
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w 2^ 


(229) 


dynes per unit area. (Hint: Tlie viscous stress must be the same 
across any plane parallel to the plates and hence equal to rj dv^/dx.) 

167, Maxwell’s Theory of Slip. It should bo possible to calculate 
the magnitude of the slip distance ^ in a gas from kinetic theory. 
On this point the theory developed by Maxwell in 1879, although not 
perfect, is still the best that we have. Ho utilized for the purpose 
the results of an elaborate analysis that he had previously made of 
the stresses in a moving gas, but his reasoning can also be thrown 
into a very simple form,’’'* 

Consider the usual case of a gas haviirg a mass velocity Vq, whoso 
direction is everywhere tlie same but whose magnitude varies in some 
perpendicular direction; let us take the direction of tho velocity as 
that of the ^-axis and the direction of its variation as that of x. Lot 
the gas bo bounded at the left by a fixed piano surface perpendicular 
to X, and beyond a certain distance from this surface suppose that tho 
velocity gradient dvo/dx is sensibly uniform. 

Then just next to the surface we,can group the molecules into two 
streams, of which one consists of molecules that are approaching 
the surface, and tho other of those that have just struck it and are 
now receding from it; and wo can view the viscous drag on tho surface 
as arising from the difforonce between tho tangential momentum 
brought up by tho approaching stream and that carried away by the 
receding one. Maxwell now makes the rather bold assumption that 
the approaching stream is of the same character as it is in the midst 
of the gas. If the same thing wore true of tlio recoding stream as 
well, and if the gas at tlie surface wore on tho whole at rest, it would 
then necessarily be true that tho impinging molecules wore reflected 
on the average with their tangential components of volocity just 
reversed; for it is the.se components that are responsible for tho viscous 
stress, and in tho midst of tho gas each of the two streams gives rise 
to just half of this stress. Such a law of reflection is very unlikely, 
however. Let us accordingly mako with Maxwell tho more general 
assumption that on striking tho surface tlie molecules give to it, on 
the average, the fraction / of their tangential momentum (or of their 
tangential momentum relative to tho surface in caso tho latter is in 
motion). To restore tho viscous force to its proper value, wc must 
then allow tho gas to slip over the surface. Lot us, therefore, assume 
with Maxwell that tho approaching stream exhibits a velocity gradient 

Qfi MmLiKAN, Phys, 21, 217 (.1023), 
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extending unifoimly up to some value vq - u at the suifaco (cf. 
Fig 68). 

The tangential momentum biought up to unit area of the siufaco 
in a second by the approaching molecules can then be analyzed into 
two paits Relative to a fiame of lefeienco moving with velocity «, 
momentum will be bioiight up equal in magnitude to that which is 
tiansmitted elsewheie m the gas by the coucsponcbng molecular 

stream, oi to ^ ij dvo/ih pel unit area pei 
second, r/ being the coefficient of viscosity, 
to this must then bo added the momentum 
due to the slip velocity w, of amount } 
nm^u, i nv lepiesenting by (72a) in Sec 37 
the number of molecules incident poi 
second on unit area of a piano in a gas 
containing n molecules per unit volume 
I^Q 68 —Volooity gradient nofir wllOSC mean Speed IS V 

Accoiding to our assumptions, thoic- 
fore, wilting nm = p, the density, and equating momentum given 
up to the surface to that tiansmitted across parallel planes in the gas, 
we have 



/l dao . 1 - \ dvo 

V2’'*: + i''"V = 


Hence u must have the value 


ti = 


9 -f V dvo 
J pvdv^ 


and for the coefficient of slip, as defined in (227), after inserting 
p = j)/RT and v = 2(2BT/t)^^ fiom (66a) m Sec 30, we find 


r (230a) 

or, if we insert i; = cpvL fiom (126a, h) in Sec 86, 

f = (2306) 

Here T = absolute temperatuie, R *= gas constant for a gram, 
p ~ pressure, L = mean free path, and <; is a number lying between 
0 491 and 0 499, so that veiy ncaily 2c ~ 1 

168. Discussion of the Slip Formula According to (2306), f is 
always of the oidei of one mean hoe path and must, like the latter, 
vary at a given temperatuie in inveise latio with the pressure, as was 
originally found experimentally by Kundt and Warburg 
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The value of /, the transfer ratio for momentum, 'will presumably 
depend upon the character of the interaction between the gas molecules 
and the surface; it may vary with the temperature. We can imagine 
a surface that is absolutely smooth and reflects the molecules “specu¬ 
larly” with no change in their tangential velocities; in such a case 
/ = 0 and = 00 , viscosity being unable to get a grip upon the wall 
at all. On the other hand, we can imagine the molecules to be reflected 
without regard to their directions of incidence and therefore with 
complete loss of their initial average tangential velocity. They 
might, for instance, be reflected diffusely according to the same 
cosine law that holds for the diffuse reflection of light or for the effusion 
of molecules from a hole [cf. (73ct) in Sec. 37], being di.stributed, 
therefore, as if they came from a maxwellian gas at rest relative to the 
wall. In this latter case we should have / = 1, all of the incident 
momentum being given up to the wall, and 

r = = (230c) 

so that is almost equal to L. 

Maxwell suggested that diffuse reflection might result from free 
penetration of the gas molecules into interstices in the surface, where 
they would strike a number of times before escaping. An approach 
to such reflection would result also from roughness of the surface, 
except that at largo angles of incidence chiefly the tips of elevations 
would bo visible to an oncoming molecule and something like specular ■ 
reflection should occur, Another possibility is that the molecules 
might condenso on the surface and then ro-ovaporate after coming into 
thermal equilibrium with it; in some cases thoro is, in fact, definite 
experimental evidence for such an occurrence. In the general case, 
Maxwell himself interpreted a fractional valiio of / as meaning that a 
fraction / of the surface reflects diffusely and the remainder specularly; 
but such a special interpretation is obviously unnooessavy. Even a 
value of / exceeding unity is conceivable, indicating that the molecules 
are reflected on the average with a partial reversal of their tangential 
velocities; for example, uniform reversal would bo produced by reflec¬ 
tion from a rectangular-zigzag surface. 

In comparing (2306) and (230c) with expressions given elsewhere it 
must not bo overlooked that L is here calculated using the modern 
formulas, (126a, 6), So many different formulas have been used for 
L during the last thirty years that it is scarcely sufficient, in writing 
equations, to define a certain symbol as standing for the mean free 
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path without specifying its assumed relation to the viscosity oi to some 
other measuiable quantity 

It should be lemcmbeied, fuitheimoio, that the analysis loading up 
to (230a-, 6, c) 18 fai fiom iigoious, this was, in fact, emphasised by 
Maxwell. At least the tetuimng sticam of molecules is almost coi- 
tamly modified fioni the inaxwellian foim in quite a diffoicnt manner 
than is the corresponding stream in the midst of the gas. 

It may be of intoiest to note that the slip speed w will not usually bo 
the same as the actual mean velocity of the gas at the wall 

169. Observations of Slip, Intel esting diiect measuiemonts of 
slip weie made by Tiiniriazeff,* using the method of two coaxial cylin¬ 
ders with the gas between them In this method tho inner cyliudov 
IS suspended elastically, and fiom its steady dcflootion when tho outer 
one IS 1 evolved about it at constant .speed, the viscous toiqiio exerted 
upon eithei cylmdei by the gas is calculated, and from this in turn tho 
viscosity In Timiiiazoif's apparatus both cylindcis wcie nickeled, 
and air, caibon dioxide, and hychogen weie employed in turn IIo 
obseived that as the piessiiie was ieduced fioin atmosplioiic, tho 
torque at fiist remained constant, illustiating tiio conbtancy of the 
ordinary viscosity; then it diopped lapidly as the slip distance f 
became comparable "with the inteicylinder distance ty, A foiinula 
equivalent to (229) in Sec 166 was deduced on the assumption that 
the naiiow space between the cylmdeis could bo tioated as if bounded 
by planes, and this formula was found to hold closely even down lo 
pressures at which it might be expected to fail, tho obsoived value of 
i* was compaiable in magnitude to the mean fioe path in tho gas 
(about 6 8, 6, and 10 X 10~® cm at atmosphciic pressuio foi tho three 
gases in the older named) 

The most accurate measurements of slip, howevei, aro undoubtedly 
those made by Staoyf and by Van Dykef under Millikan’s supei vision 
They used the coaxial-cylinder method but employed tho accurate 
formula for it, tho theory usually given, which itsolf rcquiics a litLlo 
thought,! is readily modified to allow for slip and then gives for llio 
torque on unit length of the innci cylmdei, which is suspended at icst 
on an elastic suspension, while tho outei cylinder ievolves around it at 
constant speed 

__ Sir^T}') \tlv 

Timiriazbpp, Ann Phynh, 40, 971 (1913) 
t Stacy, Phys Rev , 21, 230 (1923), Van Dyke, Phys Rev , 21, 260 (1923), 

X Cf Newman and Seareb, "General Pioperties of Matte:." 
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in terms of the viscosity of the gas, the radii Ti and Vz of the cylinders, 
and the speed of the outer one, v, in turns per second. 

The cylinders were made of brass but could be coated with oil 
or shellac to obtain the slip on such surfaces as well as upon the bare 
metal. One observation was made at atmospheric pressure, at which 
the slip distance is negligible, and then another at a pressure slightly 
above 1 mm, which was low enough to produce a considerable drop in 
the torque and yet high eirougli to make the ordinary slip theory 
applicable, — Vi) being fairly small]; from these two observations 
botli the value of ^ corresponding to the low pressure and the value of 
1 } could be calculated, and f for a pressure of 76 cm was then calculated 
on the assumption that it is inversely proportional to the pressure. 

In a paper in the same volume of the Physical Review^ Millikan gives 
a table of values of Maxwell's reflection coefficient / which were cal¬ 
culated by substituting in the equivalent of our eq. (230a) in See. 167 
the values of f obtained by the ob.servers just mentioned and a few 
others. His table is repeated below, with the addition of the cor¬ 
responding values of f/L, the ratio of the observed slip clistanco to the 
mean free path as calculated from (2306) with 2c set equal to 0.008. 
The oil referred to in the table is the watoh oil that was used in Milli¬ 
kan's well-known oil-drop work on the electron. 



/ 

(%) 

h 


100 


Air rm inoi'ftiiiy. 

100 

■InTil 

Air nn oil...■. 

89.6 

1.23 

COa on oil. 

TTyrlrngfiii on oil. 

02 

02,6 


Air nn glass..... 

80 

I 1.2d 

TToliinn on nil. 

87. d 

IK!!I 

Air nn frnsli shnllan.;. 

70 

1.03 



The value, / » 0,89 for glass, was calculated chiefly from Kmulsen’s 
data for H 2 , 02 , and CO 2 on tho assumption that f is proportional to the 
mean free path. Knudson himself, however, found no ovidonco of slip 
of these gases in tho free-moleculo case; and, as regards H 2 , this con¬ 
clusion was confirmed by Gaede. A direct study of tho slip of air on 
glass would seem to be of interest. 

Such values of/must bo rocoivod with a certain caution, however. 
In the first place, the difference, I — f, although commonly said to 

* MiijjIkan, Phys, Rev., 21, 217 (1023), 
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lepiosent speculai leflection of the fi action 1 — / of the molecules, 
presumably lepiesents m leahty only a ceitam pieponcleiance of 
fonvaid cliiactions in the scattenng piocess, in the second place, Max¬ 
well's formula foi ^ cannot be said to be iigorously established until 
the state of the gas next to a solid boundary has been more accuiatcly 
woiked out (The lattei uncertainty, of couise, does not affect the 
values of t/L) As to the lattci point, however, it n>ay be noted that 
Blaiikenstem* obtained in a similai way values of / ranging from 0 98 
to 1.00’foi Hi, Ho, an, and CO 2 reflected fioin polished oxidized silyci, 
and obtained values only 1 to 3 pei cent lower when he repeated Ins 
obseivations at piossuies of 0 0005 to 0 002 mm, at which the freo- 
moleculc f 01 inula (2326) should hold Since the lattoi foimula is 
not subject to the same unceitamty as is Maxwell's, this agreement 
of values of / obtained at high and low pressures tends to oonfiim 
Maxwell's foimula foi f at the highei piessure 

170, Free-molecule Viscosity. The concept of slip as usually 
understood is applicable only when the layer of gas is many moan 
flee paths thick so that ordinary viscous motion can come into exist¬ 
ence m the moie distant pait of it When 
this condition is not satisfied, the phenome¬ 
non becomes moio complicated; its theoiy 
has not been worked out for tho general case. 
The situation becomes simple again, how- 
ovei, in the extreme lico-moleculo case in 
which the density is low enough, or the gas 
layei thin enough, so that tho collisions of 
molecules with each other may be entiiely neglected in compaiison 
with theii impacts upon tho walls. This case is easy to treat 

As a first example, consider two parallel plates sepaiatod by 
a distance v) that is very small as compared with the mean fiee path 
111 the gas between them, and lot the upper plate be moving tangen¬ 
tially with the velocity XJ (cf Fig 69), Under these oircumstancc.s 
each molecule, aftei stiiluiig one plate, moves at constant velocity 
until it stakes the other. Hence, if Wi is the moan tangential com¬ 
ponent of velocity as the molecules leave the lower plate, this will 
also be theii mean component as they arrive at the uppei, and simi¬ 
larly we oan write th for their mean tangential component as they 
leave the upper or aiiive at the lower. 

Then, if /i, /a denote the coefficients of momentum tiansfci at tho 
lower and uppei plates, respectively, defined as in Sec. 167, tho 








(Afresf) 

Fig 60 —Viscous drag on n 
idato 


* Blanicenstein, Phy^ Rev , 22, 682 (1923) 
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momentum given to unit area of the upper plate in n seeond is 

riA(«i - U), (231) 

where Ti is the mass of gas that strikes unit area of the plate per 
seooncl. An amount of momentum equal to this is lost by the mole¬ 
cules themselves, and this loss can obviously be written ri(wi ~ n?). 
Hence it must bo that 

Ul - W2 = /2(Ul -* U). 

Similarly nt the lower plate, which is at rest, we find 

Uz Ul — /iWa- 


From these two equations we find that 


Ul 


Ml -/») rj 


Uz = 


/g _ 

/l fz ~ flfz 


u. 


Now lot us make the usual assumption that the molecular velocities 
in the gas are distributed very nearly in the maxwellian manner, 
corresponding to some absolute temperature T, This will certainly be 
true so long as U is small as compared with the molecular speeds. 
Then, by (72b) in Sec. 37, Ti = p/(2ir72T')w in terms of the pressure p 
and the gas constant B for a gram; hence expression (231) for the 
momentum given to the upper plate per unit area per second can be 
written in tlio form —ZU, where 


/ 1/2 V 


(232a) 


The expression —ZU also represents, of course, tho momentum in the 
opposite direction that is given per seeond to tiro lower plate. If 
tho plates are alike (/i — /a = /)j ' • 


y _ / V 

If / = 1, ns for perfectly diffusing plates, this becojues simply 


(2326) 


Hero p, B and Z are all in e.g.s. units. 

Tho coefficient Z thus defined might bo called tho free-molecule 
viscosity of the gas between the plates. We note that it is independent 
of their distance apart, A little reflection shows, in fact, that, so long 
as intermolecular collisions may be neglected, Z must always be inde- 
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pendent of the magnitude of the solid bodies in contact with the gas 
and determined only by their lelativc shape On the other hand, at 
constant tempeiature it is piopoitional to the picssuie or tho density, 
in contrast with the ordinal y viscosity 

As a fuither compaiison we may note that the ordinary viscous 
drag on unit aiea would be, by (229), r]Uf{w Ar 2f) oi, by (12Grt, h) in 
Sec 86, cpvLUliw + 21'), oi, by (66a) in See 30 and p = pRT} 
4:cpLU((w -f- 2^)'\/2UT, wheic c is close to For / ^ 1 ibis latter 
expression exceeds ZU &b calculated fiom (232&), at least so long as 
L > w, BO that, unless / exceeds umty, fioc-molecule viscous foices 
are well under those calculated by the oidmaiy foi inula 

Free-molecule viscosity was put to use by Langmuir in an instiu- 
ment that he devised foi the measuiemont of veiy minute piossmcs 
He suspended a disk on a torsion fibei above a second paiallol disk that 
was kept in constant rotation The steady deflection of ilio upper 
disk, due to viscosity of the intervening gas, was found to bo exactly 
piopoitional to the gaseous piessure, piovided tho moan fiee path was 
many times the distance between the disks, and this deflection served, 
therefore, as a measure of the piessuie after the instuimcnt had been 
calibrated at one known piessuie 

171. Free-molecule Flow through Long Tubes. The most impor¬ 
tant type of gaseous flow for practical purposes is that through long 



tubes Let us suppose that the tube is cylindrical but has a cross 
section of any nomeentrant shape, and that its walls have a pcifectly 
diffusing surface Let the piessure bo maintained at diffoicnfc steady 
values at the two ends, the tempeiature being imifoiin 

Consider the flow of molecules acioss a cross section BC oI the tube; 
and consider fiist the flow acioss an element of area dS of this cioes 
section (Fig 70), These molecules that cross dS come fiom various 
points on the wall of the tube, where they underwent reflection; lot us 
select those that come from an element dS' on the wall distant -c fiom 
the plane of BC, and also distant r' from dS m a direction making 
angles 6 with the normal to dS and d' with the normal to dS', lespoc- 
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tively. As molecules strike dS', tliey will leave it after diffrise reflec¬ 
tion in the same manner as if they came from a gas in equilibrium with 
the density n' and mean speed C of the gas in the neighborhood of dS% 
and by (73a) at the end of Sec. 37 

n'5 dS' doi cos fii' 

47r 


of them will pass downward through dS per second; here dw is the solid 
angle subtended by dS at dS' and has the value 

, dS cos 0 

dci) as ---- 


Now a; = r' cos 0, rurthormoro, if we draw in BC a line' of length s 
from d8 to that point 7) on the tube which lies on the same generator 
as dS\ and then draw the normal to the tube at D, this norjnal making 
an angle e with the former line, and if wo then project these lines upon 
the cross section through dS' as in the figure, wo see from the geometry 
that r' cos d' = s cos e, since r' cos Q' is the projection of r' and hence 
also the projection of the broken line {dS-E-dS') upon the normal 
to dS\ Also, r'^ == s® + Hence, if we write dw dx for dS', dw 
being an element of the periphery of the cross section through dS\ wo 
have for the total net number of molecules passing downward through 
dS per second 

cos 0 cos 0' dS' = L dsj »<!"s « dw, 

the integral in dw extending around the periphery of a cross section 
distant x from BC but being obviously indopendont of x. 

Now, if wo limit ourselves to small density gradients, wo can 
write 


n 


/ 1 


n representing the density at 73C. Then in the last integral the term in 
n vanishes, whereas that in dn/dx contains the integral 

x^dx _ 1 f ” dx _ 1 j -1 •'^1 “ _ ^ 

J_ ^(^2 , 2)2 “ 2j_^x^ -b 2s sL . 2s' 

Furthermore, projecting dw onto dS, wo see that dw cos e = s d<fi, whore 
<P is the angle between s and any fixed lino of referonco drawn in BC 
through dS. Hence we have finally, for tho total net number of molo* 
sules that pass through dS upward or toward a* = d- per second, 
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and, mtegiating again, foi the whole number passing upwaid acioss BO 
pel second, 



Let us now multiply this equation thioiigh by the mass of a 
molecule, and then intioduce m it y = 2 '\/ 2 iB?’/ 7 rfiom (66a) m Soo 30, 
and the piessuie, p = nmRT, R being the gas constant foi a giam 
The result is the mass of gas passing any point of the tube poi second: 


Qm = “H 


2 




8 d<p 


dx 


In the steady state Qm must be constant along the tubo, hence 
in the free-molecule case the pressure giadient must bo uniform, in 
contrast to its linear vaiiatioii in the high-density case of Poisouille 
We can, therefore, replace dp/dx by (pi ~ pi)/l, where I is tho longth 
of the tube and pi — p 2 , the diffeience of pressure botweeii its ends. 
For piactical use, howevei, it is more convenient also to multiply 
thiough by RT and so obtain the amount of gas passing per second 
measuied in terms of its pF value, for this wo thus find, finally, 






2v^ I 


[/<■ 


8 d(p 


(pi - P 2 ). 


(233a) 


In this equation any units of pressure can be employed for pi, pa, and 
Q, R must, howevei, retain its 0 g s value 

172. The Long-tube Formula. The integrals left standing in tho 
last two equations leprcseiit quantities characteristic of tho cross sec¬ 
tion of the tube, which can be calculated m any given case 

For a circular cross section of radius a, tho calculation happens to be 

J ^2ir 

^ 8 d<p IS not independent of tho position 
of dS and the flow is, therefore, not quite uniform over the cioss section 
Wnting /<■ s d(p d<pj8 dSf and then fixing <p momentaiily 

while we cany out the integral in dS, let us diaw oaitesian axes as in 
Fig 71 with the oiigin at the center of the ciicle and the p-axis parallel 
to the line of length s Then we can wiite dS == dx dy, and, x and p 
denoting cooidiiiates of a point in dS, 
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ra 

s « I I [(a^ — -- v]dy =■ 

2J* (a^ — a;2) da? = | a®. 

Hence d(p^sdS ^ 167raV3, and (233a) becomes, for a circular 
tube, 

(3 = 1 (2T/eDM jiPi- Vi). (233!.) 

This formula, like (233a), is limited in its application by the double 
condition that the diameter of the tube must be small in comparison 
both with the moan free path and with distances in which a consider¬ 
able change occurs in the density of the gas. 

There are also end corrections which can be 
neglected only if the tube is very long. 

Formula (2336) was first obtained by Kniid- 
sen,* but ho used an unreliable method and 
some of his results wore wrong. Formula 
(233a) for tlio general case was obtained soon 
afterward by Smoluchowsld,t following the 
reasoning that we have given. Knudsen's 
method was to equate the momentum.imparted 
to the tube by molecular impacts in a second to the difference in the 
pi’es.suro forces at the ends. This is correct, of course, but then in 
calculating the momentum, ho assumed Maxwell’s law to hold 
approximately, and as wo have scon in our treatment of ordinary 
viscosity and heat conduction this assumption may introduce a 
considerable error in calculations of differential effects. We have 
ourselves employed an expression for the effusion of molecules that 
is appropriate only to the equilibrium state, but we were not com¬ 
pelled to subtract from it another quantity almost as big as itself, 
and tho resulting error is, therefore, only of the second order in the 
density gradient. 

In experimental work, howovor, tho most significant thing is likely 
to be the rate of flow as moa.surod by volume, since this controls the 
relative rate at which pressures undergo alteration, Tho rate of flow 
in those terms is, rouglily, 2(^/(pi + pi); hence, from (2336), wo reach 
the important conclusion that for a given value of the ratio pi/pi the 
flow in terms of volume is independent of tho density of tho gas, 

* ICnudsbn, Ann, Physik, 28, 76 (1900). 

tSMOLUonowsKi, ylnn.P/tysi’/c, 83, 1669 (1010), 
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To illuHlraln Iho ordor of magniliulo of fico-moltM-oli* (low, il nmy Im 
lomarkod Uinl areording Uj Iho foimnla a hnlh oiinlaudnK a IiIim id jur 
ai a proHHUio anywhoio l)clo\v 0.01 mm ami iMuim'i-iiMl lo a high vm-mim 
through a tulx* 30 om hmg and 2 mm in diainolor wdl half omply iisHf 
in a littlo ovor tliioo minutoH. 'I'hiH is a faiily hmg hmo, ami if indi- 
caU'H Uiat at low doiimty o(iunlir.iitioo id flu* ph-nhuh* lhi<mgh Miiall 
oponiiigH in a compaiativoly alow piin'i'H^ 'I’ln' ••ifmilnm im imirh 
liotti'r, liowovor, than if tho oidmaiy PiMH'iiillo i‘ipmfiim |(22‘f), uilh 
fi tKJ OJ hold undor thomi conditionH; in (ha( ohm* fho fnim roiinuoil 
would ho nearly two houm 

It wan pointi'd out liy MmoluchowHld (/or ii7.) lhaf flu* foimula \h 
oaaily giuioraliwul to oovt'r tlu* oasi* in whirh only a iMMlain fmi turn/id 
tho molccuh'H aio Hcattmcd diffuHcly, wliili* a fiarhon I / air apiaai- 
larly rollooliid. In tiiat caHO flio formula for Q lHTona*«, in plai'i* (d 
(2336), 


Tlio now factor (2 •“/)// U'huUh from tho fact that lla* lud numher 
(d molomdcH aroMHing any crow Hcchon li(\ hcing thdi’nidnial liy 
tho dennity gradient along tho hdic, dcpirndH upon I hi' mean diNlauco 
from JiC at which they cxpciicnco then luat dilTuHc ii'Ilccfion fiom the 
walla, Hpccular rcflcotiou mcicly handing (hem on with I heir component 
of volouity along tho tuhe unaKeicd, and Hum mean diHtance can he 
ahown to ho ineieivMed in tho ralio (2 - /)//. 

173. Flow tlirough Short Tuboa. M'he renullM juwt ohlaincd are, 
of tioiU'HO, aoourato only for tuhen of indelinile iengfli. In inaefict' Iho 
end oonoetiouH required for tuhea of finite lenglh may likewifM' !«»id 
intoroHt, and in aomo caHCH, for example, in working aifh molecular 
hoama, tho value (d tho free-moleeulo fiow fhrough aehorl luhe may he 
uuodod. For Kuch quautitieH only approxunale valut'H ha\ e imyet hecii 
ohtainocl, hut Homo cliHcuHKiou of thcKo may ho td inleietil. 

BuppoHO two vohhcIh containing gaa in equilihuum at (emperaluiv T 
and at vory low proHHurcH pi and pa, rcMpeclively, are coiuiecled logel her 
through a round tube of length I, which haa pi'ifeeily dilTuHing waila, 
and lot tho radiuH a of thia tuho Im veiy Hiuall an cum pa red with the 
moan froo path in tho gaa. 'J‘heii, when l/a ia very large, the rale of 
fiow through tho tuho meaHurod in teuuM of p V iw given hy (2336) ahovo 
and BO iH proportional to i/l. At tho uppoHite extremo, cm the other 
hand, when I ^ 0, tho tuhe rodueea to a circular opening in a thin plate 
and, according to oq, (72ci) in Hoc. 37, tho diftereiilial rate cd frets- 
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molecule flow through it, measured in terms of pV, is 

4 - 

Q = a^{^TrRT)^(pi — pz). 

Now it is easy to invent a formula that passes into these two forms 
as limiting cases. The simplest one is Bushman’s formula: 


Q = 


i + i- {l/a) 


{pi - P 2 ). 


(233d) 


For a very short tube, however, this formula is easily seen to be not 
quite right. A short ringliko tube, as in Fig. 72, acts to decrease the 
flow as compared with a plane opening of the same cross section by 
intercepting molecules that would otherwise pass -through. The 
effect of this interception can bo found, to the first order in l/a, by the 
following argument. 

If the gas had everywhere the same density ni that it has in the 
left-hand vessel, then by (72a) in Sec. 

37 a total of J Wifli X or | irnihal 
molecules would strike tlie wall of the 
tube per second, and almost half of 
these would have come directly from 
the left-hand vessel; after striking the 
tube, only half of these in turn would 
eventually pass on into tho right-hand 
vessel, whereas, if I were 0, all of them 
would do so. The presenco of the tube 
thus decreases the number passing 
through by a quarter of the number that strike its wall or by | irnidial. 
On the other hand, the total number passing through in the absence 
of the tube is | nihira^- Hence the tube reduces the flow in the ratio 



Fia, 72,—Eltusion through a ring. 


1 __ ^ Trn-ifli al _ _ 1 

I niDiTra^ 2 a 

This result suggests os an approximate formula valid for small l/a, 
in place of (233ti!), 

For large l/a, however, this formula is certainly wrong in turn, by a 
factor of 

The problem of tho short tube was subjected to thorough study by 
Clausing in his thesis.* No accurate formula could be obtained in 

♦ P. CiiAUSiNQ, DisBorfcation, Amsterdam, 1018. 
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terms of known functions, but he works out a close approximation and 
also gives a table of values representing the ratio 

Q^a\l7rRT)y^{Vi-v^) 

as a function of l/a [page 130, values from his cq. (203)]. His results 
agree, naturally, with (233e) for small l/a] a compact empirical 
expression that reproduces them within 1.5 per cent for all l/a is 



As compared with Clausing's values of Q, use of the shorter formula 
of Dushman, (233(i), may incur an error of nearly 12 per cent. 

174. Observations of Free-molecule Flow. The only investiga¬ 
tions that cover the free-molccule case are the elaborate studios of the 
flow of gases under a pressure gradient made by Knudscni* and by 
Gaede.f Both of these investigators studied the molecular flow 
of gases through circular glass tubes, for which Knudaon developed 
a formula equivalent to our (2335) above. Gaede took the further 
precaution of freeing the tube thoroughly from adsorbed gas by pre¬ 
heating, and kept all water vapor frozen out in a side tube immcrscid 
in liquid air. 

A critical quantity in such work is the ratio of L, the mean free path, 
to the radius a of the tube. Using a capillary 0.206 mm in diamet(?r, 
Gaede found in the case of hydrogen agreement within 1 per cent with 
the theoretical formula as represented by our eq. (2335), the pressure 
ranging from 0.0001 mm {L/a = 8,700) up to 0.001 mm (L/a ^ 870), 
and in the case of nitrogen agreement within 2 per cent up to 0.002 mm 
(L/a = 230); but at 0.008 mm (L/a = 108 for H 2 , 58 for Na) the 
observed flow was in both cases smaller by several per cent, hlxpt^ri- 
menting with less refinement, Knudsen had got a similar agreement 
using H2, O2, and CO2; in the case of H2 he found the formula to hold 
even up to pressures at which L/a = 0.6. Since the only special 
assumption made in deducing the formula, in addition to the general 
results of kinetic theory, is that of diffuse reflection by the walls of the 
tube, the latter assumption seems to be definitely confirmed by those 
experiments for H 2 or N 2 reflected from glass. 

Both Knudsen and Gaede investigated, also, the manner in which 
at higher pressures the transition occurs from the free-molccule formula 

♦Knttdsen, Ann. Physik, 28, 75 (1909); 36, 389 (1911). 

t Gaede, Ann. Physik, 41, 289 (1913). 
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to that of Poiseuille. In Fig. 73 is illustrated the general course of Q, 
the rate of flow measured in terms of pV, as a function of the mean 
pressure p for a given ratio of the pressures at the two ends of the tube. 
Starting out at low pressures along the free-molecule straight line FM, 
the curve for Q approaches asymptotically the quadratic Poiseuille 
curve P as the mean free path becomes less than the tube diameter. 
Both Knudsen and Gaede found that the curve had a form like J 
rather than like K, the ratio Q/ipi — P 2 ) exhibiting a minimum when 
the mean free path became several times the tube diameter. 

Finally, Gaede investigated the flow of hydrogen between two 
parallel plates placed only 0.004 mm apart and found Q /(pi — p^) to be 
as much as 50 per cent below the theoretical free-molecule value at a 
pressure of 23 mm, the mean free path 
L being then just about the same as the 
distance h between the plates. The drop 
from the theoretical value began, how¬ 
ever, at very low pressures; from 0.019 
mm to 0.265 mm it amounted to 18 per 
cent, whereas at the latter pressure L is 
still about 83 times the width of the slit, 
and under such conditions, even if we 
assume every collision to remove both 
molecules entirely from consideration and suppose, also, that the 
molecular paths might somehow have an effective average length of as 
much as three times h, we can reach only a possible theoretical drop of 

or 4 per cent. 

The entire observed drop in Q/{pi — P 2 ) below the theoretical value 
was ascribed by Gaede to the formation at higher pressures of an 
adsorbed layer of gas on the walls of the tube, which he supposed might 
increase the resistance to the flow. It is hard, however, to see how an 
adsorbed layer could do anything except increase the amount of diffuse 
reflection, and the latter is already assumed to amoltint to 100 per cent 
in deducing the theoretical formula. Further experiments on this 
point would seem to be worth while. 

176. Stokes’ Law for Spheres. An interesting special case that 
deserves brief mention before we leave the subject of slip is the steady 
motion of a sphere through a viscous medium under the influence of a 
steady force, such as its weight. 

Stokes showed long ago that if the ordinary laws of hydrodynamics 
hold, and if the velocity U of the sphere is not too large and there is no 
slipping of the medium over it, the force required for steady motion is 

p = —^irriaU 
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in terms of the radius a of the sphere and the viscosity rj of the medium. 
His deduction is easily modified to allow for the occurrence of slip;* 
in terms of the slip distance t (Sec. 165) the modified formula is 

‘-9 

to the same degree of accuracy to which Stokes' law itself holds. This 
latter formula should be valid for a gas so long as the mean free path L 
is much smaller than the radius a. 

The opposite extreme case of large L/a was studied in detail by 
Epstein, t He showed that in such cases the force on the sphere is 

F = —avpa^U, 

where p is the density of the gas and v the mean speed of its molecules, 
while the constant a depends on the law of reflection from the surface 
of the sphere; if the reflection is specular (or if the molecules condense 
on the sphere, spread uniformly over it, and then evaporate again) 
a = ai - 4t/ 3, whereas if the reflection is diffuse a ranges from 1.442 
when the sphere does not conduct heat to 1.393 ai in case it conducts 
perfectly. Experimentally, MillikanJ found values for charged oil 
drops moving through air of very low density equivalent to 
a = 1.365 ai, while Knudsen and Weber’s results for glass spheres in air 
correspond to a = 1.353 au Smaller values like these can be accounted 
for by assuming the existence of a small tendency toward specular 
reflection. 

The intermediate condition in which the mean free path is of the same 
order of magnitude as the radius of the sphere is difl&cult to handle 
theoretically. In this region, Millikan, and also Knudsen and Weber, 
find that the empirical formula 



■p, _ QinjaU 

1 + (L/a) (A + 

fits the data well. In terms of mean free paths calculated from eq. 
(1266) Millikan’s data for oil drops in air require A = 1.23, B = 0.41 
c = 0 . 88 . 


At such low pressures that L /a is large this formula becomes approxi- 
»^a,tely so that A and B must be related to the coefficient a 

in the preceding formula thus: a = 7 - 1 — 

{A + B)pLv 


*a. A. B. Bassett, ‘'Hydrodynamics,” vol. II, p. 271, 1888; H. Lamb, 
“Hydrodynamics,” Sec. 337. 

t Epstein, Phys. Rev., 23, 710 (1924). 
t Millikan, Phys. Rev., 22, 1 (1923). 



Sec. 176] PROPERTIES OF GASES AT LOW DENSITIES 


311 


At high pressures, (L/a 1), on the other hand, the formula 

becomes F = and comparison of this equation with one 

1 + ^ 
a 

just above shows that ^ = AL. The value A = 1.23 agrees, as a 
matter of fact, with the ratio f/L = 1.23 obtained by the revolving- 
cylinder method and cited in the table in Sec. 169. 


THERMAL CONDUCTION IN RAREFIED GASES 

176. Temperature Jump and the Accommodation Coefidcient. In 

analogy with the phenomenon of viscous slip it was suggested long ago 
by Poisson that at a wall bounding an unequally heated gas there 
might be a discontinuity of temperature. He wrote for this assumed 
discontinuity an equation equivalent to 

T^-T„ = g^, (234) 

where is the wall temperature and Tk, as now understood, is what 
the temperature of the gas would be if the temperature gradient along 
the outward-drawn normal to the wall, dT/dn, continued without 
change right up to the wall itself. The constant g represents a length 
and may be called the temperature jump distance. 

Upon Warburg’s suggestion Smoluchowski* performed experiments 
in search of this effect and found it; he showed also that, as kinetic 
theory would lead one to expect, the jump distance g, for which he wrote 
7, is inversely proportional to the pressure and so directly proportional 
to the mean free path L. He found g — 2.7 L for air but g == 11L for 
hydrogen, in terms of modern values of L; the latter high value he 
ascribed to a difficulty experienced by the very light molecules of 
hydrogen in exchanging energy with the molecules of the wall. 

In developing a theoryf of the phenomenon Smoluchowski intro¬ 
duced a constant to represent the extent to which interchange of energy 
takes place when a molecule of the gas strikes a solid (or liquid) sur¬ 
face. There has come into common use, however, a slightly different 
constant introduced later by Knudsen.J This constant, which he 
called the accommodation coefficient and denoted by a, can be defined as 
standing for the fractional extent to which those molecules that fall 
on the surface and are reflected or re-emitted from it, have their mean 
energy adjusted or “accommodated” toward what it would be if the 

* Smoluchowski, Ann. Physik, 64, 101 (1898). 

t Smoluchowski, Akad. Tfiss. Wim, 107, 304 (1898); 108, 5 (1899). 

t Knudsbn, Ann. Physik^ 34, 593 (1911). 
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returning molecules woie issuing as a stream out of a mass of gas at the 
tempeiatiue of the wall. If denotes the cneigy biought up to unit 
aiea pci second by the incident sticam, and Er that caiiicd away by 
these molecules as they leave the wall aftci loflection from it, and if Eu, 

IS the eneigy that this lattei stream would cany away if it cainocl the 
same mean eneigy pei molecule as does a stieam issuing fiom a gas m 
equilibrium at the wall iempexatuie T^, then a is given by the equation 

aiE, - E,o) (236) 

Knudsen himself preforied to attach a tompciature to each of these 
streams of molecules, just as in the leveise way wo have just associated 
an eneigy Ek with a tempoiatuie Tw', ho wrote the equivalent of tiio 
equation, 

f, - - a(r. ~ T^) 

Heie Ti is not nocessaiily the same ns 2V 
above, which icpicscnts the lesult of cxtia- 
polatmg the tomperatmo giaclient m the gas 
up to the wall; nor aie Tt and Tr connectocl 
in any simple way with the mean eneigy or 
temperatuie Tg of the molecules that aio 
actually piescnt at any moment in the layer 
next to the wall Tor these vaiious tomiiora- 
tures the theory developed below suggests 
some such relationship as that shown m Fig 74 

177 Theory of the Temperature Jump. An approximate theo¬ 
retical expiession foi the i elation between tho accommodation coeili- 
cient a and the jump distance g is easily obtained from kinetic iheoiy 
by completing an aigument of Maxwell’s in a way that is analogous to 
his own method of connecting / with tho slip coeflioient f. Wo shall 
altei Maxwell's reasoning somewhat, however, by iiitioducmg Kmid- 
sen’s ideas m legard to the behavior of the heat onoigy, 

Maxwell assumes that the stream of oncoming molecules is tho 
same right up to the wall as it is in the midst of the gas and coiiesponcis 
to a temperatuie giading uniformly down to tho value at the wall which 
we have called Tk These oncoming molecules will then biiiig up to 
unit area of the wall in each second both the heat content of a niaxwol- 
lian stream issuing from a gas at tompeiatuio Tk and the excess onoigy 
which they carry as their contribution to the conduction of heat, for 
which we can write \ K dT/dn in terms of the thermal conductivity K 
of the gas 

Now the translational energy cairied by a stream issuing fiom a gas 
at temperatuie Tk-is 2i2Tjc eigs pei gram, as is stated in Pioblom 4 at 



lyra 74—Toinpomturo grn- 
diont near a wall 
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the end of Sec. 37, R being the gas constant for a gram; this is ^ times 
as great as the mean translatory energy of a gram of gas in equilibrium 
at the same temperature, the difference being due to the fact that the 
faster molecules both issue in larger numbers and carry more energy. 
The total energy brought up by ^ g of such a stream is accordingly 

S{2RTk -i- Ujk), 

where Uik is the internal energy of the moiccules in a gram at tempera¬ 
ture Tjc. A similar stream at temperature Tw would transport 

S{2R'I\, + Ur^.) 

units of energy. The difTeroiico of those two expressions can be written 
with sufficient accuracy 


^ _ (236) 


where Cy = ^ B and represents the specific heat at constant 

volume (cf. Sec. 143). 

If we then add to this latter expression the excess energy carried 
by the incident stream os its contribution to the conduction, wo havo 
the difference between the incident energy and the energy carried 
away by the molecules on the assumption that they leave as a max- 
wellian stream at the wall temperature 3 », or 



where S now stands for the grama of gas brought up to unit 
area in a second by the incident stream. By (72fc) in Sec. 37 
S ~ p(RTK/2ry^ = p/{2irRT)y^ nearly enough, in terms of the pres¬ 
sure p and the temperature 2' of tlie gas at the wall, for which we need 
not distinguisli here between T^, Tk, and T„. Furthermpro, by (197) in 
See. 141,12 — Cp ~ cy (-y — 1 )ck in terms of the ratio 7 of the specific 
heats, so that 


Cr ^ 12 ~ ^ (7 + 1 )ck. 


(237) 


Hence wo havo finally 


Ei - 14 = 1 JC 1 (7 -h 1) 

uy, 2 d-n, t- 2 ;.7 -h J-l {%rR'iyi 


On the other hand, the not energy actually delivered to the surface 
can be equated to the total heat conducted across a parallel plane out 
in the gas. Hence 
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Ef representing the energy earned away by the reflected stieam 
Prom these equations together with (235) we find 

^ to = ^ to + ^ . J ’ 

whence, by (234), 

2 CL TTk ni\ 1Z 


g = 


( 27 r 2 B!r)^« 


(7 + l)cvp 


(238a) 


Or, if we wish to exhibit the relation of g to the mean free path Z/, we can 
do this by introducing the viscosity ?j = cp^L fiom (126a, h) in Sec 86, 
let us, however, replace p by pfRT and ? by 2(222 T/tt)^^ fiom (66a) in 
Sec 30, which gives 


Then 



4_$L_ 


2 ““ a 4c IC 
a 7 -j- 1 TjCv 


(2386) 


Here 0 491 ^ c ^ 0 499, so that 4c ~ 2 very neaily. 

As a special case it might happen that a « 1; then g should be only 
a little larger than Z/, for 1 <7 ^ % or 2 < 7 + 1 <2 7, and usually 
1 6 < K/nCr <26 (cf Sec. 103) We should have 0 « 1 if the gas 
molecules were adsorbed on the surface as they struck and woie then 
subsequently re-evaporated at the tcmpeiatiire of the suifaco, or if the 
surface were so irregular and cavernous that most of the inolcoulcs 
struck it a number of times before escaping, oven though the accommo¬ 
dation coefiicient for a single impact might be considerably loss than 
unity If a fraction (p of the molecules wore specularly reflected, the 
average coefficient of accommodation for the lemaindoi being ai, it is 
easily seen that 


a = (1 - ^)ai. 

It must be recognized that in our deduction we have tacitly assumed 
the accommodation coefiicient to have the same value for the intoinal 
molecular energy that it has f or their tianslatory energy Now accoi d- 
mg to the principle of the equipartition of energy it is a fact that these 
two kinds of energy are distributed independently in any state of 
equilibrium, but there exists no gcneial leason to suppose that in col- 
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liaioiiH they i)ohh(!hh tho aame moan ratoH of transfor. Tho formulaa 
conltl oaaily bo gonomIiz(Kl by introduoing difTorent ooofiloiontH for tbo 
two ty])OH of onorgy, but tlio aoourafiy ho far obtaiinul in oxporimental 
work flcarooly justifioH tho in trod notion of thin coinplioation; moreover, 
an oxiwu’imont of ICmidHOidH doHorilaui in S(5o. 181 below Huppurts tho 
aimplo aanumption mado al)OV(}. 

Wo have lilcowiHo as.sumod in all of our diH(uiHHi()n so far 
that ordinary eonditionri (xMnir in the gius at points a few mean free 
paths away from tlm Hurfjice, AVheiK'.vcn* this eondition is not mot, tho 
rcflulta of tho pr(5Hot\t secstion are not api>Ji(iable. 

ProhlemH, 1. Bliow that tlu^ heat eondiuited per unit area per 
second through a gas of (sonductivity K betw<am two paralhd plates 
HOpai’utiKl by a relatively small distaiuie d, ])er {higretj difforonco in 
temporaturo betw(Mm them, is 


A 


K . 

^ 4' (/rT (/i 


(239a) 


(except near tho edges), qi and gt Ix'ing tlu^ teminu’aturo jum)) distances 
at the two idates and gi/d, g<Jd ixmig assumed ratiuu' small. 

2. Biiow that if the plates take tho form of two coaxial eylin(i(n‘s of 
radii n < 1 % for tho inner (jylinder 


A wa 



rjj 


f+iiN 

r\ r>i/ 


(230&) 


178. Free-molecule Heat Conduction between Plates, The oppo¬ 
site extreme of conditions, in whi<!h conduction oeeurs Ixitwecm two 
surfaces so oloso togetlutr, or at hiksIi low iJn'Hsures, tiuit eollisioiis 
between molecules arc rarn, wtis likewise first treated by Hmoluchowski,* 
but ICnudson's treatmentt scoms to be a little more satisfactory and will 
bo followed hero. 

Consider first a layer of gas between two parallel ])lano surfaces or 
plates at temperatures Ti and Ti, In Hindi a layer Knudson divides 
the molecules into two sots, a stn'am Si juoving with a component of 
velocity away frojn tlie first plate and a stream A'a moving with a 
component directed towiird it; and he assilines the distriliution of 
volocith^s to 1)0 a])i)roxima(ely inaxwellian in each stream Imt to cor¬ 
respond to temperatures T[ iind 7 j, respectively (Fig. 71)).| Tot A’i, 


♦ SMOi.vcmowsKi, Akad, ll'tM, 107,304 (1808);TAtV. Mag,, 31,11 (1011). 
t Knudsbn, lac, dl, 

:}: Some Hiipport 1 h lent to tliln iiHHmuplion by die ohHorvatloiiH of OniMtcIn luid 
van Wyk doMorihwl in Hoc. 182. 
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denote the lespectivc actual amounts of energy cairicd acioss unit 
aiea per second by those two streams, on the othei hand, let Ex, Ez 
denote what these energies would be if the molecules earned the same 
mean energy as they do m maxwelhan stiearns at temperatures Ti and 
Ti, respectively 

Then the si) earn is contmiially falling upon the second plate and 
theieby feeding its molecules into the second stieam, hence, if ai, az aio 
the accommodation coefficients for the two plates, by (235) oi 
^ E^ — Ef ^ a(E^ — Ev?)i we have in the picsent 

instance 

>$2 K d’liE'x ~ E,) (240a) 

c! y/ 

^ Similarly, consideration of the levoise process 
V7777777777777V7777P77^ ftt tho St plate glVGS 

Fro 76—Proo-TOoloouIo E^ — Ei ai(E'i — Ei), (2406) 

conduction of heat 

Fiom these equations we find foi tho not 
amount of heat given to the second plate, oi abstracted fiom tho fiist 
one, per unit area pei second 



H ^ Ei- Ei = 


_ UiUa _ 

~b Ha — axUi 


{El — El) 


Now — Ei, being the diffeieiice in the cuirents of energy in two 
equal maxwelhan streams at tempeiaturos Ti and Ti, must be given by 
(236) above with Tk and replaced by Ti and Ti, icspectively, so that 

Ex - Ei ^ S{cy^ R){Tx - Ti) 

Here S must lepresent tho grams of gas earned acioss unit aiea per 
second by each of the actual stiearns in the gas under considciatlon, 
being obviously the same foi both in order to prevent accumulation of 
gaa at one plate From (726) in Soc 37 we find for its magnitude 

S - j p[vi - I pi^i, 

where pi, p^ are densities in teims of mass and rri, mean molecular 
speeds in the two sti earns, the factor is }i instead of as in eq. (726), 
because here p represents the density of molecules moving toward one 
side only, or just half the density in the equivalent maxwelhan gas 
This can also bo written 

^ = i {pi^i + P^A) - i P’v^> 

wheie p' is the total density of the gas and v' the mean speed of all of 
its molecules Using p' = pi pi) we find from these equations that 
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Itiis more convenient, however, to introduce into the expression for 
•vS, in place of the mean speeds, the corresponding temperatures, 
'Tif Ti, We can convert (240a, h) into equations in terms of these 
temperatures merely by replacing Ei, Ei^, Ei, Ez by 2’i, Ti, Ti^ Tzf 
respectively, to which they are proportional; solution of the resulting 
equations then yields the values 

ff = Ui^i + ^ 2(1 ~ 0'i)Tz ^ fjj, _ azTz + ai(l — a<i)Ti /241a 6) 

^ ai + ua “ ciiaz * ® ai + «2 — UiOa ’ 

Let us also write T' for the temperature of a maxwellian gas in which 
the moan speed is y'. Then, since S ct the last equation in 5' gives 


VF l{vT’,'^ Vf)' 


(241e) 


By means of these equations T' can be found in terms of the plate 
temperatures 2h and Tz and the accommodation coefiicients, If T'l 
and T'z do not differ mucli, will lie close to their moan, and if 
ai — Uz this is the same as the mean of Tj, and '1\. Of course, if 
tti = ub = 1, we have Ti Ti, Tz « Tz. 

In the equation, J p'd', let us now replace d* by 2(21tT' 
according to (66a) in Sec. 30. Then substitution of the resulting value 
of S into the expression found above for Ei — JSz, and then of this 
value of El — Ez into the expression found previously for the rate of 
heat transfer H gives us finally 


II = 


UiUa 


ai "H aa *— ajaa 




{Ti - Tz). 


For convenience lot us write II A„— Tz)i haxat denoting, 
therefore, the conductivity per’ unit area of the space between the 
plates. Then, inserting also — p'/llT' in terms of the pressure ’p* 
of the gas and using (237), wo can write as our final result for free- 
moleculo conductivity between two plates 


a, -f a! ^ aiag - 2 ^ 

Hero p' is the pressure of a maxwellian gas having the same density 
as the gas between the plates but a temperature T\ If the sur¬ 
rounding gas is at a different temperature 2Vits pressure p should bo 
related to p'by the equation 
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for the diffusive balance between the two masses of gas is controlled 
by the quantity pv and should, accordingly, be the same as it is in 
thoimal tran&piiation between gaseous masses [of eq. (75) in Sec 39 
above] 

In the two cases ai — a% ~ a, and ai = a, = 1, respectively, 
the formula reduces to 

Aaa == A u or A„i = aAn (242c, d) 

From these formulas we note at once that at a given temperature 
A cc p' and is independent of the distance between the plates Thus 
under these conditions the conduction of heat, like the viscosity, 
follows veiy different laws fiom those obeyed under ordinary circum¬ 
stances It is, in fact, easily seen that in any free-moleoulo ease the 
conduction must be pioportional to the pressure of the gas, and depend¬ 
ent only upon the shape, but not upon the size, of the bounding 
8 U 1 faces 

179, Free-molecule Conduction between Coaxial Cylinders. One 
other ease, that of coaxial cyhndeis, was likewise taken up by Knudsen 
This case is impoitant because cyhndiical surfaces aie commonly 
employed in experiments 

Hero a new fcatiue enters in that some molecules will strike the 
outer cylinder seveial times before stiiking the inner, which results in 
raising the effective accommodation coefficient of the outer one; m 
fact, if its radius is made indefinitely laige, the molecules will come 
completely into equilibrium with it before striking the inner cylinder 
again, and it will therefoie behave as if it had an accommodation 
coefficient a = 1, 

There is, however, one curious imaginable case, pointed out by 
Smoluchowski, in which increasing the radius does not increase a; 
If the outer cylinder leflects a certain fraction of the molecules specu¬ 
larly and leflects the lemainder as it would for a — 1, and if the inner 
cylinder is exactly centered, then it is easily shown that A is independ¬ 
ent of the relative sizes of the cylinders, and so must have the same 
value in terms of unit area on the inner cylinder as it would have for 
parallel planes. 

In general, the conduction of heat will depend a good deal upon 
the distribution in direction of the molecules as they return from the 
outer cylinder For the case of diffuse lofloction as to directions, with 
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an accommodation coefficient a as regards energy at both surfaces, 
Smoliichowski deduced a formula which seems to bo right and can bo 
obtained in the following waJ^ 

In obtaining a result accurate to the first power of the temperature 
difference, we may assume the total density of molecular impacts to be 
the same on both surfaces even when these are curved; this is exactly 
true when the gas is in equilibrium, and since conduction depends on 
the impact rate itself and not on its differences, any slight departure 
from equality at the two surfaces can produoe only a second-order 
effect on the conduction. Now all molecules that leave the inner 
cylinder strike the outer; but, if ri, are the radii of the inner and outer 
cylinders, respectively, these molecules, constituting the “first” 
stream in the terminology employed above, form only a fraction 
Ti/n of all of those that strike the outer one, since 7'i/r2 is the ratio 
of the areas of the two; the remainder of the molecules that strike the 
outer cylinder come from the outer one itself and so belong to tho 
“second” stream. 

Accordingly, we can apply (240a) to the process going on at the 

1-^). The 

resulting equation. 



can be written in the form 

= 02(B; - ®2); 

V a 7 a / 

but this is equivalent to the original equation (240a) with Uz replaced 
by 

Va n / 

Equation (2i0b) holds unchanged. Hence in tho general result 
obtained from those equations, which is oq. (242a), we need only 
replace a a by tho same expression, and then sot ai == flz = a, since 
the surfaces are hero assumed to bo alike. We thus find for the heat 
conducted per unit area per second from tho inner cylinder, 

II - Ar^rriTi - T^), 


outer cylinder, provided wo replace i!?j[ by — + ^al 

ra \ 


A 


rir» —' 


_0_ 

1 -b (1 ~ a)(ri/9'2) 


Ail, 


(242e) 


where 
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T' in. the expiession given for An in (2426) being obtained from 
(241a, 6, c) by making theie also the changes just desciibed m ag and 
then m and 

For ?’i = 7 2 this formula passes into (242c), as it must For 
ra —» CO it becomes 


Aroo = aAii j (24^) 

and in this latter case while T[ = aTi + (1 — a)Ti foi the 

tempciatiue of the stieam leaving the innei cylinder 

180 Observed Variation of the Accommodation Coefficient. The 
most illuminating observations of the accommodation coefficient for a 
gas in contact with a heated surface are undoubtedly those icpoited 
lecently* by Blodgett and Langmuir, by Robeits, and by Michols 
The method employed in all these cases consisted in measuung the 
heat loss fiom a wiie stretched along the axis of a cylindiical tube kept 
at a fixed tomperatuie, in this method the observed resistance of the 
wiie selves to measiuo its tcmpeiature, while the powei spent in it 
measuies the boat loss. The prossiue was mado low enough so that 
the mean fiee path was at least six times the diameter of the wiie, m 
Older that the equivalent of our eq (242/) taken together with (2426) 
might be employed in calculating the accommodation coefficient a. 
The last two of the investigatois named simply assumed that the 
impinging molecules had the temperature of the tube, but Blodgett 
and Langmuii assumed them to have the mean tempeiaturo of the gas 
at a distance of one mean fiee path from the wire, and then calculated 
the temperature drop from this point to the tube by means of the 
oidinaiy theory of mass conduction, which resulted in a corioction in 
their case of 6 to 10 per cent. 

All of these investigators found that tho value of the accommoda¬ 
tion coefficient depended gieatly upon the past history of the filament 
This effect was studied in gieat detail by Blodgett and Langmuir 
in the case of a tungsten filament of diameter 0 00779 cm surrounded 
by hydiogen at a piessuio of 0.2 mm; the filament, 40 cm in length, 
was stietched along the axis of a tube 6 4 cm in diameter immersed 
m liquid ah. They reached the conclusion that a — 0 64 when the 
tungsten was leally clean, but that this value holds only at tempera- 
tuies above 1000®C because at lower tempciatuies a film of adsorbed 
hydrogen forms on the tungsten and loweis a, even to 0.14 under 

* BLODGET'r and LANQMuin, Phys Rev ^ 40, 78 (1932), Roberts, Proc Roy 
Soc, 129, 146 (1930), 186,192 (1930), 142, 618 (1933) Michels, Phya Rev , 40, 
472 (1932) 
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certain conditions. Furthermore, if there was any oxygen in the 
tube, a film of that gas or of tungsten oxide seemed to form, and this 
lowered a to 0.2 or even to 0.1. Such a lowering of a by a gas film is not 
easy to understand; they suggest nothing that might explain it. 

An effect presumably duo to a gas film was likewise found by 
Roberts and by Michels in the case of the rare gases, but it was in the' 
opposite direction. Using mostly a tungsten filament, they found 
that when it had just been “flashed” at an elevated temperature, a 
was mucli reduced, but as time passed it increased, at first from minute 
to minute, and then more slowly for many hours. The value found 
immediately after flashing was considered to represent the accommoda¬ 
tion coefficient for clean tungsten. Several ways can bo imagined 
in which a layer of adsorbed gas might assist the transfer of heat from 
the gas to the tungsten and so raise a; for example, heat energy might 
first be imparted to an adsorbed molecule and then transferred to the 
tungsten as this molecule vibrates under the forces which hold it on 
the surface, or the presence of the adsorbed molecules might cause the 
impinging one to strike either the adsorbed molecules themselves or 
the tungsten several times before escaping again. Anotlior possibility 
suggested by Roberts is that the clean metal may reflect specularly or 
may diffract a considerable part of the incident molecules, just as 
Stern and others have found a great deal of reflection and diffraction 
to occur when molecular beams are incident on certain crystals, and 
it might well bo that this effect is greatly diminished by the presence 
of adsorbed gas. 

Roberts found also that for helium, on tungsten a increased mark¬ 
edly after p'olongcd heating of the tungsten; the initial difference between 
the clean and the gassy states of the surface still persisted, however. 
This effect of prolonged heating ho ascribed to a fine-grained roughen¬ 
ing of the surface caused by the attendant ovaporation. The prin¬ 
cipal values of a obtained by him are collooted along with others in a 
table on page 323. Those described as referring to clean'tungsten were 
obtained by making several observations in quick succession just 
after the filament had been flashed and then extrapolating to zero 
time, while those referring to gas-filmed tungsten wore obtained after 
the filament had stood overnight. The decrease in a observed at 
low temperatures suggests that perhaps at absolute zero it may prac¬ 
tically vanish; tliis would be reasonable, since at that temperature the 
molecules of a solid must bo frozen into a very rigid lattice. The 
much higlier values found for argon would naturally bo a.sciibed to the 
heavier mass of its molecule, were it not that Roberts obtained about 
the same value for neon {M = 20) as for holiiim (M = 4); the truo 
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cause IS, peihaps, moio likely to be found somehow in the sfcrongoi 
attractive force-fields of the argon molecule 

181 Magnitude of the Accommodation Coefficient. Also included 
m the table on page 323 aie some values of the accommodation coeffi¬ 
cient a obtained in the pioneer investigations of Soddy and Beiiy* * * § and 
of ICnudsenf, as lecalculated with bettei foimulas by Sinoluchowski;t 
because of impeifcctions in the expeiimental method they ai’O of in ici¬ 
est chiefly because of the variety of substances investigated. 

It IS quite othciwise, however, -with Knudsen’s much latei investi¬ 
gation made in 1930,§ in which he measuied the heat loss thiough 
hydiogen and thiough helium fiom a platinum stiip, first with both 
sides blight and then with one side blackened with platinum black. 
Prom these obseivations and the equivalent of cq (242/) the accom¬ 
modation coefficient foi both soits of platinum siuface could bo found 
Fuitheimoie, he measuied also the foice on the stiip when its sides 
weie dissimilai, and then compaiod this foice with a calculated value 
obtained on the assumption that the lecoil fiom molecules lebounding 
liom a siuface is piopoitional to the kinetic eneigy that they carry 
away This compaiison was assumed to give the value of tho accom¬ 
modation coefficient foi iianslaioty energy alone Tho latter came 
out within 2 ])ei cent the same as the coefficient foi the cntiio oncigy 
as deteiinined fiom the theimal ineasiucmcnts; this agreement lio 
inteipieted as lending siippoit to the assumption made in tlio tlioo- 
letical woik as to the equality of the coefficient for all kinds of molecu- 
lai eneigy 

Tho lesults quoted in the table fi om Diclcins’ paper jj wcie obtained 
at much highei piessures, at which tho othei type of theoiy should bo 
applicable (Sec 177) He measuied tho heat loss fiom a platinum 
wne of ladius 0 00376 cm stietched down the centei of a tube cooled 
by water Vanoiis gases weio employed in the tube, and tho pressure, 
ranging mostly fiom 1 to 10 cm (13 to 62 in the cose of II 2 ), was high 
enough to keep the mean fico path under one tenth of tho diamctoi 
of the wne 

Oui eq (2396) should apply to this case. In it the term ^ 2/^2 
can be neglected m compaiison with gfi/Ji, since n/rx = 89, and j/i, 
the shp distance for tho gas in contact with tho wne, being inversely 
pioportional to the piessiue, can be written gn/v wheie pu is at most 

* Soddy and Beery, Roy, Soc Proa , 83, 264 (1910), 84, 676 (1911), 

IKnudsen, Ann Physik, 84, 693 (1911); 36, 871 (1911) 

t Smoduchowski, Mag , 21, 11 (1911); Ann Phy»ik, 36, 983 (1911). 

§ ICntjdsen, Ann Phystk, 6, 129 (1930'' 

II Dickins, Roy Soc Proc, 143, 617 (1933) 
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a function of the temperature. With these changes (2396) can bo 
written 


•1 = 

A K ri pK 


K being the thermal conductivity of the gas. From this equation 
it is evident that 1/A plotted against 1/p should bo a straight line, 
since K is independent of the pressure; from its intercept K can bo 
calculated, and from its slope, gnj and from this the accommodation 
coefficient. Dickins’ data gave good straight lines when plotted in 
this way except at the highest pressures, whore a drop in the curves 
indicated a more rapid increase in A, which he ascribes to incipient 
convection. Correction was made for the small radiation losses. 
The wire temperature ranged from 10 to 40°C with the tube kept at 
zero, so ho also extrapolated the results to 0 ®C. 


Accommodation Comfpicibnts 


Oil platinum: 



Ho 

No 

Ar 

Ha 

CO 

Oa 

Na 

NaO 

COa 

NH 3 

SO 2 

CII 4 

Cal-Ia 

(1) 





11 


0.08 


Ml 





(2) 


.... 





0.81 


m 


0,78 

0.49 

0.62 


(3) Hj on glass (rocalo. by 

Smoluchowflki). 0.30 

(4) Ho on glass, 130°C. (0.82) 

(6) On bright platinum: 

H,. 0.32 

Ho. 0.44 

On Pt-blackenocl Pt; 

H,. 0.74 

Ho. 0.01 

(0) Ha on clean tungston 

(1000*0). 0.64 

Ha on tungston; 

Ha film. a ^0.14 

Oa or oxldo film. 0.1 to 0.2 


(7) Ho on clean frosh tungston 0.07 
Ho on clean long-hoatcd 

tungston. 0.18 

Ho on gas-filmocl froah t. 0.10 

Ho on gas-filinctl long-heated 

tungston. 0.66 

Ho on clean fresh tungston, 

22*C. 0.067 

-78*0,0,040} -104*0. 0,026 

Ho on niokol.. 0,086 

(8) Ho on clean tungston (old?) 0.17 
Ho on gas-fihncd tungston 

(old?). 0.82 

Ar on olonn tungston (old?) 0.63 
Ar on gns-lilmod t (old?),. . 1,00 


(1) Soddy nnd Borry, nionUy nn roflaloululod by Smoluoliowaldj (2) DIoUina, roonloulnlod; (3) 
Knudaen, 1011 ( (4) Ornaloin and van Wyk, Eapooially rollnblo! (6) Knu<iaon, 1030; (0) Blodnotl 
and IjanEinulri (7) lloborla; (8) Mlohola. 


Unfortunately, however, the formulas used by Dickins in calculat¬ 
ing a from 17 arc unsatisfactory; he employed an old formula suggested 
tentatively at one time by Smoluchowski, and combined with it 
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Meyer’s old formula foi the viscosity The values of a that would be 
obtained by substituting liis values of { 7 , obtained in the manner 
just descubed, into oui formula (238a) can be found by multiplying 

the value that he gives in his papei foi the quantity ^ ^ by ^ 

‘(7 “h 1 ) this gives the value of - that coirespoiids to out '(238a) 

Values of a obtained in this way fiom Diclans’ data ale given in the 
table above They aie smaller than the values calculated by Diekms 
himself, but aie at the same time considexably largei than the oldei 
values calculated liom the data that weie obtained at much Iowqi 
piessuies by Soddy and Beiiy This latter disci cpaiicy is not surpiis- 
mg, howcvei, 111 view of the impel lection of the older work; fiiither- 
inoie, it must not be foi gotten that oui foiinula (238a), while piobably 
the best available, is itself subject to some uncoitamty 

It appeals on the whole that oui knowledge of the actual value 
of the accommodation coefficient is not yet veiy extensive 

The fact that a as calculated fiom the thooietical foimulos never 
exceeds unity and is nevei absuidly small indicates, however, that 
we must be on the right tiack in oui analysis of those phenomena. 

182 Spectral Emission by an Unequally Heated Gas. The illumi¬ 
nating expeiiment reported by Oinstem and van Wyk* deseivcs 
mention because it furnishes a direct test of the assumption that we 
have been maldng m regard to the distiibution of velocities among tho 
molecules 

These investigatois passed an electiic dischaige thiough a thin 
layer of helium at extiemely low prcssuio between two glass tubes, 
of which one was heated electrically to 650°K while the othei was 
kept at 370®, and obseived tho shape of a spoctial line emitted by 
the helium in a direction peipendicular to the tubes With this 
aiiangemcnt, one half of the obseived line comes fiom molecules that 
last stiuck the hot tube and the othei half fiom those that last stmok 
the cold one, winch had been roughened with CuO It was found 
that the half line from the colclei molecules, when interpreted by tho 
usual Dopplei theoiy (cf Sec 35), coricsponded exactly to a max- 
wellian distiibution of velocities at a temperatuie of 400®K, whereas 
the other half, corresponding roughly to a temperatuie of 480°K, 
was not quite maxwellian but exhibited a slight lelative deficit of 
low-speed molecules A depaituie fiom the maxwellian foim to 
the extent obseived in this experiment would, however, mtioduce no 
serious eiroi into tlie tlieoiy 

* OnNsrBiN and van Wyk, Zext & Phystk, 78, 734 (1932) 
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From their data they calculate an accommodation coefficient of 
(480 — 400)/(660 —400) = 0,32 for helium on glass. They recognize, 
however, that their observations really furnish information in regard 
to the energy of the molecules which are present at a given moment 
in a given volume, rather than of those which strike a surface in a 
^ven time. 

183. Theoretical Calculations of the Accommodation Coefficient 
Up to this point we have treated the accommodation coefficient as a 
constant to bo determined experimentally and have dealt with its 
relation to the process of heat conduction. The value of the coefficient 
itself, liowevor, must depend upon the properties of the molecules, 
and a number of attempts have been made to calculate its value on the 
basis of some hypothesis concerning the mode of interaction of gas 
molecules with solid or liquid surfaces. 

In terms’ of classical theory Baule showed* that, if all molecules 
concerned behave like clastic spheres and have random directions of 
motion, and if mi denotes the mass of a gas molecule and Vi, v'l its 
speeds, respectively, before and after strildng a molecule of the surface, 
while Wa, denote mass and speed of the latter molecule before col¬ 
lision, then for the average squares 



m\ + m\ -T 2m\ 
(wiH-ma)® ^ (wi-h ma)® 



The mean loss of energy by the ga.s molecules is thus 


in which ^ may also be regarded as representing the moan kinetic 
energy of a gas moloculo at the tomporaturo of the surface. Accord¬ 
ingly, comparison of this equation witli the defining equation for the 
accommodation coefficient, cq. (236), shows us that, if only kinetic 
energy of translation had to bo considered, and if each gas molecule 
struck the surface only once before roturning into the gas, the coeffi¬ 
cient would have the value 

2mim% 

^ “ (wi H- ma)^* 

This expression has the maximum value a = when ini = 
and booomG.s small whenever the molecular masses are very unequal. 
Larger values of a than ]4 could occur for hard spheres moving as 

♦Baulk, Am, Physik, 44, 14C (1014), 
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classical mass points only if the gas molecule made seveial impacts 
with the suiface befoie escaping, as it might well do if the surface 
were vciy rough on the molecular scale, or if the gas molecules were 
heavier than those composing the suiface 

The collect theory must, however, be a wave-mechanical one; and 
an attempt to develop such has been made foi helium in contact with 
tungsten by Jackson and Howaith * Acooidmg to modem ideas, 
the atoms m metallic tungsten aio aiianged in a tightly bound ciystal 
lattice having, foi a total numbei N of atoms, BN degiees of ficedom 
To simplify then calculations, howevei, Jackson and Howaitli loplace 
this lattice by a continuous block of mateiial; and they assume then 
that an appioaching helium atom has with the suiface mutual poten¬ 
tial enoigy V = The lattei law of foioe agrees well in foim 

with what we know of atomic fields at short ranges On the othei 
hand, it lepiescnts lepulsion at all values of the distance y of the 
center of the appioaching atom fiom the suiface of the tungsten, 
wheicas theio is undoubtedly m loality at the laiger distances an 
attraction of van dei \V’aals natiue; in the particular case of liohum, 
howevei, the effect of the lattei foices can be shown to be pietty small 
The BN possible modes of vibration of the tungsten mass weic then 
tieated in the mannei introduced by Dobyo for handling tlie specific 
heat of solids The impact of the helium atom excites these modes 
in vaiying degrees, and the wave-mechanical tieatment leads eventu¬ 
ally to a piobability foimula for the eneigy with which a helium atom 
is leflocted, as a function of its incident velocity; fiom this formula 
the accommodation coefficient for a maxwelhan stieam of atoms is 
then calculated In the Debye thcoiy the stiffness of the solid is 
repiesenfced by a ccitain oliaracteiistic tompciaturc;foi this the authors 
inseit the value 206°K as given by Lindemann's empiiical i elation 
between this quantity and the melting point The constant C in 
the potential energy was eliminated by adjusting the theoretical 
cm VC to fit the data at one temporatiue. 

In this way tho authois secuicd a good fit with Roberts' data for 
three temperatiiies as given m the preceding table The constant 
in the potential-energy function, V = (76“**', was assumed to havo 
the value & = 4 X 10®; this is not very different from the correspond¬ 
ing constant in Slatei's formula for the mutual field of two helium 
atoms, which is, as stated in eq. (177a) in Sec 121, 


2 43 

6 29 X 10-» 


^ 4 6 X 10® 


Jackson and IIowarth, Roy Soc, Pioc , 142, 447 (1933) 
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Such an agreement is encouraging, since we should expect these two 
constants to be at least of the same order of magnitude. 

An extension of the theory to include the effect of the attraction at 
larger distances, so that it should apply to neon as well, has been given 
recently by Devonshire on the basis of work by Lennard-Jones.* 

THERMAL CREEP AND THE RADIOMETER 

184. Thermal Creep. One of the most striking and peculiar 
phenomena at low pressure is the radiometric force that acts in an 
unequally heated gas upon any foreign body suspended in it. A 
fairly satisfactory explanation of this force has been achieved in recent 
years, but it is rather involved, and accordingly it is conducive to 
clarity to consider first the fundamental process that was pointed out 
by Maxwell as the probable cause of the phenomenon. 

In seeking an understanding of the radiometric action. Maxwell 
first investigated the stresses in an unequally heated stationary mass 
of gas and showed, for his special type of molecule ropelling as the 
inverse fifth power of the distance, that the stresses are iinaffoctod in 
the first order of a temperature gradient. The .same conclusion can 
be drawn for any type of moicculo from our own first approximation 
to tho modified velocity distribution; wo wrote for this/o -|“/«, whore 

/o = U = CvM ” 

as in eqs. (1416) and (1486) in Sees. 96 and 97 above, and if tlicse 
functions are substituted in the exprcsBion.s for tho transfer of Jiormal 

and tangential momentum, - J*w»(/o-b/s) ~ 

jvxVyifa -h/«) dK [cf. (124) and (126) in Sec. 86], tho contribution of 

f, to tho integrals is found to bo nil. 

At an unequally heated bounclaiy of tho gas, liowovcr, Maxwell 
showed tliat a special effect was to be expected in the form of a steady 
creep of the gas over the surface from colder to hotter regions. The 
causo lies in tho fact that, when tho gas is hotter over one part of tho 
wall than over an adjacent part, molecules impinging obliquely upon 
it strike with liigher average velocity when they come from the liotter 
region than when they oomo from tho colder, and so aro kicked back 
more strongly by tho wall (except in the special case of .specular 
reflection), with tho result that tlie gas acquires tangential momentum 
directed toward the hotter side. Maxwell's result for tho rate of tho 
resulting creep can easily bo obtained from our approximate dis¬ 
tribution function for a conducting gas. 

* DEVONfliiiRB, Roy, SoG, ProG.i 188, 200 (1937). 
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180, The Creep Velocity. Near a bounding wall let the tempera- 
tiue of the gas vary so that it inci eases unifounly at the lato T‘ ~ dTfds 
in a diicction inclined at an angle Q to the noimal to the wall (of 
Fig 76) Let us take the a-axis outward along the noimal and place 
the ay-plane so that the giadient T' is paiallel to it For an approxi¬ 
mate theoiy let us now make an assump¬ 
tion coiiespondiiig to that made in ti eating 
temperatuiG jump, le, that all of the 
molecules which have a component of mo¬ 
tion toward the wall aie distiibuted in 
velocity like the same gioup in the midst 
of the gas Then distnbution function 
will then be / = /o + /«, with the values of 
/i) and stated in the last paragraph, 
except that in the expiession foi /, we must 
now leplace by the component of v in 
the diiection of T' oi cos 6 Vu sin 0, 
The total component ot momentum in the y-diieotion of those 
molecules that stuke unit aiea of the suiface in a second will then be 
[cf (125) m Soc 85] 



70 —ThormnI oioor 


~nmf VgVylA + C{Vfi cos 6 A- Vy sin 9){^ — 

Jvx<,0 


dn standing os usual for di;* dvy dve^ but the integral over a* extending 
only ovei negative values Heie the A and cos 9 tcims go out by 
symmetiy as Vy ranges from — « to -h oo; but the sin d teim gives* 


T nmO 
'8 


sin 0 


Now under our assumptions C must have the value proper to a 
steady state in the conducting gas several fiee paths out fiom the 
wall, and aocoidingly oiii theory of conductivity gives for it the value 
obtained fiom cq (154a) in Sec 100 with the value of inserted 

fiom (154c) in Sec 101 In the lattei equation dT/dc repiesents the 
temperatuiG giadicnt, which we are now denoting by T\ We obtain 
m this way 

P _ /3 /6« 1 \ 5T^^nA rp, 

For Sve it is best to employ the value given by (166&) at the end o( 
See 101, 


Cf tabic of integrals at end of the book 
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JL ^ 32V2 V 

S„o Stt md’ 

foi the viscosity 1 ; is in most gasos inoie simply 1 elated to the tiaiis- 
latoiy moleciilai’ motion than is the thermal conductivity 

If wo then also insoil A = oui oxpiession for tlio stioam 

density of y-inomcntum 1 educes to 


- 

4nr T 


0 , 


Now supposo that in loboundiug fiom the Avail these luolcculcs 
lose to it at least pait of thou avouigc tangential momontuin Tlion 
the layci of gas next to the Avail will cxpcucnco a steady diain of 
momentum, and this is not countcibalanced by a net inflow from tlu' 
romaindor of the gas; loi Ave have seen above that tlie floAv of tangential 
momentum acioss any plane diaivn in the midst of tlio gas vanishes 
This layoi will accordingly bo sot into tangciUial motion, and it will 
then set adjacent layeis into motion by viscous drag upon them 
Suppose the final icsult is that the whole mass of gas moves at 
uniform velocity a toAvaid y = + Then this motion will add to the 
flow of tangential momentum up to the wall a supoi posed stioain of 
density \ p’Du units of momoiitum per unit aioa per second [ef (726) 
in Soc 37] To keep the gas moving steadily the Iavo sti earns of 
^/-momentum must just cancel each other. This will bo the case 
piovidod 


w 


3 

TT 


T’ . 

Y sin 0 


4 p dy’ 


(243) 


the second form following by means of (66a) or /35 2/V7r, p — pliT 

and the obscivation that T‘ sin 0 = df/dy. Hero p — prcssuio in 
tonus of dynes, It = gas constant for a giam of the gas, 1 ; == viscosity, 
and dT/dy ropicsonts the giadiont of tho tompoiaUiio along the 
bounding wall, 

In most cases, hoAVOvor, the snrioundings will prevout tho whole 
mass of gas from moving uniformly. Under sueii circumstances 
velocity giadionts will bo sot up in tho gas, and those may then be 
accompanied by viscous slip over the surface, such as was discussed 
in Secs 165 to 160 above To the first order, lioAvovoi, tlio velocity of 
slip will simply bo superposed at the boiindaiy upon tho velocity of 
thermal creep u as given by (2<13) It is to viscou.s stiesses indirectly 
called into play m this manner that Maxwell asciibcd the ladioinotilc 
force. I 
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It should not be forgotten that formula (243) is subject to con¬ 
siderable uncertainty because of the aibitrary assumption upon which 
it rests in, regard to the foim of the departure liom Maxwell’s law 
near the boundary 

To give some idea of the rapidity of the creep, we may insert in 
(243), for air at 16°C, t; == 179 5 X lO"® and 22 « 2 871 X 10«, then, 
at atmospheric pressure or p = 1 013 X 10®, we find 

fi'P 

w = 3 8 X 10”'* cm/sec 
oy 

This is small, but if we lower the piessuie to 1 mm Hg and make the 
temperature gradient over the surface dTfdy = 10° per centimeter, 
we find w ~ 2 9 cm/sec. 

186, Thermal Pressure Gradients and Transpiration, Thermal 
creep will obviously have an effect upon the motion of gases in tubes, 
and in some cases this may be of practical importance. If the tube 
is unequally heated, there may be a lesultmg flow of gas along it, 
even in the absence of a pressuie gradient, oi, if the circumstances 
are such as to prevent such a flow, then a steady pressure gradient 
may be set up with the gas at rest. Measurements of gaseous pressure 
by means of external gauges at a different temperature may require 
correction for pressuie differences aiising in this way in the connecting 
tubes. 

Such effects constitute in part what has been called thermal 
transpiration, which has already been discussed to some extent. As 
usual, the two limiting cases of high and low density can be handled 
easily but require diffeient methods, whereas the intei mediate case 
presents great difficulty. 

Let us consider first the free-molecule case, asfauming the pressure 
to be so extremely low that the moan free path is many times the 
diameter of the tube The appropriate formula can then be found 
immediately by modifying the calculation given in Sec 171 above; 
we have only to allow S to vary with the temperature along the tube, 

replacing the relation vn' = + x as there wiitten by 

U- .V. 

n v ~ w "T a? 

We then obtain for the mass passing per second, m place of the expres¬ 
sion previously found, 
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or, in a round tube of radius a, where 8d(p ~ 167ra®/3, 


Qm -~ 


SyR dx -y/f 


As a check, we note that, when T is constant, these equations yield 
(233a) and (2336) again upon multiplying through by RT. 

The condition for zero flow is then that vj’s/T be constant along 
the tube. We have thus a typical case of the phenomenon called 
thermal transpiration, which has already been sufliciently discussed 
(Sec. 39). 

187. Thermal Gradients at Moderate Pressures. Let us next 
allow the density of the gas to bo high enough so that the mean free 
path is small as compared with the diameter of the tube, and that this 
diameter in turn is small as compared with its length. Then it is 
easy to extend Poiseuillo’s formula so as to allow for the presence of a 
temperature gradient along the tube. In our deduction of that 
formula as given in Sec. 166 wo havo only to add a thermal term in the 
boundary condition for the velocity at the wall of the tube, writing in 
place of 


V = 



the inoro general expression 


^ d?’ i p clx 


in which the second term represents the velocity of thermal creep 
as given by (243). The velocity is then found to be 




r 




and integrating as before, wo find for tho mass of gas transferred per 
second past any point of a long round tube of radius a, whoro tho 
pressure p and temperature T have gradients dp/dx and dl^fdx, 
respectively, 



a^p A , jA dp .Btr'na'^dT 

-sWTV'^^yTx + TTdS’ 


(244) 


R being the gas constant for a gram of tho gas, v its viscosity, and t its 
slip distance at the wall of the tube. 
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Foi the case of steady flow the distiibution of piessuio and of lom- 
peiatuie along the tube can then be found by setting Q», equal to a 
constant, and the late of flow itself can then be calculated 

Only the static case of no flow will be considoied liiitlioi heie, 
however In this case the tempeiatuie giadient must be accompanied 
by a piessuie giadicnt whose value, found by setting Qm = 0 , is 


dx 



(246a) 


We have here a situation in which the gas is cieeping steadily along 
the walls of the tube and is at the same time flowing back ihiough the 

_ -. _ cential pait, as is suggested in Fig 77, the 

^ ^ piessuie giadient is necessary in order to 

_ maintain the return flow 

_ .. > To integrate the last equation wc need to 

dT dp know the mode of vaiiation of nj and f with 

d?< ’ dx ^ X Now f IS nearly equal to the mehn ficc 

vanes loughly inversely as the 
density, or inversely as the pressuie and 
diiectly as the teraperatuie; also vanes with tempeiatuie, but 
111 a less simple mannei An accuiato lesult can bo obtained 

in any actual case by means of numeiical integration A lough 
estimate can, Jiowevei, be obtained simply by leplacmg by its 
aveiage value ovei the actual range of tcmpeiaturc, and also setting 
Pi* = fi, the value of foi p = 1 dync/cm^, we may then givo to i*i its 
value foi the aveiagc tempeiatuie, which will bo denoted by fir 
If we then also leplaee p by | (pi + pa), eq (245a) can bo integrated 
at once, the lesult can be wiitten thus 

Pi - ^ (.Ti - Ti), = i (pi + p,) + 4 ^1 (2466) 


Pi, Tt and pa, Tj standing foi values at the two ends of the tube. 

This foimula can be used in estimating the order of magnitude of 
possible pressure diffeionces due to tempciature giadienis in vacuum 
apparatus, such as might, foi instance, falsify measurements of the 
piessuie As a numerical example, foraii atl 6 °C, 7 ; = 179,6 X 10^**, 
R = 2 871 X 10®, both megs units, hence if a = 0 6 mm and if wo 

use the value of at 16° foi if, wo have « 222 , or 

1.26 X 10“^ if the piessure is expiessed in millimeters Hg If tlien, 
m partieulai, we make the tempeiatuie difference Ti-- ^ 100®C, 
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omit 4 “> and choose for the mean pressure p = | (pi + pa) = Pa — 

tv 

0.5 mm, which brings the mean free path to about a/5, (2456) gives 
for the pre.ssure difference due to creep pi ~ pa = 0.026 mm, or 6 per 
cent of the mean pressure. 

The relative pressure drop due to creep varies rapidly with the 
tube diameter and the pressure pg, being inversely proportional to tlie 
square of both these quantities; it may thus be quite negligible under 
some circumstances, and very appreciable under others. 

A few data for a critical test of these results are available in a 
paper of Knudsen’s.'’' Without going into detail, it may be .said that 
his observations seem to agree roughly with theoretical predictions 
in so far as those should apply. 

188. The Radiometer and Photophoresis. It was discovered by 
Fresnel in 1825 that a small body suspended in a gas is.sometimes sot 
into motion when light falls upon it. The effect was exhaustively 
studied by Crookes (1874^1878) and ha.sformod the subject of numerous 
recent investigations. Often tho body in question takes the form of a 
wheel carrying vanes blackened on one side, which revolves continu¬ 
ously when illuminated; or, to measure the force, a light vane may bo 
mounted on one end of a crossbar, with a counterpoise or another vane 
at tho other end, and the bar may tlion lie suspended from a torsion 
fiber HO that its deflection can bo read with mirror and telescope. An 
analogous motion of microHcojnc partiele.s suspeiiclcd in a gas was 
observed in 1914 by Ehronhaft and was called by him “photophoresis." 
Some particles move toward tho light, others against it. 

The laws governing all of these phenomena appear to bo sub¬ 
stantially the same. The force is found to be strictly proportional to 
tho inten.sity of illumination, so that mechanical devices of the sorb 
described can be used to measure a beam of radiation; for this reason 
they have come to bo called radiometers. With increasing pressure, 
the force rises to a maximum at a pressure of about 1 mm Fig in the 
case of a disk of ordinary size, or at several hundred millimeters of Hg 
in the case of plmtopliorcsis, and thou docreases rapidly. 

. It has been pretty well established that in all cases the light acts by 
heating the suspended body; tho same effects can, in fact, be produced 
by establishing in the gas such a temperature gradient as will give rise 
to the same temperature differences at tho surface of the suspended 
body. Tlie general rule is that hot surfaces behave as if repelled by 
tho gas. Tho movements toward tho light which are often observed 
ill photophoresis are ascribed to greater heating of tho far side of a 
Knudsbn, Ann. Phyaik, 81, 20B (1010). 
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transparent particle, this latter effect has been successfully mutated 
with a radiometei carrying disks of molybdenite, one of whose surfaces 
was fresher than the othei 

Vaiious opinions have been expiessed from time to time as to the 
origin of the radiometric foice A tempting hypothesis at first sight 
18 that it is due to the reaction fiom gaseous molecules rebounding 
with higher velocities fiom a hot suiface than fiom a cold onej but this 
18 quickly seen to be untenable when we i effect that such molecules, 
upon reentering the gas, must drive it back and theieby thin it out 
until umfoiimty of pressuie is iccstablished, whcicupon the force on 
the hot suiface "will become the same as on the cold one and no radio- 
metric action can occui The cause must, thoiefoic, be sought in 
some secondary action The effect has very commonly been regarded 



as occurring at the edge of the radiometer disk, wheie conditions in 
the gas must be far fiom uniform, expciiments designed to show that 
it IS simply proportional to the length of the poiimctcr failed, however, 
to yield this result Recent theoretical and experimental studies have 
now made it pretty cleai that most, if not all, radioinetiic phenomena 
are due, in one way or anothci, as Maxwell suggested in 1879, to tho 
thermal creep of the gas ovei an unequally heated solid (or liquid) 
surface, as desciibcd in Sec 184 above 

It can be seen easily that this creep must give rise to forces on the 
surface whenever the resulting flow of gas is hindeied in any way 
In a simple two-vane ladiometer, for example, tho gas will creep 
around the edges toward the centers of the blackened and theiofore 
heated surfaces, and must then flow out and aioiind somewhat as 
suggested in Fig 78(a), in which the vanes FF aie supposed to be 
transparent but blackened on one side, this circulatoiy motion is then 
hindered by viscosity, and consequently the gas accumulates somewhat 
over the blackened surfaces and exerts a slightly increased pressure on 
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these and so pushes them back, thus tending to produce revolution 
about the suspension S, If, on the other hand, the vanes are alike on 
both sides but are given a cup-shaped form, as in Fig. 785, or are 
fitted with points, the edges of the cups or the points are observed to 
move toward the light. Presumably tliese parts are more effectively 
cooled by the gas than are other parts, so that a circulation is set up as 
suggested in the figure, and those eddies which reach out to the sur¬ 
roundings are effective by reaction in moving the vanes. Most prac¬ 
tical cases can readily be understood in this way. 

The existence of such streams in the gas as we have hero postulated 
was shown directly by Gerlach and Schiitz.* 

They suspended a tiny vanelct near the radi¬ 
ometer and observed that it became deflected, 
presumably by the action of the streaming 
gas, in the right direction. Another interest¬ 
ing experiment pointing to the same conclu¬ 
sion is that of Czerny and IIettnor,t who 
mounted a movable disk parallel to another 
disk along which a temperature gradient was 
maintained (Fig. 79). They observed that a 
tangential force acted on tlio movable disk in 
such a direction that it could be explained 
as"arising from viscous drag by the gas as it creeps along tho unequally 
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heated disk. 

189. The Quantitative Theory of Radiometer Action, Qualitar 
tively tlio creep theory of radiometric action is completely successful. 
A quantitative calculation of the force, however, presents, unfortu¬ 
nately, a difficult problem. One has first to solve the thermal problem 
in order to find tho distribution of temperature, which is determined, 
under tho given conditions of illumination or of boundary tempornturo, 
by the conduction of lioat through tho gas and through tho disk itself; 
allowanoo must also bo made, if accuracy is desii'cd, for convection 
of heat by tho creep motion itself. Then one has to solve the hydro- 
dynamical problem of tho streaming as determined by the velocity of 
creep as a boundary condition; and, finally, frdm this the total pressure 
on tho disk is found by integration. 

Tho comploto problem ha.s been solved only for the ideal case of 
an ellipsoidal disk, circular in ])rincipal outline but of elliptical cross 
section, which, if thin, should i)rcscnt some approximation to n flat 


•GbrIjAch and Soiittn, Zeils, Physih, 78, 43, 418 (1032) f 79, 700 (1982); 81, 
418 (1933). 

f CzHnNY and Hmotneb, ZeUa, Phyaikt 268 (1024), 
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disk The best tieatment is that of Epstein * His result foi the 
foice F on the disk in teiras of the temperatuie difteicnce AT between 
the centeis of its sides can be wiitten, foi a thin disk, 

F= -3^^ AT, 

P ' 

R being the gas constant foi a giam of the gas, rj its viscosity, and p 
its piessuie AT is heie assumed to aiise eithoi fiom a temperature 
giadient, which at gieat distances is paiallel to the axis of tlio disk 
and of unifoim magnitude dTfdXy oi fiom a iinifoim beam of liglit of 
intensity J ergs/cmVscc, the values of AT foi these two cases are 


( 1 ) 


AT = - 

T 


a dT 
1 ,2kdad%’ 


(2) AT ^ 2- - - 

I JL^h,~ 

li/g r f^tl « 

TT 0 


Heie a is the ladius oi the disk, fi its thickness, and ha the conductivity 
of its mateiial, while Lg is the conductivity of the sunounding gas 
If the disk IS nonconducting (ha = 0), the foice under illumination is 

p _ QRv^aJ 

and is thus piopoitional to the ladius, or also to the peiimoter, of the 
disk This latter fact is suggestive of an edge effect, but tlio analysis 
shows that the foice is m leahty distiibiitccl ovei the suiface 

At the opposite extiemc of a vciy highly conducting oi oxtiomcly 
thin disk (hia/kgd laige),the foice is 


F - -Sir 


RyHJ 

pkd 


and so independent of the radius 

For a quantitative test of Epstein^a formula, Gorlach and Schtltz 
{loo cit) constiacted an almost nonconductive disk by mounting 
platinum toil on both sides of a mica disk 9 mm acioss, the foil on tho 
side towaid the light being smoked Their obseived foicos exceeded 
those which they calculated fiom Epstem^s foimula. Their cal¬ 
culations weie made, howevei, fiom a formula into which Epstein had 
conveited his losult by inseitmg i? = 0 35piiL,f but in this they insoi ted 


* Epstein, Zexts Phys%k, 64, 637 (1029) 

mtrocUico L into the statemont of any 
S eTploVfd avoided, because so many diffeient formulas foi it liavo 

Sbxl [Zeits Physik, 62,249 (1928)1 obtains a Hnal expieasionfor the foice that 
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values of L, presumably taken from a table, which were obviously 
calculated from the modern formula, = 0A99pvL, If the latter is 
employed in converting Epstein’s expimsion, the theoretical forces 
in Gerlach and Schtitis’s experiment come out nearly twice as large; 
the experimental force is then only about half as large as the theoretical 
in air, whereas in hydrogen it exceeds the theoretical value only by 
20 per cent at the higiier pre.ssures and drops below it at the lower. 
The pressure ranged from 0.1 to 1 mm in both caso.s. 

In view of the many uncertainties this degree of agreement between 
theory and expcrimeirt inu.st be regarded as voiy encouraging, particu¬ 
larly because, a.s remarked by Gerlach and Schlitz, an overestimate by 
theory is to bo expected, since in the theoretical treatment cooling by 
creep convection is neglected, and also L/8 was assumed to bo small; 
the latter was not true in the acstual case, 


(lilTors from Epstein's, wlmn n « 0, only because ho writes p = his result is 

really limited to the case n « 0 bccaueo of an assumption that ia made in regard 
to the vnluo of K or hg. 


CHAPTER IX 


STATISTICAL MECHANICS 

In this chapter we shall finally take up foi discussion iho basis 
of those statistical piinciples which we have aheady employed aevoial 
times without pi oof This foims the subject mattci of what is called 
statistical mechanics It is a branch of theory which is very abstiact 
and also, because of its difficulty, incompletely woiked out Wc have 
space heie only to survey biiefly the main line of thought, confining 
our discussion foi the most pait to those topics which bear on the 
theory of gases 

190, Nature of Statistical Mechanics. In statistical work wo are 
concerned, not with complete knowledge of the state of a dynamical 
system, but only with ceitain bioad features of its behavior which 
happen to be physically sigmficaiit Veiy often those features aio 
of the nature of an aveiage of some soit; for example, wo have aheady 
noted that quantities such as piessuie oi density repioscnt avciagcs, 
taken over macroscopically small spaces and times, of molecular 
quantities that vaiy lapidly Often it is convenient to deal with 
probabilities, but these can likewise be identified at will with certain 
averages, for example, the probability that a molecule is in a certain 
element of volume dr is the same as the fi action of the time during 
which it is there when the total inteival undei considelation is made 
indefinitely long We may even have to aveiage over vaiious possible 
molecular motions which aie maciosoopically indistinguishable For 
convemence we shall lefer to all such aveiages and probabilities as 
ultimate statistical features of the system 

Statistical mechames can accordingly be said to deal with tho 
ultimate statistical features of the behavior of dynamical systems 
when subjected to specified conditions Now, since the inolcculai 
motions are regulated by mechanical laws, wc should natuially oxpcci 
to be able to deiive these features from those laws alone, without 
being compelled to introduce further postulates leprcsenting addi¬ 
tional independent laws of nature To be sure, piobability can never 
be deduced from certainty; probability must somewhere bo intioduccd 
if we wish to get it out again. But it will be obseived that, in all 
of the conclusions concerning probability which aie drawn from 
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statistical niGchanics, the element of probability is introduced or 
postulated in describing the situation to which the conclusion refers, 
and what we deduce from mechanical laws is only the relation between 
two probabilities. A simple example would be the calculation from 
mechanical laws of the chance that a clock pendulum, viewed at a 
random moment, is close to the end of its swing; here we introduce the 
idea of probability in posing the question, when we specify that the 
pendulum is to be viewed at a random moment. 

"We shall begin with the classical treatment as worked out by 
Maxwell, Boltzmann, Gibbs, and others, and shall then take up the 
modifications that are required by wave mechanics. The classical 
theory, besides its theoretical interest as a limiting case, serves as a 
guide for the wave-mochanical treatment; and its results seem also 
to be correct within the range of experimental error for the translatory 
motion of the molecules in ordinary gases. 

A. CLASSICAL STATISTICAL MECHANICS 

191. System Phase Space. In the theory of mGchaiiics it is 
shown that the motion of a dynamical system having s degrees of 
freedom can conveniently bo described in terms of s generalized 
coordinates gi, ga • * • gs, together with s 
corresponding generalized momenta, pi, 
pa ' • * the latter become the ordinary 
components of momentum, wio;, wj/, mz when 
cartesian coordinates x, y, z are taken as 
the g's. Each phase of any motion of the 
system is then represented by a set of values 
of the s g's and the s p^s; and during a Eio. so.— Systom-Bpnoo tm- 
particular motion these values vary as ^ tiody, 

definite functions of the time. Eor example, in the case of a falling 
body wo may take as g tho distance the body has fallen from rest; tlion 
the momontuin is p ^ m4 ~ gt, and g ~ ^ 

To many minds it is helpful to think of those variables as the 
coordinates of a point in a space of 26 dimensions, in which the g's 
and p's play tho role of cartesian coordinates. Such a space is com¬ 
monly called a phase space; we shall call it, moro specifically, for a 
reason that will appear later, tho system phase space or simply system 
space. As tho system executes a particular motion its representative 
point traces out a certain trajectory in system .space, Geometrical 
language such as this will bo used freely in what follows. Any reader 
who finds it distasteful can easily replace our geometrical statements 
by equivalent analytical ones; for instance, a "trajectory in system 
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space” can be mteipretecl as meaning meicly a succession of hois of 
values of the g’s and p's. 

In the example of the falling body the system space is obviously 
a plane (so long as we leave all latcial motion out of account), and the 
trajectory of the repiesentativc point on this piano is tho paiabola 
q = pV2ff, obtained by eliminating t fiom the equations p = qL 
(of Fig 80) 

192 Representative Ensembles. Instead of contomplating directly 
the succession of phases thiough which a single system passes in 
the couise of time, Boltzmann showed that it is more convenient to 
contemplate an equivalent distiibution of phases belonging to diffoiont 
systems, all considered at the same moment Foi this puiposo wo 
contemplate a huge collection oi ensemble of icplicas of tho oiiginal 
system, each of which is executing tho same motion but is at any given 
instant in a diffeient phase of it If these systems are piopoily spaced 
they will give us a complete picture of tho bohavioi thioughout time 
of the given system In the ensemble we can also include, if wo wish, 
other sets of systems lepicscnting in tho same way all diileicnt motions 
that the system can execute undei the given conditions. The statisti¬ 
cal featuies of the behavior of a single system can then all bo obtained 
by smveymg the ensemble at a given moment 

From this point of view tho fundamental pioblem of statistical 
mechanics is the determination of the correct eiisomblo to lopresont 
a dynamical system under given conditions The most important 
case IS that of statistical cquilibiium This case is chaiactcnzed 
by the fact that the long-time behavior of the system is dolimto and 
independent of time The ensemble that lepiosonts it must accord- 
mgly be a steady one, it must be lepiesented in system space by a 
steady dens^y of the moving points, then number in any element of 
the space dG = dqi dq^ dq, dpi dpa • • dp, being p dG, whore p 
does not chanp with time, although tho identity of tho points that 
are momentaiily in the element may change 

The simplest type of system for which such an ensemble can i eadily 
be set up m full detail is, peihaps, the harmonic oscillator, tho study 
of which led Planck to the quantum theory. The system space for a 
simple oscillator is, like that of the falling body, a plane, on which its 
coordinate <jr and momentum p figure as vaimblcs For tho kinetic 
energy of the oscillator we can write | aps, and foi its potential energy, 
i q^ a and 6 being constants, hence during an undisturbed oscillation 
we have, by the conservation of energy, 


i ap2 -h i ^ const, 
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This equation defines for an undisturbed oscillator the. trajectory 
of the representative point on the system plane; the trajectory is 
obviously an ellipse (cf. Fig. 81). 

If we ]iow sow moving points along this ellipse, they will represent 
oscillators all moving with the same energy E but in different phases 
of the motion. We can space these points in such a way that they 
give us at a glance a quantitative picture of the statistical features 
of the motion of any one oscillator; to do this, we need only allow fresh 
points to start out one after the other at equal short intervals of time 
from-some chosen location on the ellipse, continuing this process until 
the first point has gone round once. The points will then form a 
steady ensemble, for the number of points on any segment of the 
ellipse will be constant although their identity changes; and it can 
be shown (cf. Liouville's theorem, Sec. 

194) that the fraction of them on any 
segment is the same as the fraction of 
the time spent by any one point on that 
segment. 

It must be noted, however, that in 
one important respect this example is 
misleading. The trajectory correspond¬ 
ing to a definite energy is here a closed 
curve, but that is not generally true. Fio-Sh—Tmjootonos for a simpia 
Unfortunately, open trajectories confined 

to a finite region can occur only in systems of two or more dimen¬ 
sions, and for these system space is at least four-dimensional and so is 
difficult to pictiiro. 

193. The Ergodic Surmise, The most important case of equilib¬ 
rium is that of a system that is either isolated or restrained by a 
fixed force-field, such as the field of the vessel holding a gas; and only 
this case will be considered in detail. 

The point representing a system under these conditions cannot 
wander widely in system space but is confined to a surface defined by 
the condition that the energy has a certain constant value; this is 
called an ergodic siirface. In the example of the oscillator described 
above the ergodic surfaces are obviously the elliptical trajectories 
there described. 

In setting up an ensemble to represent the system, wo ni?e then 
confronted at once by the fundamental question whctlier all systems 
whose representative points lie on the same ergodic surface ht^vo 
the same ultimate history, and must, therefore, be included in the 
ensemble. 
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Physical intuition would answoi this question in tho aflirmativo. 
The ultimate behavior of an isolated mass of homogenoous gas, for 
instance, is not obseived to depend upon its initial condition, Much 
effoit has been expended in the clfoit to establish bmh a conclusion 
ngoiously, but so fai, unfoitunatcly, without sucgcsh, at least in 
teims that are of any use in physics At tins point, theioforo, it is 
necessary to intioduce some soit ol hypothesis, or lather a suumsc, 
since we are piesumably dealing with a consequonco that hIiouU] 
follow ngoiously fiom the laws of mechanics and theio is, tlu‘i<'foro, no 
room for any new hypothesis expressing an ludepondont law of natuio 

The situation is complicated by the fact that special caHcs can bo 
cited in which the question must be answoi cd in the negativo. As 
an example, a mass of gas inside a peifoctly smooth spliciical vessel, 
if undistuibed, would letain its initial angular momentum foiovcr 
Replicas of the gas, lepiescnted by points on tho same crgodio surface 
but having difteiont angular momenta, will, thoiofoio, execute radically 
different motions, the path of the rcpiescntativo point for each one 
will be confined to a small part of the ergo die surface Again, in a 
rectangulai box, haid-sphciical molecules composing a larofiod gas 
can be so started that each moves foievoi back and fortli at constant 
speed along a fixed line, in such a case there would be a permanent 
distribution of velocities which might bo anything but maxwollian, 

Such cases, however, will be dismissed at once by tho pliysici.st as 
very exceptional Tho slightest scratch on tho suifaco of tho sphciioal 
vessel, 01 the slightest deflection of one of tho moloculos in tho box 
will undoubtedly result in bunging about the normal distribution 
Accordingly, we shall assume that in general the afliimativo answer 
IS the collect one We have not space to discuss hcio tho famous 
“ergodic^' and "quasieigodic^' “liypothesos*’ or surmisos which luivo 
been suggested in support of this conclusion, but shall simply adopt 
as true the followng statement, winch lies close to physical intuition; 

ErgodiG Sw })use. The ulpimate Uoiisticdl feutuves of the hehuvioi' 
of a dynamical system in statistical eqmkhirnm in a fixed force-field 
are in geneial independent of initial condition, except in so far as this 
condition consists of the geneial lostnctions that doiormino tho 
equilibrium Whethei a given case is oi is not a ^^gonoial ono’^ romains 
at present, unfoitunately, a question that has to be decided in tho light 
of physical intuition and ultimately by exporimonl As a special 
case, of course, the foice-field may be oveiywhere isero, the system 
being then isolated, 

As applied to a gas, foi example, this means that whatovci initial 
state of motion or inequality of temperatiiie, etc., wo may give to tho 
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gas in the begiuniiig, has no influence in the end on its statistical 
behavior. Of course, there will be certain features of the initial state 
that do have such an influence; for instance, if the system is isolated, 
its energy is fixed by the initial state, and this determines its subse¬ 
quent history. There is, however, an immense variety of different 
initial states corresponding to any given value of the energy, all 
followed, in the long run, by the same ultimate macroscopic behavior. 

This principle being adopted, we are guided to a determinate choice 
of the proper ensemble to represent a system by the following famous 
theorem: 

194. Lieu vine’s Theorem. If any portion of system pha^e space 
is sown thickly and evenly with moving points representing a dynam-^ 
ical system in different possible states of motion, then the laws of motion 
are such that the density of these points in system space remains constant. 

This theorem is most easily proved from tl\e equations of motion, 
in the Hamiltonian form, which are: 




(ti ~ 1, 2 • • * s); 


(//) 


here qi ~ dqi/dt, etc., and T1 is the Hamiltonian function of the 
and p’s, which may also contain the time explicitly. For the sake of 
vividness we shall call II the energy, but it must be understood that 
the theory developed in this chapter is applicable to any case in which 
there is a Hamiltonian function, whether the latter represents the 
energy or not. 

Tlie proof of Liouvillo’s theorem follows so closely the deduction 
of the BoltKinanu distribution oquation, (87) in Sec. 61, that we shall 
leave the reader to construct most of the details, p denoting the 
density of the moving points, there will be 


p A(7 i A(?2 • • • Api AjJa • • • Ap, 

of them representing systems in which d-i lie.s within a range Aq\, etc. 
As time goes on, points will cross each of the two faces of the element 
Lqi • • • Ap« which are perpendicular to the i/i-axis at a rate 


P<?iA< 72 • • • Ap„ 

in which p^i has the value proper to that face; the not outflow across 
these two faces will thus bo 


d(p<7i) 


A^iAg^a • . . Ap„ 
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Adding up expiessioiis of this soit for all pans of faces, equating the 
sum to the net loss of points fiom the clement, and passing to the 
limit as all A’s —> 0, we obtain as a gcnoial diftoiontial equation for p 

sp . , aw.) i „ 

j«i 

Now suppose that at a given moment p is unifoim tliroughout a 
ceitain legion Then the last equation gives in this legion 


dp - 


each teim in the sum vanishing by the Hamiltonian equations of 
motion Thus p lemains unifoim and constant, as tho thoorom 
asseits '* 

In consequence of this theoiem, a laigo (stiictly speaking, an 
infimte) group of systems, stiewii unifoimly over any legion in system 
space, lemains umfoimly distiibuted over a logion of tho same size, 
although the location and shape of this legion may change continually 

The legion may, of coiuse, include all of 
^ system space 

As an example, we may take tho 
falling paiticlo mentioned m Sec. 191 
/ above, whose eigodic ‘^siufaecs'’ aio 

parabolic cuivos on tho system plane to 
^ which system space reduces in sucli a 
one-dimcnsional case An aioa such as 
that dotted at A in Fig 82, strewn 
Fiq 82—a uniform epread ^^^^foimly with movillg poillts, roprcSOlltS 

partido^^*” falling many loplicas of tho falling body dropped 

fiom vaiious initial heights and at 
various times The area occupied by these points changes its shape 
as time goes on, as at B, but the reader should bo able to voiify 
without difficulty that it does not change m size. 

196. The Ergodic Layer and the Microcanonical Ensemble. Lot 
us now letiirn to the considei ation of a system which is cither isolated 
or subjected to a fixed foice-field, and attack the problem of finding 
the propel ensemble to lepresent its statistical behavioi. 

* "p = const and unifoim" is a solution of tho chfToiontial equation, satisfying 
the stated initial condition, and theio is only one such solution 
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Under the conditioiia specified, li does not contain the time 
explicitly, and it then follows from the Hamiltonian equations that 
E remains constant. The representative point in system space moves, 
therefore, on a fixed ergodic surface defined by the equation, 

7/(p, q) ~ const. 



Suppose, now, we draw two such surfaces corresponding to values 
H ~ E and H = E 6E, enclosing between them a thin .slice of 
system space which we shall call an ergodic layer; let us fill this layer 
uniformly with moving points representing the systems of an enscmbln 
(Fig, 83). Then these points will remain permanently in the layer j and 
by Liouvillo’s theorem they will remain distributed uniformly over 
it. The statistical properties of such a viicvocanonical ensemble, a.s 
it was called by Gibbs, are obviously the same as those of uniformly 
distributed fixed points in the layer, and so can 
be studied by geometrical methods. 

Furthermore, for tho same reason the statisti¬ 
cal properties of such an ensemble do not vary 
with tho time; and because of this steadiness wo 
can show, on the basis of principle.s already laid 
down, that they are also sensibly the .same as tho 
statistical properties of any one system in tho p i <i, 83.—Dlngmin 
layer, in so far as the.se are not appreciably fopro^onUng nu orgodio 

« ' , , ,, f ., . . . , I'wor in Bystom Bpnoo. 

auected when tho energy of the system is varied a 
little. We can, in fact, infer what wc shall call the 

Principle of Statistical Equivalence, The uUiniale statistical prayer- 
ties of a system in statistical equilibrium, either in a fixed force-field 
or isolated, are the same as those of a microcanonieal enscmhle containing 
the system, and are also the same as those of the ergodic layer of fixed 
points containing the representative points of this ensemble. In par¬ 
ticular, the fraction/of the time during which a system possesses some 
property P is equal to the fraction <p of the systems in the ensemble 
which possess that property at a given moment, and it is also equal 
to the fraction of the volume of the ergodic layer whose fixed points 
represent systems having tho proiiorty P‘, and similarly tho average of 
any quantity Q, for tho system is equal to the instantaneous average 
of Q over the systems of the ensemble, or to its average as a function 
of position in the ergodic layer. By volume is meant, of course, 

• dq, dpi • • ‘ dps, and the average of Q over the ergodic 

layer is 0 - • P«) • • * dpjj^dqi • • • dp„ all inte¬ 

grals extending over the layer. The principle is limited to fractions / or 
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to aveiages Q which do not vary sensibly wlion the energy of the 
system is changed by a veiy small amount 

To piove this piinciple, suppose, fiist, that each system possesses 
some propelty P duimg a fiactioii/ of the time Phen / will bo the 
same for all systems, in consequence of the cigodic foiumise laid down 
m Sec 193 above, and the numbci of **system seconds diuing which 
P IS possessed by all v systems in the cnsorable dining a long time t will 
be vft But this number can also be wiittcn (ppt, whore <p is the steady 
fraction of the systems of the ensemble that possess P at any given 
moment It follows that f ^ <p. In the second place, the aveiago 
value of any moleculai vaiiable Q diumg time i for any one systom is 

(0)< = ergodic suimisc is the same foi all 

systems, hence, summing ovei the enscrablc, 

y{Q)^ = %\jQdi=\fsQdt 

But SQ = p(Q)v wheic (<^)^ denotes the steady average of Q over the 
ensemble Hence, p(Q)t = == rCQ)!/, and (0)t ~ (O)i- 

As a homely example of the same argument, if at a leeoption all 
guests spend the same length of time in the leficslimont room, and 
if at every instant half of them aie thcie, then it must be that each 
individual guest spends just half his time m that loom 

This piinciple of statistical equivalence fuinish(‘M the liasis foi 
the entire tieatment of systems m equihbiium Its great advantage 
lies m the fact that the deteimmation of statistical quantities is thereby 
reduced to mtegiations ovei system space Wo shall now consider 
the application of the piinciple to some cases that have an impoitant 
bearing on the theoiy of gases 

196, The Point-mass Perfect Gas As a first example, consider a 
set of N similai monatomic molecules, without internal motion, 
constituting a peifect gas m a iigid vessel For their Hamiltonian or 
energy function we can wiite 

of which the first teim leprescnts the kinetic encigy expiosscd in 
terms of the caitesian components of momentum, p„, and Ho 
is a potential-energy toim expies&ing the lestraining effect of the 
vessel and so has the value zeio except when a molecule comes 
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exceedingly close to the wall. Of course, there must in reality be still 
a third term in H representing interaction between the molecules, in 
order to guarantee statistical equilibrium, but we shall suppose this 
term to be so small that its effect is otherwise negligible. 

For such a system the volumes in system .space that we need to 
evaluate in order to apply the principle of equivalence can easily bo 
found directly. To find the entire volume of an ergodic layer, it is con¬ 
venient first to evaluate the volume of all of system space up to a 
limiting energy i?, which is represented by the integral 

ar{JS) - I dpoji dpi/i dp»i dp^2 • • • dp^N dxt dpi dzi * - ' dzw, 
ll<E 

integrated over all values of the momenta and of the coordinates 
of the N particles such that the Hamiltonian function II < H, The 
indicated integration over the coordinates themselves can be carried 
out at once; for the integration pertaining to any one particle gives 

simjffy the volume V = Iff dx dy dz of the vessel. Hence 

N 

O' — V^Jdptii * ■ • dpe!/, + Vfi) < ^ 

(the inequality specifying the range of integration). Lot us introduce 
here 3A^ new variables mi, /ra, ' • * y-Mj each equal to one component of 
momentum divided by Then the integral becomes 

r ^ r ^ 

J * ' • dpgN = i2inE) ^ J dpi ‘ dps^^, ^Pt^ < 1 . 

T = 1 

The new integral occurring here is independent of E; let it bo denoted 
hyCa^.* Then 

av 

ff « Cs:^V^(2mE)K 

Since in any practical case iV is a huge number, wo seo from this 
result that tr varies with i? at a prodigious rate. On the other hand, 
writing a' for dc/dE^ we have 

<r 2E' 

* It is tho volumo of a unit sphoro in 8iV-dimonfltonal space or [of. (202)] 
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which, besides being of oidinaiy magnitude, is compaiatively sloady 
in value It follows that E can be vancd by an amount suflicioul' 
to change a by an enormous ratio without altering <rYcr appiecinbly- 
For such a variation in the neighboihood of some paiticular values 
E\ we can write, theiofoie, as a close appioximation, o-Ver — ZN/2]0u 
and, integrating, 

g{E) = , 

I) being a constant. We have then, finally, foi the volume of an 
cigodic layei of indefinitely small thicknes.s fii?, replacing Ex by h 
after diffei entiatmg, 


i (7 = (r'{E) bE ~ 


3W 

2E 


u{E) bE. 


197 The Molecular Distribution. Molecular Chaos. Now, an a 
statistical pioblcm to be solved for the gas under considcrationj 
suppose we ask for the probability that, when its total cneigy IH A'j 
a certain molecule, which we may call 1, lies at a given moment in n 
small element dK = dpjo d'py dp* dy of the momentum-cooidiiiatc^ 
phase space foi one molecule, its eneigy being ^ mv^ in teims of ilH 
mass m and velocity v 

By the pnnciple of statistical equivalence, this piobability will 
be equal to the fiactional part of the volume of the ergodic layer 
within which this paiticulai molecule lies within dK To find tliiH 
fraction, we note first that the volume up to E of that pait of syntdin 
space in which molecule 1 lies m dK is got by changing the integral 
for <r in such a way as to limit the variables of this molecule to d/C; 
the eneigy of the remaining N ~ 1 molecules, which we shall douoto 
as a vaiiable quantity by IK, must then stay below E ^ ww®. Th(J 
volume m question can, therefore, be written 

I — dicj dpx2 * • • dzN, Ilf < E — ^ mv^. 

Let us use the notation 


dpxi dpyi * ' dzu, - axe 

II, KE 


approximately, in analogy with the expression last written for (r(7C). 
Then 

I = <ix{E — I mv^) dK = uxc dK. 

(Cf Fir, 84) 
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We can now write for the volume of that part of the ergodtc layer 
in which molecule 1 lies in dK (shaded in the figure) 

,17 Q/'A?" — 

II gfg = dXm, 

El being replaced again by E lifter differentiating, This in turn 
forms a fraction 


t<n(E) 


dK 


of the whole layer, whoso volume 5<r or a'{E) 8E was found above. 
Here the factors in front of the exponential are constants so long ns 
E is fixed; and in the exponent, E/{N — 1) is 
physically indistinguisliable from E/Nf which 
equals ^ and so, by (25&) in Sec. 16, also 
equals f kT in terms of the Boltzmann con¬ 
stant k and the absolute temperature T, 

The probability that the first molecule 
lies in dK can, therefore, bo written 

_ mvj 

Ce 2B-’ dK, 





C being a constant dependent on E and V, 84.—LooaHzfttlon of a 

• .1 ♦ ♦ ’ll t* molooxilo in ayatom apnoo. 

Comparing this expression with that in eq. 

(67), See. 28, we see that wo have hero deduced Maxwell's law from 

statistical mechanics, in so far as that law expresses probabilities for 

a single molecule; since the space coordinates do not appear in our 

result, the probability is independent of jiosition in the vessel. 

By fixing several molecules in cells 2 • • • , respectively, one 

finds in the same way that the probability of such nn arrangement of 

those molecules is proportional to 


wiPi* 

Q 2kT 2kT 


If we then consider different possible positions of just one of those 
molecules in its phase space, while keeping the others fixed, we obtain 
the same typo of probability function for this one as wo found above 
when all of the other molecules wero loft free. The probability for one 
molecule is thus the same, wherever other molecules are assumed to bo 
located, or however they are moving. In this conclusion wo have a 
proof from statistical mechanics of the principle of molecular chaos, 
which was made the basis of the deduction of Maxwell's law in.Sec, 21. 
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Besides obtaining the piobability for ono molecule, or a few of them, 
the analysis heie given can be extended so as to show that the molecules 
as a whole will neaily always be distiibuted in a manner not dilToriug 
essentially from the inaxwellian distribution This is done by showing 
that such a distiibution is, with a negligible eiior, oharactonstic of 
almost all of the points in the eigodic layci. This lattoi conclusion is 
reached a little moie easily, however, as a lesult of the combiuatoiial 
aigument in the next section 

198. The Loose Many-molecule System. The most general typo 
of system for which a complete statistical theoiy has been obtained ns 
yet IS one that consists of very many subsystems intciacting with each 
othei only veiy slightly, or only occasionally The only piactical 
example of such a system is the geneial poifoct gas whose molecules 
have internal as well as tianslational degiees of ficedom; for this reason 
we shall foi convenience call the subsystems, in general, molecules^ 
and shall lefer to any system of this type as a loosely coupled many- 
molecule system It is, howevei, of thcoietical intci ost, in connection 
with the canomcal chstiibution to be discussed latei, that the loosely 
coupled subsystems, of which the whole system is composed, need 
not be capable of moving aiound like gaseous molecules. 

It IS possible to treat this moie geneial case by the plmso-spaco 
method that we have just employed for the point-mass gas * Thoro 
exists, however, an older method duo to Boltzmann which serves 
better to exhibit the tiue situation, and which also enjoys the advantage 
that it can be earned over into wave mechanics, whore the phase-space 
method becomes inapplicable, this othei method, which might be called 
that of molecule space, is usually employed and will be followed hoie. 

To begin ^vith, let us assume that tlie subsystems oi molecules are 
all alike, and let then number be N Then each molecule by itself can 
be desciibed in teims of a ceitain numbei s of generalized coordinates 
together with an equal numbei of geneialized momenta, thico of those 
coordinates refei, of couise, to its ccntoi of mass, the others to its 
rotation and inteinal coiichtion These 2s vaiiablos may be logarded 
as the cooidinates of a point in a space of 2s dimensions, which wo shall 
call the moleculai phase space, oi molecule space 

The instantaneous condition of the cntiie system, which wo have 
been lepresenting hitheito by the position of a single point in system 
space, will then be lepiesented equally well by the position in molecule 
space of N points, one foi each molecule (cf Fig 86). A lopioscntation 
of this soit was employed in Sec 17 foi the translational velocities If 
we weie to take as variables in the space there desciibed the thieo 

* Krutkow, Z&iis Phystk, 81, 377 (1933) 
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components of momentum, instead of the components of velocity, and 
then add three more dimensions for the coordinates themselves, wo 
should have the six-dimensional molecule space for a monatomic gas, 
as already emiiloyed in the last section. In the general case, we have 
then to add still other dimensions corresponding to the internal 
motions. 

From the macroscopic point of view, on the other hand, the state of 
such a system is determined by the character of the motions which its 
molecules arc executing, but does not depend upon the identity of the 
molecule that is executing each particular mo¬ 
tion, since the molecules are all alike. Ac¬ 
cordingly, only the distribution of the N points 
in molecule space is macroscopically significant, 
witliout regard to their identity. 

In order to give a precise meaning to this System space 
rather vague term, distnbution, let us adopt 
tlie customary device of dividing the whole of 
molecule space into small cells of equal volume, 
which we suppose to bo numbered off in a 
dofinite order, and lot us define a distribution 
by saying that it is specified by the numbers space 

Ni, iVa • * ■ of molecules whoso representative 
points lie in cell 1, cell 2, and so on. Many 
NiSi will, of course, l^e zero; and obviously 

Xm = N, (246) 

i 

tho summation extending over all tlm cells. 

Now, usually a given distribution as so defined can result from many 
different arrangcAmnts of the individual particles, an arrangement 
consisting in the ns.Hignment of each moleculo to some definite cell. 
The number of possible arrangements for.< the distribution Mi, iVa • " * 
will bo, in fact, tlm number of combinations of M things taken JVi, 
Ma ' • * at a time or 





As a concrete example of tho same thing, the number of ways of divid¬ 
ing 20 books among two shelves so as to put 12 on one shelf and 8 on 
another, paying no attention to the arrangement of each set on its shelf, 
is 201/(1218!). 
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The ariangements, on the othei hand, have in statistical mechamce 
the impoitaiit piopoity that each one conosponds to the same volume 
111 the big system space This becomes cleai when we icfloct that, as 
the lopiesentative points foi all of the N molecules moving inde¬ 
pendently exploie then cells in molecule space, the single point icpre- 
scnting the entiie system in system space tiaces out a region in that 
S])aee whose volume G is obviously the pioduct of the volumes of N 
cells in molecule space, oi G ^ m teims of the volume ^ of a cell * 
The volume G is thus obviously the same foi all aiiangements 

This fact leads to veiy impoitant conclusions It enables us to 
infei fiom the pimciplc of statistical equivalence foimulated in Sec, 
196 above that each airangement occurs equally often, or with equal 
piobability, among the systems of a miciocanomcal ensemble (piovided 
it can occui at all), no aiiangemcnt is favoied ovei any othei. From 
this wo can then diaw the fiuther conclusion that the piobability of a 
given difatiibution of the molecules is simply pioportional to the 
niimbei of aiiangements that give use to it, or to the number M whose 
value is given in oq (247) 

199. The Most Probable Distribution. In this conclusion we have 
acquiiedj foi a loosely coupled many-molccule system, a means of 
compaiing the piobabilities of the vaiioiis possible distributions of its 
molecules in the coucsponding molecule space. 

Now among these distubutions theie will be a most probable one, 
and it turns out that this one is of tianscendent importance Among 
the sy.stems of the ensemble, appreciable depaituies fiom the most 
probable distiibution aio, m fact, laie; and for this loason Jeans called 
it the normal distubution. By the pimciple of equivalence, this dis- 
tiibution will then almost always bo vciy close to the actual one in 
any single system; loi the distubution that is most piobable during 
the motion of a single system cannot change much in chaiactei with a 
small change bE m the eneigy, and so must be sensibly the same for 
all systems in the ensemble. Accordingly, this normal distribution 
can bo used in place of the actual one in malang statistical calculations 
peitainmg to a single system. Therem lies its gieat importance. 

To find the most piobablo chstiibution, we need to determine the 
AJs so as to make the niimbei ilf, or log ilf, a maximum, subject to 
the condition that the total numbei of molecules is JV and that the 
total eiioigy is approximately equal to E, This is not easy to do with 
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completeness, but if some of the iV<'s arc large their relative values can 
easily be found by using Stirling's formula for the factorial [cf, eq. 
(2Ua) in Sec. 164] i 

log (iVd) = {Ni + log Ni - Ni A- log V^' 

In varying these large A^{ we can also treat them as continuoua variables 
without appreciable error; and we can then keep E actually fixed, since 
the variation of E over the small range 8E cannot shift the location of 
the maximum appreciably. Let the energy of a particle when in coll i 
be cij then the total energy is* 

- E, (248) 

{ 

summed over all colls. 

For a maximum we must have, accordingly, varying only the largo 
A^^’s in (247), 

0 = d log M = - Sd log (IV,I) = - 2(log N, + dN,, 

in which the dNt are arbitrary except for tho two conditions, derived 
from (246) and (248), that 

^dlV, = 0, -^udNi^O. 

i i 

Multiplying these last two equations by a and /3, respcotivoly, and 
adding to the preceding, in which wo may drop the very small term 
l/2iV{, we have then 

2)(log Ni A- a A- iSe,-) dNi ~ O’, 

i 

and the usual argument (of. Sec. 27) then leads to tho conclusion that 
for any i 

log Ni At ot A' ^ 0. 

Thus, wherever its value is large, 

N{ « (249a) 

C being written for Hero C and /3 are tho same for all cells, their 
values being fixed in terms of tho total number of particles and the 
value of tho energy by eqs. (246) and (248). 

* Variation of tho onorgy as tho points move about in their colls is here nog- 
looted. Tho rigorous hniulling of this point is tedious but can bo olToctod. 



364 


KINETIC THEORY OF OASES 


(Chap IX 


It will be shown in tho next section that jS = \/hT^ T being the 
absolute tempeiatuie and h the Boltzmann constant or gas constant 
foi one molecule Voi convenience of lefercnce we may assume thin 
lesult heie iii advance and w'l’ito 


jy, = C6~kT ^ 




< 


(2406) 


the last sum extending ovei all cells, and this second form of tho 
expiession lesulting from substitution in the equation = N, 

I 

Sometimes, howevei, it is moio convenient to employ in place 
of the distiibiition for the system as a whole a prohahility fimction for 
the individual molecule Since all of tho molecules, being similar, must 
spend equal times in any given coll, the piobability that a given one is in 
cell ^ IS obtained simply by dividing eq (249a) oi (2496) by N, since, 
howevei, tho molecule is also equally likely to bo in any pait of tlie 
cell, it IS moic convenient to go ovci now to elements of molecule space 
Wo can wiitc then as the pi obability that a given molecule is in any 
given element dg oi dgi dq^dpi • dp*, wheie its eneigy is e, 
01 the fi action of its time that it spends in such an element, P dg whore 


p =* = Cxe - (249c) 

Here the integial in the last exponent extends over all of moleculo 
space, and Ci = CfNg oi may be icgaidcd as a new constant whoso 

value IS determined by the condition that 

It IS this lesult that was cited above in Sec. 53 as the clas.sical 
Boltzmann distnbution foi inula, eq (89a), and was theie shown to 
include MaxwolPs law as a special case 

200 The Most Probable as a Normal Distribution. By extending 
tho calculation just made, it can also leadily bo seen that laige values of 
NI diffciing appreciably fiom those given by (249a) or (2496) must bo 
laic, provided only that the total number of paitides is laige 

Foi, if the laigo W, aio changed by small amounts 5iV, from their 
most piobablo values, which aic such as to make the first-oidei teims in 
5 log M vanish, wo find fiom (247), upon pushing the calculation to tho 
second oidei in the ^iV.’s, that the change m log M is approximately 
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5 log M == 




M itaolf is then changed in the ratio from its maximum value. 

Now if we imagine N and IS to be increased toward infinity at the 
same relative rate, a brief contemplation of eqs. (246) and (248) shows 
that all largo Ni must increase in the same ratio (C changing but not /?); 
hence, for given fixed values of the relative variations, dNi/Ni, we 
have S log ilf —> *- w. Thus, as the molecules become numerous, 
any particular distribution differing from the most probable one 
by a given relative amount, as measured by the values of Wf/iVi, 
becomes relatively rare. On the other hand, the numbe?' of different 
distributions having dN{/Ni in the neighborhood of given values is 
readily seen to change with JV and E in roughly the same ratio for all 
values of 8Ni/Ni. Hence the probability of the occurrence of any 
given range of values of 8N{/Ni that does not include zero decreases 
indefinitely as JV . 

Thus wo reach the advantageous conclusion that in a loose many- 
molecule system distributions departing appreciably from the most 
probable one occur only very rarely; and accordingly, os was stated 
above, in deducing statistical behavior of such a system, wc can take 
the actual distribution to bo the same as the most probable or normal 
one. 

201. Some Generalizations of the boose Many-molecule System, 
The restriction of the preceding equations to largo values of JV t may 
be awkward in actual cases because it may bo impractical to construct 
cells in molecule space that are largo enough to include, say, 1,000 or 
more molecules. This is so, for example, in considering the concentra¬ 
tion of water vapor near a charged smoko particle of ultramicroscopic 
size, which wo might wish to study in seeking an explanation of cloud 
formation duo to such nuclei. 

Most practical cases of this sort can bo covered by remarking that 
what wo are chiefly interested in is only the average expectation of 
molecules in a coll, which is, of course, indistinguishable from the most 
probable number when this is large. The distribution law already 
found can readily bo extended to the average number in any coll, 
provided there are many other cells with the same value of the asso¬ 
ciated energy 6i, and provided that the group of such cells as a whole 
contains a largo number of molecules. In the example cited, for 
instance, wo can suppose that there are many smoke particles in the 
vessel, each having a cell in a certain relative location near it, and all 
of these cells can then be grouped together. 
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Since any molecule moving aiouncl in a gioiip of m oclls sweeps 
out /I times as much volume in system space as it docs when it is con¬ 
fined to one cell, the piobability of a distribution with N[ inoloculcs 
in a group of jui cells, in a group of ^ 2 , and so on, will bo piopor^tionalj 
not to M as given in (247), but to ‘ )M or to 


N I > TU./ 

tioceeding as before, one finds then as the noimal distribution, 
in place of (249a), foi the jth group of cells 

N', = 

The molecules are, however, equally likely to bo in any one of tho 
various cells of a group Hence, for the are? age number ^i of molcculoH 
in cell which equals N'Jixj foi the gioup containing this coll, we find 




_« TJo kT 

Ce ........ 


(249d) 


which is of the same form as (249&) above, and for tho probability 
function P for a given molecule in its phase space, which is wo 

obtain again eq (249c) above 

Furtheimoie, considerable geneialization of our results is also 
possible in legaid to the nature of the molecules themselves Instead 
of being all alike, they may be of seveial different kindSf piovidod tlioro 
are many of each kind In that case M is simply tho pioduot of seveial 
fractions like that in (247) above, e g , 

M~ ^"1 , 

ViUVii ■ ■ 

where primes distinguish quantities 1 of erring to tho difforont kinds 
of molecules The equations following (248) then become 

0 = - 2 (^iogiv; + 5i,^dA^; - 2 (iogi^i' + 5^)dA^" • • , 
2)<iiv: = 0, -^dNi'^ 0 , ■ ■ ■ 

t ♦ 

^idK + %<'dN'; • =0; 

i » 

and when wo multiply tho last of these by /3 and the preceding ones by 
a', a" ' and add to the first one, and then oquato to zero tho 
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coefficient of every dN” • • - , we obtain 

log m -I- «' + = 0, log NY H- + fieY = 0, • • • , 

whence 

NY - • • • . 

Thus there exist equations of the same form as (249o, b, c, d) 
for each separate kind of molecule, with different constants G'f 0" ' ' - 
corresponding to the varying numbers JV', N*' * • • that are present of 
the different kinds. The constant /3, however, which again turns out to 
equal l/kT, is the same for all, owing to the fact that interchange 
of energy is possible between all of the moleciiles and there is, therefore, 
only a single equation expressive of the energy condition. Except for 
this latter feature, each land of molecule is distributed as if the others 
were not present. 

Finally, it does no harm if a relatively negligible part of the mole¬ 
cules are of miscellaneous character, perhaps even only one of a kind; 
for then, assuming a certain energy for these few, we can apply the 
preceding theory to the remainder, The quantity N in (248) is then, 
strictly speaking, to bo interpreted as representing the variable energy 
of the remaining molecules alone; but no appreciable error is incurred if 
it is taken to represent, os before, the fixed energy of the whole system, 
In Sec. 206 below wo shall go further and, by establishing a connection 
with the method employed for the gas of point masses, show that 
actually the same distribution law holds for such odd particles as holds 
for the others. 

Before proceeding further, however, we must first establish for 
loose many-moleoiile systems the connection of 0 with the thermody¬ 
namic temperature. 

202. Introduction of the Temperature. The temperature was 
introduced into the theory of the perfect gas in Sec. 13. by a method 
that is rigorous and can readily be generalized so as to apply to the 
general many-molecule system. 

In order to identify any quantity with the thennodynamio temporal 
turo T, wo must show that it possesses two essential properties; it 
must have the same value for any two bodies when they are in thermal 
equilibrium with each other; and the heat dQ absorbed by n body during 
any small reversible change must take the form T d8, where jS is a 
quantity, the entropy, having a single value to correspond with every 
equilibrium state of the body. In mathematical langimgo, therefore, 
l/y must constitute an integrating factor for the roversiblo heat. 
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Such an application of thermodynamics implies a clear distinction 
between eneigy that enteis a body as heat and cneigy that ontcis os 
work This distinction, which is made without any tiouble in olo- 
mentaly physics, becomes fai from obvious when the system is regarded 
as exhibiting puiely mechanical behavior It can be icached, howovoi, 
from the dynamical standpoint in the following way 

As viewed macioscopically, the effects ol the suiroundings upon a 
system aie of two lands In pait they can bo lepicseiitod by introduc¬ 
ing into the Hamiltonian of the system certain pai ameteis, «i, «2 • * , 

which repiesent physically interesting quantities averaged over molec¬ 
ular fluctuations, such as the volume of the vessel containing a gas; 
the Hamiltonian function can then be wiitton //(pi, P 2 • * , q\, 

* , on, a 2 * ) Any enei gy lost by the system to its sui 1 ouiul- 

ings in consequence of changes in these parameters can then bo 
expiessed 111 teims of then changes and is called woih done by the 
system Theie may then be m addition ceitam iiiogular foicos 
exeited by thesiuioundmgs on the system which cannot bo icpicsonted 
by such pal ameteis but must ncceasaiily entei into tlie equations of 
motion as foices of external oiigm All enoigy imparted to tlie system 
by such foices, which we shall call theimal foicos, constitutes heat 
absorbed by the system 


Usually a paiticulai inoleculai foice has to be divided arbitrarily 
into two paits coiiespondmg to this distinction. As an oxampio, the 
force exeited by a molecule of the wall on the enclosed gas can bo 
lesolved into a component lepiosenting its average coiitiibutiou to the 
pressure and anothei iiiegulaily fluctuating component, and thoformorj 
which depends only upon the mean position of tho wall and the posi¬ 
tions of the gas molecules, can be taken account of by intioducing 
into the Hamiltonian for the gas a suitable potential-energy term con¬ 
taining as a paiameter a the mean position of the wall 

In oidei to identify the teinpeiatuie, it will suflico now to considoi 
a loosely coupled system in which the molceulos aio all alike; the 
subsequent extension to more goneial cases is so easy that no details 
need be given Let us suppose that such a system is subjected to a 
small thermodynamic piocess duiing which the undergo a small 
change, and dm mg which the theimal foices may or may not impait a 
little eneigy to the system Let this pioeess bo caniod out so very 
slowly that the system lemains always voiy iioaily in equilibrium, so 
that the process is leveisible in tho theiniodynamio sense 

Then, lesummg the notation of the last few sections, we can wiilo 
for the eneigy ot the system at any instant E = 2s,I?, summed over all 
the cells in molecule space, s, being the energy of a molecule when in coll 
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i and the mean number of molecules in that cell. The change in 
ja during the proeess just described (ignoring its fluctuations about its 
mean value) can, therefore, be written 

dE = ^Ni dti + diV,-. (250) 

i i 

Now suppose, first, that heating forces do not act. Then, during 
any element of time dt, whatever changes occur in the p’s and q^H of the 
system are governed by the Hamiltonian equations of motion and are 
the same as they would be if the a’s were constant during that interval. 
Accordingly, by conservation of energy, these changes, and the result¬ 
ing changes in the instantaneous values of the Ni a, do not alter tho 
energy. The actual gain of energy during dT must, therefore, bo 

d'M — ’^N'id'ct, where is the change in cf that arises , during di 

i 

from the change in tho a’s. By conservation of energy, since thero 
are no heating forces, d^E is also the negative of the work done by tho 
system, Hence, integrating d'E throughout the small reversible proc¬ 
ess, during which the energy changes by dE = J* d'E, and assuming 
that tho «’s change at a uniform rate,, so that we may write 

jNid'ei = iVfj* d'€i = Nidei, 

WO have for the work during the whole process dW — —dE or 

dW = 

i 

d€{ standing for tho whole cliange in e,- during the process. 

If wo then suppose heating forces also to act during the process, 
the work done by the system, being determined by otlior forces, will not 
be affected to the first order; but the cliange in energy will now be 
given by the more general expression (260). Hence, an amount of 
reversible heat dQ Is now given to the system of magnitude 

dQ = dm + dW = dRi. (2fllo) 

i 

In order to find an integrating factor for dQ, let us now multiply 
this equation through by /3, and thou insert in it the value of /Se,- proper 
to equilibrium, as given by the second member in (249d) above, The 
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result IS ~ 2) (log 0 log iV,) from winch the term m C can 
* 

be dropped because ^ diV’t = 0, leaving 


pdQ = -'^log^.di^, ( 261 i)) 

*' t 

The expression on the right is now the differential of a single-valued 
function of the iV, This shows that jS is an integiating factor for dQ. 

Furthermore, as shown in Sec 201, (3, and hence also any function 
of /3, enjoys the property of having the same value foi any two loose 
many-molecule systems that are m equilibiium with each other; for 
two such systems may always be i egai ded as a single system containing 
two sorts of molecules Wo can, theiefore, introduce the thoimo- 
dynamic temperatuie by the defining equation T = l/Zs/S, or 



in which Ic is a universal constant of pi opoi tionality. 

The leplacement of jfl by 1/JcT in the preceding sections is thus 
justified. That h has its usual significance as the gas constant for one 
molecule follows then from the identification mentioned in Sec. 199 of 
our lefaults with foimei expressions that included Maxwell’s law as a 
special case 

203, Entropy, A dynamical expiossion for the entropy >S of a 
loosely coupled many-moleculo system can now be obtained by integrat¬ 
ing (261&) Since ^ dJV^, = 0, this gives 

/S = J^ log ff, + So, (2620) 

or, after introducing log f^.lrom (249d) and using jjA', = N, the total 

» 

number of molecules, and the total energy, 

t 

)Sr = I - AA. log C + ;Sfo, (2626) 

_rt 

or also, since in the last membci of (249d) can obviously be 
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written = -Je dg, the last integral extending over the 

whole of molecule space, 


^ = | + iVA;log + (262c) 

Here Sj, — So — Nk log (gN) and So or S'o is an arbitrary integration 
constant. 

The quantity is what we called in Sec. 147 the state sum; 

i 

J*e d (7 might similarly be called the slaic integral. 

In eqs. (262a, 6, c) S stands for the entropy of the whole system. 
From the structure of the formulas it appears that, in harmony with 
thermodynamics, the entropy should be simply additive, provided wo 
add the integration constants when separate systems are coupled into a 
larger one. A question arises, however, when subsequent interdiffii- 
sion of molecules can occur, as when two masses of gas are placed in 
contact with each other. If the molecules in the two part systems are 
different in nature, then, when equilibrium has been re-established by 
diffusion, the total entropy exceeds the sum of the original separate 
entropies; in the formulas this results from a decrease in Ni, or from an 
increase in the state sums duo to enlargement of the accessible region in 
molecule space. If, on the other hand, the molecules in tho two part 
systems are exactly similar, their interdiffusion has no physical 
significance; it cannot be made to do macroscopic work, for instance; 
and no such increase in the total entropy occurs. Since, however, tho 
same changes in or in the state sums ocour as in tho other ease, wo 
can prevent an increase in S only by readjusting tho integration con¬ 
stant whenever systems of similar molecules are combined into a larger 
one with resulting possibilities of intordiffusion. Wo shall find that this 
inconvenience disappears in tho wave-mechanical theory. It is often 
avoided by using the formula only for tho entropy of unit mass, i.o., for 
specific entropy. 

204. Entropy of the Monatomic Gas. It will be instructive to 
verify tho agreement of tho expressions just obtained with tho usual 
ones in tho simple case of a perfect gas composed of molecules that can 
bo treated as point masses, Let us consider a gram of gas containing N 
such molecules. 

In tho phase space for such a moleculo wo can take os variables tlie 
three cartesian coordinates of its con tor of mass and its three com- 
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ponents of ordinal y momentum, p*, py, pz, the total momentum being p. 
Then € is the oidinaiy translatoiy kinetic energy and has the value, 
€ = p^/2m Hence, taking spherical shells about tlio origin as elements 
in momentum space in place of dpx dpy dpg, wo have 

dg — fffd-cdych^fffe- dptdpy dpg = AirVe 
= (2irmiT)W, 

Jo J*SS dxdy dz— V, the volume of the 

vessel Furthermore, the classical eneigy of such a gas is J>1 == § NhT 
(cf Sec 143) Hence (252c) becomes 

Arfclog(F!r5'^) (262rf) 

wheie^f'o' = + iVA.{K + log {2^ml)y^} 

This agiees with the usual theimodynamic result as expressed by 
eq (200a) in Sec 141, m which B = Nk and Cy — 3i2/2 for a monatomic 
gas. 

206. The General Boltzmann Distribution Law. The combina¬ 
torial method that we have been employing stands in strong contiast 
to the moie diiect phase-space method that was einiiloyed previously 
in dealing with the special case of a poifect gas Wo shall now show 
that the lattei method must be applicable to ilio more general case as 
well, although it may lun into seiious mathematical diHiculties By its 
use we shall endeavoi to lemove some of the limitations that have 
hitheito been laid upon the system undei considci ation. 

Let us select any molecule A out of a system and seek to obtain a 
distribution law foi it by the phase-space method. To do tins, wc 
first confine the molecule A to an element bgA in its own 2,94-dimon- 
sional molecular phase space Then, m analogy with the procedure 
followed m Sec 196, we can wiite for the volume of that pait of Bystcin 
space, in which the total eneigy 11 of the cntiic system'is loss than a 
fixed value E, 


a(E) ~ JJ dpdg, 

JI<B 


and for that part in which A is also confined to Sqa with energy €, 

Str = ar{E - e) dgA, <Tr{E - e) = // #^ 


where dp' dv' stande for the product of the differentials of nil other 

Zat '‘V r® pertaining to A, and //. (p', ,') fo, the part of tho 
Hamiltonian that contains just those othei vaiiables 
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Now consider that part of tho ergodic layer in which A lies in 
The volume of this part is 


d 

cW 


5cr 


dB 


a'XB ~ e) dE hgji. 


This volume divided by the volume of the entire ergodic layer is the 
probability that in an actual system A lies in in consequence of the 
principle of statistical equivalence (Sec, 195). Accordingly, we may 
conclude that, in aii actual system having energy E, the probability at a 
given moment that molecule A is in any chosen element Sqa of molecule 
space is simply proportional to 


a',{E - e). 


Now suppose that our system is of the generalised type contem¬ 
plated in Sec. 201 above, most of the molecules, but not all, forming 
one or more large homogeneou,s groups. Then, if molecule A happens 
to belong to one of these largo groups, and if, furthermore, Sqa lies in a 
cell containing many of these particles, another expression for the 
probability that A lies in Sqa is furnished by the theory of See. 201 j 
according to (249c), this probability is proportional to 


e-P‘ Sqa = G Soa, ' 

It must be true then, under tho circumstances stated, that 

™ 6 ) - 

where Ci is a factor that is independent of the location of A and depends 
only on B. 

This result has been obtained only for a restricted choice of tho 
molooulG A and of tho element Sqa, We can safely assort, however, 
that the /om of the function, a-y{B — e), cannot depend appreciably 
upon tho particular choice of A out of many millions of molecules 
in the .system, Hence, a'^iB ~ e) must have tho same simple expo¬ 
nential form when any molecule of tho system is chosen. A little 
more generally, it follows that a^(B) and, by integration, (r{B) itself 
must bo of exponential form near any value B = Bi, say, , 

(r(A’) - 

as we found it to bo for a monatomic gas (Sec. 196); for, an odd mole¬ 
cule with energy e could be added to it, whereupon <t(B) would function 
as fff in tho analysis just given, B here being represented by B— € there. 
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If the statement just made about o-r bo granted, then it follows, 
by level sing the aigument, that the distiibution law has the form 
wiitten above oi in (249c) foi any molecule of the system, and whoiovci 
the phase-space element may be located 

One IS then tempted to suspect that these le&ults may hold likewise 
foi much moie geneial types of system It is, as a matter of fact, 
believed that accoidmg to classical theoiy (x{B) has the exponential 
foim m the neighborhood of any paiticulai value of !<], for any 
system composed of an enormous number of moloclilos, whethoi these 
ai e loosely coupled oi not The same statement is believed to hold if a 
few of the generalized cooidinates of the system aic hold fixed and only 
the lemamder aie included m the integiation foi <r. If these pioposi- 
tions aie granted, then it is easy to deduce fiom them, by the method 
indicated above, the following veiy general foim of the Boltzmann 
distiibution law, the tempeiatuie being introduced by a special argu¬ 
ment foi which we have no space. 

Suppose a few vaiiables, either coordinates oi momenta, occui only 
111 a sepaiate term e m the Hamiltonian function //, lot tlioso vaiiables 
be denoted by $i, i ^2 If any othoi vaiiables occui in e, lot us 

considei only states of the system in which those vaiiables he in given 
small langes Then the piobability that the ^’s lie m langcs 
dg = d^\ d^t is 

Pdg, P = Ce-P^ == (263) 

C being a constant such that dg — 1 This losiilt constitutes 

meiely an extension of the distribution law reprosontod by (249c) 
above and includes the lattei as a special case 

As a coiollaiy, we can diaw the important conclusion that, in a 
physical body, classical theoiy lequiies Maxwell’s law to hold for tho 
velocities of the moleculai centers of mass, icgaidloss of all other cir¬ 
cumstances, this IS tiue for each sepaiate configiuation or sot of posi¬ 
tions of the molecules, and no mattei how stiong or complicated their 
mutual potential energy may be It must bo lemaiked, however, that 
m wave mechanics this statement has to be modified considei ably when 
the density is high, as m a liquid oi solid. 

206. The Equipartition of Energy, The distribution laws that have 
een obtained lead to a conclusion of consideiable importance lolatxve 
to the dtsinhidxon of the enetgy in a system in oquilibiium, 

Suppose the expiession for the energy (oi, more generally, the 
Hamiltonian function) contains a teim in which one vaiiable occurs 
only in the form of a squaie Lot us write for this teim 6 « ^ ^^ 2 , 
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where the coefficient <p may contain some of the remaining variables; 
if it does, let these for the moment have fixed values. 

Then eq. (263) in the last .seetion, or (249c) in Sec. 201, if it happens 

to apply, gives as the probability law for P « Cic where Ci 
is given by the equation jjp — X, We find then for the mean value 



8 

1 

1^ 



C: 





Since this result is independent of any other variables that may 
occur in it will hold quite generally. Hence, whether other variables 
arc kept fixed or not, the mean value of such a term is just ^ kT. This 
is the famous principle of the equipartilion of energy. 

The simplest example is, of course, the translatory kinetic energy 

• 7?^ 7?^ 

of a particle, which can be written ~ ^ ^ in terms of the 

cartesian momenta, ??*, p,, Each of the three terms in this expres¬ 

sion must average ^ hT\ the whole kinetic energy, therefore, averages 
■\kT. This latter result was obtained for perfect gases in Sec. 16; 
here we have it for particles in a system of any typo. According to 
classical mechanics it should hold even for the molecules in a liquid or 
solid. 

Similarly, if the system is capable of small oscillationa in the 
generalized sense, the potential energy associated with each normal 
generalized coordinate qi can bo got into the form ^ tpiq}, and the 
as,sociatod kinetic energy can be written similarly ^ (p^p^ in terms of the 
corresponding generalized momentum. * Each of thG.se terms will 
then average hT', and the whole contribution of each mode of oscilla¬ 
tion to the energy will average kT, This is true for any simple har¬ 
monic mode of vibration. 

Finally, similar results can be obtained for the rotational energy of 
any rigid molecule forming part of a system in equilibrium. The 
rotational kinetic energy of such a molecule can be written 

^ Ao)\ + ^ Bo)ji "b ^ 


in terras of the components of the angular velocity, o>b, oia, in tlie 
directions of the principal axes and the moments of inertia A, B, 0 
about those axes. In order to express this in terms of generalized. 


*H, Lamb, "Ilighor McohanlcB,” 1029, Soo. 02. 
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coordinates, let us intioduce the thiee Eiiloiian angles 0^ 99 ; in terms 

of these 

sin <p — 4^ sin 0 cos (p, (On ~ ^ cos <p 'I' ^ Ti 

co <7 == ^ “h ^ cos 0 

(Of H Lamb, “Highei Mechanics,’’ See 33, wheic p, q, r are to bo 
identihed with (a a, <on, w<?) Then the concsponding momenta aio 


pe 


die 1 diOA 


-f Bub "1“ 


or 


pe 5 = Ao>a sm (p + Bub cos p, Pv — C(>>o, 

= '-Aua sin 6 cos p + Bean sin 0 sin p H~ Co>o COS 0 


Now let us compaie the molecular distiibution in (oa, wa, uc space, 
which we shall call w space foi shoit, with that in p space, in which oin 
statistical laws hold To a volume dr in the latter there coriosponda 
a volume dr/J m w space where J is the Jacobian 



dpe ^po 
d(OA dct)B 


A sm p 

B cos p 

0 

J = 

dp^ dp^ 

= 

—A sin 0 cos p 

B sm 0 sin p 

C COS 0 


dciA do>B 


0 

0 

C 


== ABC sm 0 


(Cf Sec 24 ) Thus for given values of 6, p volumes m w space aio 
propoitional to the coiiespondmg volumes in momentum space, 
Accoi dingly, the molecules will be distiibutcd in the same mannoi m 
both spaces 

It IS easily seen that, in consequence, the piinciplo of equipaitilion 
will apply also to the thiee teims m K, Each of these toims, whioh can 
be legarded as the lunetic eneigy associated with one lotational degreo 
of freedom of the molecule, will again average I JcT, and the wholo 
lotational eneigy will aveiage ^hT 

207. The Canonical Distribution and Ensemble. Instead of sup¬ 
posing the system under consideration to be isolated, we might supposo 
it to be connected with anoihei system, Then its energy will undergo 
Brownian fluctuations Suppose that the connection is loose and Iho 
other system is a veiy much laiger one. Then the latter seives to 
control the tempeiature of the original system; it has been oallcd by 
Powlei a tempeiature bath The original system can now bo tioatccl 
as a “molecule” foimiiig pait of the entiie combined system; and cq 
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(263) then indicates that it will spend a fraction P dg of its time in each 
element dg of its own phase space or system space, where 

? - (254) 

B being the energy of tlie system when in dg. 

A statistical distribution in phase according to the law expressed 
by (254) was called by Gibbs a canonical one, and an ensemble of 
systems so distributed, a canonical ensemble. Such a distribution or 
ensemble might bo thought to represent better an actual physical 
body immersed in its surroundings than does a micro canonical ensem¬ 
ble. The macroscopic statistical properties of the two cannot differ 
much, however, when they correspond to the same temperaturej for a 
canonical ensemble really con.sists of many microcanonical ones of 
different energies, and the effective relative range of these energies can 
be shown to bo very small when the system itself contains many 
molecules. 

The canonical ensemble, or the canonical distribution in phase, 
furnishes a basis for the treatment of systems whose energy cannot bo 
written as the sum of many similar terms. 

208, Entropy under a Canonical Distribution. An expression for 

J dO 

is easily obtained for a system that is 

as.sumod to exhibit in time a canonical distribution in phase. Tho 
argument runs so very closely parallel to that in Secs. 202 and. 203, in 
fact, that wo can at once write down as the result, in analogy with 
(262a) and (262c), 

S = -Ji fp log P dcr = I + fc log Jd<r. (266) 

Here the integrals extend over the whole of system space and tho second 
one may be called tho state integral for the entire system; the arbitrary 
constant of integration lias been set equal to zero. 

Different as this expression for S seems to be from tho one obtained 
previously, as stated in eq. (262a) or (252c), it can differ from tho 
iattor only by a constant amount, since tho entropy, boing defined os 

represents a definite physical quantity. In the corresponding 

wave-mechanical case it will bo worth while to ascertain the actual 
magnitude of this constant dilforence. 

209. The Second Law of Thermodynamics. Our demonstration 
that a loose many-moleculc system in equilibrium possesses a quality 
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having the piopeitics ol the thcimodynamic tompornturo constitutes 
a deduction of the second law'of theimodyiiainies fioin the laws of 
mechanics, in so fai as that law lofors to oqiulihiium phenomonn 
Thus the theimodynamics of leveisiblc piocessos is convoitcd, at least 
foi such systems, into a subdivision ot mechanics 

It IS to be noted, howcvei, that we have consistontly dealt with 
the normal oi average state of the system, ignoiing the jihcnoinonou 
of fluctuations Even the most unusual stales should, however, 
sometimes occur, just as in shaking a mixtuic of black and win to 
balls it will happen once in a gicat while that all of the black ones 
come on top This means that occasionally the icquiremonts of tho 
second law will not be met Such unusual occuiicnces aio indeed 
easily obseived in the Biownian motion, where a paiticlc is aeon to 
acquiie every now and then velocities much above or below the 
aveiage 

The second law of thermodynamics must, accordingly, bo regarded 
as statistical in nature, having lefeioncc to the normal oi avciago 
behavioi of mattei and to the wacroscopzc iathci than to the molecular 
view of phenomena So conceived, howevoi, it appeals to admit of 
no exception It could peihaps be imagined that fluctuation phe¬ 
nomena, such as the Biownian motion, might some day be harnessed 
by means of an ingenious mechanism and utilized to effect tho con¬ 
tinuous conveision of heat into woik It seems highly piobablo, 
however, that all such schemes are doomed to defeat in consequenco 
of the inevitable fluctuations to which the mechanism itself must bo 
subject 

On the othei hand, the second law of tlioimodynainics as usually 
stated implies the fuither asseition that, in an r)) eversible passage 
of an isolated system fiom one equilibiium state to another, tho 
entropy can nevei decjease, the fact being, ol course, that it usually 
increases This statement, likewise, must be undoistood in a statisti¬ 
cal sense as having reference to aveiage experience Not much has 
been accomplished towaid the theoiotical ticatmcnt of iiiovorsibJo 
piocesses, hardly anything has been added to Boltzmann’s II thooreiu 
for a point-mass gas This question is very closely i elated to tho i>roof 
that one would like to obtain of some pimciplo equivalent to our 
“ergodic suimise,” 

210. Entropy and Probability. Fiona the molecular standpoint 
the tendency of a system to move towaid equilibrium, with an accom¬ 
panying gam in entiopy, is interpieted as lesulting from a tendency 
to move fiom an impiobable towaid a more piobablo state It was 
shown by Boltzmann in connection with his II theorem that, in sonio 
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cases at least, a quantitative connection can be traced between the 
increases in entropy and in probability. 

In an isolated many-molecnle system, for example, the probability 
of any distribution, as was shown in Sec, 198, is, from (247), 



m\ 

N,\N^ - 


D being a constant of proportionality. On the other hand, from (262a) 
in Sec. 203 the entropy of the system, when in a state of equilibrium, i.s 

S - -k^Ni log Ifi + So. 

i 

Let us take Pt> to refer to the normal distribution, so that Ni — 
and let us suppose that the iVf's are large enough so that we can keep 
only the principal term in Stirling’s formula and write log (Nil) = Ni 
log Ni. Then 


logPu = —'^Ni log Ni 4- const., 

and wo see tliat 

S ~ k log Pd + const. (266) 

This famous relation, first pointed out by Boltzmann, is often 
regarded as holding universally. It may bo illustrated concretely 
by the following example. Suppose a capsule containing N molecules 
of perfect gas in equilibrium is introduced into an evacuated vessel 
r times as large in volume as the capsule, and that a hole is then made 
in the wall of the capsule. The gas thereupon escapes, and presently 
comes to thermal equilibrium in the larger vessel at its original tem¬ 
perature but with its volume increased in the ratio r; its entropy is 
at the same time incroa,sed by the amount [cf. (262d) in Sec. 204] 

Nk log r. 

Now, just after the capsule has been ruptured, but before any 
molecule has had time to escape, the gas is in a state which, under 
the now conditions created by the rupture, is a highly improbable 
one; as the gas then issues and spreads throughout the vessel, it 
passes into more and more probable states. Let us find the magnitude 
of the total resul ting increase in log Pd. When the gas has again 
reached equilibrium, its molecules are distributed in the molecular 
phase space over r times as many cells as there were at the start, but 
with only l/r times as many molecules per cell; hence the now value of 
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the term-• SiV"* log in logPo, written in terms of the oiiginal 
NtS, is 



- log’-)- 


V 


This term has thus m»i«ased duiing the expansion by the amount 


2i^»log7 = (log7)2iV, = //log?’ 


Compaimg this with the increase in entropy, we see that oq. (256) 
holds for a compaiison of the initial and final states 

If, however, we diiect oui attention to the act of ruptuiing the 
capsule, we eneountei difficulties The act of ruptuio converts the 
existing state of the gas from a fairly piobablo to a highly iminobablo 
one, but without any conespondmg decieasc in the entiopy (to lowoi 
the entropy of a body without absti acting heat from it is thciino- 
dynamically impossible) The difficulty pcisists m another foim if, 
instead of rupturing the capsule, we allow the gas to expand adia- 
batically against a piston; foi then it is impossible to compaio the 
probabilities (in the ordinary sense) of the two states of the gas with 
the piston in different positions, each state being an imjio&siblc one, 
owing to the difference in eneigy, when the piston is in the other 
position Appaiently the only way to save the Boltzmann principle 
in the face of external intei ventioiis such as these is to lay down a 
suitable artificial rule specifying how the size of tho colls in phase 
space IS to be altered when such actions occur If this is done, how¬ 
ever, an arbitrary element is intioduced into tho “probability” 
which obscures the significance of the formula 

Planck and otheis have endeavoicd to avoid those difficulties 
by pointing out that the quantity, — 2/9^, log in tho oxpicssion 
for S IS siptiply the vaiiable part of log Jkf, wheie M is tho niimbei of 
ways of arranging the molecules in then most piobablo distiibution, 
as given by (247) in Sec 198, so that we can wiito, di op ping a constant 
term, 


S ~ k log M 

The quantity M, to which under certain conditions tho tiiio piob- 
ability IS proportional, is then called the “thermodynamic prob¬ 
ability ” This, however, is meiely giving to M a now name, and it is 
not clear what has been gained by this pioccduro, 

The principal field for the Boltzmann formula appears to bo tho 
irreversible behavior of systems when left to themselves It is often 
employed to assign a value to the entiopy undoi such conditions that 
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the ordinary thermodynamic definition of entropy cannot be applied. 
An alternative, however, which has much to recommend it, is to 
regard the entropy as a strictly macroscopic quantity, devoid of 
significance on the molecular scale, and possessing meaning only when 
the thermodynamic definition can be applied, at least to the parts 
of the system taken separately. 

211. Relations with Boltzmann’s H. In the case of a point-mass 
gas there is also a close connection between the entropy S, the prob¬ 
ability P, and Boltzmann's U, Tor in this case we can write 

ni^N{hr/V)SU^Ngj/V) 

here N is the total number of molecules in the volume T, / is the 
ordinary distribution function for velocity as defined in Sec. 17, and 
g is the volume of a coll in molecule space, whose extension in velocity 
space is 5k and in ordinary space 5t, so that g = 5r5K. Then 

log Ri = (JV/y)2)/ log/ «r 8« + log (JRglV) = 

i 

N^flogfdK + N log (W7), 

and the expressions found above for log Pn and for S can be written 

log Pz) = - A// + iV log y -b const., (267a) 

S ^ -NkE ~t- Nh log V + const. (2676) 

in terms of //, ns defined by eq. (70a), or E = J/log/dK. Thus 

tho proof given in Sec. 32 that E decreases carries with it a proof that, 
if molecnlar chaos holds, the probability P» will increase toward 
a maximum, and likewise tho entropy S in so far as (2676) is assumed 
to hold, 

These conclii.sions are again only statistical in nature, however. 
The condition of molecular chaos is itself .subject to departures in the 
form of fluctuations, so that tho proof refers merely to the expectation 
of a change in E. If the gas is far from equilibrium, a probability 
approaching certainty exists that E will decrease and that Pd and nS 
will increase; but as oquilibrium is approached, the fluetuations 
become relatively more important, and finally in the state of equilib¬ 
rium E oscillates in Brownian fashion about a minimum value, and Pd 
and iS about a maximum, 

212, Entropy as a Measure of Range in Phase, If wo wish to find 
some means of lending greater concreteness to tho notion of entropy, 
we might perhaps secure it by regarding the entropy as a measure of 
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the range vn phase of the system. Gieatei entiopy goes with a groat or 
ranging of the molecules over molecule space, as measuicd by an 
increase in log (1/iV',), oi m the avoiago value of log (1/i^,); or, 
if we are using the canonical clistiibuiion, thcio is a similai mcieaso in 
phase range as measuied by the mcieaso in the avoiago of log (1/P) 
[cf (256)] A non-equilibimm state is then one m which full uso is 
not being made by the system of the phase-space langcs that are 
open to it imdei the conditions to which it is sulijcct, so that its 
behavior exhibits less phase lange than in the state of oquilibiium 

213. Relativity and Statistical Theory. Up to this point avo liavo 
worked exclusively Avith iionielativistic or Nowtoilian mcchanic.s. 
This IS adequate foi all of the piactical pm poses of kinetic theory; but 
it IS of theoretical intei est to look foi a moment at the modifications 
that are required by lelativity. 

Foi particles in a, fixed force-field the only change loquirod is that 
we must write for the mass of a paiticle moving at speed v 

, m 

m — — . , ■} 

Vl — vYc® 

where c is the speed of light m vacuo and m the constant mass of the 
particle at zero speed Now, even foi hydiogcn at a tomporatuio of 
a hundred million degrees the root-mean-squaio speed v, is only 
11X108 cm/sec or 0.004 c, so that w' = l 000007 Cloaily, 
therefore, the relativistic variation of mass is quite negligible for 
ordinary atoms undei almost every conceivable ciicumstancc Tho 
same statement holds good for fiec electrons moving as molecules on 
the earth, but at a temperatuie of 10® degrees, for them Vj = 6 7 X 10®, 
so that Vt/c — 0 22 and the coiresponding mass is m' — 1 026 w 
Thus, if the temper atuie should go so high as that in tho interior of a 
star, the increase of mass of free elections would begin to become 
appreciable. 

Accordingly, we shall add only tho following remarks concciniiig 
the relativistic theory. If as p’s we take tho components of the 
momentum w'v, the Hamiltonian equations of motion still hold; 
everything that we have done oi might have done in terms of momenta 
still holds good, therefore, including the phase-,space thooiy. Max¬ 
well’s law holds, provided it is stated in teims of momentum instead 
of velocity The scattering coefficient is slightly altoied, both 
because of the variation of mass and because of tho cffoct.s of ictarclft- 
tion of the forces, which aie propagated only with tho speed of light; 
but this effect is no more appicciable than is tho mass variation. 
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B. STATISTICAL WAVE MECHANICS 

We must now consider how the statistical investigation is to be 
conducted when wave mechanics is substituted for classical theory. 
It turns out that a decidedly different method of attack is required. 

214. The Wave-mechanical Description, The fundamental phys¬ 
ical ideas of wave mechanics have been described in Sees. 76 and 76 
and will bo assumed to be familiar. As a basis for our statistical work 
we shall now add a concise statement of the general mathematical 
princiides, in so far as tlieso will be needed for our purpose. This 
statement will be made essentially complete; but it must be admitted 
that any discussion of wave-mechanical theory can hardly be appre¬ 
ciated properly unless the reader is already somewhat familiar with 
the mathematics of the theory of a particle. 

A system of N fundamental particles (electrons, protons, etc.), 
which could be represented in classical theory by its 317 cartesian 
coordinates <71 • • ‘ qm and its 3i7 momenta ‘ • paw, regarded 
as functions of the time, is represented in nonrclativistic wave mechan¬ 
ics by a wave-function, 

'k(< 7 i • • • qzN, 5i ‘ • Sn, t), 

which contains as variables, besides the time t, the coordinates and the 
spin symbols si • • • sw of all the particles, but not their momenta. 

d( 7 id (72 • • • dqsN, summed over all types of spin for all of the 

0 

particles, is considered to represent the probability that an accurate 
determination of the values of the coordinates would yield a value 
of the first one lying in the range dqt, of the second in dq^, etc.; for 
this reason 'k is often called a prohahility amplitude. It follows that 

'k must bo normalised so that ^J*dqi • • • dqztr — 1 , tho integral 

8 

extending over all values of tho q'n. 

As tlie analogue of the ordinary equations of motion, wo have then, 
as a basic postulate of tho theory, tho wave equation 

(268) 

here h is Planck’s constant and E is the Hamiltonian operator, which 
contains in general the spin vectors • • • <lAr of tho particles (if wo 
employ Pauli’s approximate theory of spin). 
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There aie many problems in which the opeiator 11 does not con¬ 
tain the time explicitly, this is true, in fact, for any isolated dynamical 
system In such cases a step toward the solution of the wave equation 
can at once be taken by the usual method of sopaiating tlio variables 
As a result of the mathematical analysis it tin ns out that the genoral 
solution of (268) can then be written down in the form, 

2'flEnt 

where the a„'s are aibitiary constants and the are the various 
solutions of the amphtude equation 

(260) 

the constant Bn must be limited to such values that any 'I' formed out 
of the ^n’s, as in (259), can be noimalized to unity This condition 
will be assumed here to limit A? to a discrete set oi “.spectrum" of 
values, only when this is tiue can the .sy.stGm exist in a .state of equilib¬ 
rium It is in this way, of couise, that spectioscopic energy levels aio 
calculated 

The functions and the coiiespomling allowed values of Bn aio 
the chamctensiic oi pioper functions (oi oigonfunction.s) and values 
(or eigenvalues) for the opeiator 11 This opoiatoi usually lopie.smiLs 
the energy, and for gieater concioteness we shall hcncefoith a,ssuine 
that it does States of the system m which contains only one 
e g , one represented by 

'P = e A 

are often called quantum (or eigen) states We shall assume the ^,,'s 
themselves to be normalized by a proper choice of the aibitraiy 
factor that enters into any solution of (260) in such a way that 

j\^r\'^dqi ‘ dqiT^ = I, 

When this is done, the constants in (259) can be shown to have tJio 
significance that |a„|® lepiesents the piobability that observation 
would reveal the system in quantum state ii, with energy exactly 
equal to En 

The formulation just described is adequate foi the general tieat- 
ment of an isolated system If, on the other hand, wo wish to include 
also the influence upon it of its surroundings, we can often do this by 
writing 


11 — Ho "T lily 


(201) 



Sec. 216] 


STATISTICAL MECHANICS 


376 


where lU represents the Hamiltonian for the system by itself and does 
not contain the time, while Hi represents the influence of the sur¬ 
roundings. Then we can still write T' for the system in the form of a 
series as in (269) if wo wish, the being solutions of 

but the On’s will now be functions of the time; their changes with time, 
which are determined by 7/i, can be interpreted as representing, in a 
certain sense, transitions of the system from one of its own quantum 
states to another. This is the method by which, for example, the 
absorption of light is treated. 

216. The Exclusion Principle. There is one other peculiar feature 
for which allowance must often be made, viz., exchange degeneracy. 
The Hamiltonian operator is always symmetric in the coordinates and 
spins of any two similar particles; and for this reason, if in any solution 

of the amplitude equation the coordinates of any two particles arc 
interchanged, tlio result is again a solution of the equation, and one 
corresponding to tho^same energy. Thus, in the case of an H-dimen- 
sional system, there may bo for any particular value of En as many as 
N\ independent 

Nature is not really so prodigal as this mathematical fact suggests, 
however, There is always one of these solutions which is antisym- 
melnc in the particles, i.e., which changes sign whenever tho coordi¬ 
nates of any two particles are interchanged; and for some unknown 
reason only solutions of this type alone can represent physically pos¬ 
sible cases. T itself must, accordingly, always bo antisymmetric in 
tho coordinates of similar particles. This requirement is commonly 
called tho exclusion 'pHnci'plei it represents an extension in wave- 
mechanical terms, made by Fermi and by Dirac, of a more limited 
principle proposed in the old quantum theory by Pauli. 

216. The State of Equilibrium. From what has been said it is 
obvious that in statistical wave mechanics no immediate signiricanco 
can bo attached to the old phase space, in which half the variables 
were momenta. We must work primarily, not with p^s and <7 
with tho quantum states. 

The analogue of a classical sy.stem moving on an ergodie surfaco 
with energy E seems, at first sight, to be obviously a system in a 
single one of its quantum .states [e.g., in (259) dm ~ 1> say, all other 
ttn’s = 0], At this point, however, wo encounter a strong contrast 
with ordinary atomic theory. Wliereas an atom or molecule may 
often be regarded as existing in a definite quantum state, it appeys 
from tlio general principles of wave mechanics that the large bodies 
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dealt with m statistical mechanics must always be legaided os being 
in a state in which many aio diffeient fiom 0, so that the system 
IS, as it weie, smeaied over a laige number of quantunx states Tho 
eneigy is then fixed only withm a ceitain inngo which may, 
perhaps, be macioscopically inappieciablc, but which is yet veiy 
laige relative to the spacing of the cneigies of the quantum states 
Regarding a system m equilibiium m this light, wo aio at onoo 
confionted by the question as to the lelativo values that must bo 
assigned to the vaiious a„'s This pioblem appeals to bo tho analogue 
in the new theoiy of the old ergodic question Unlike the classical 
problem, bowevei, this one does not seem to bo answerable even in 
principle on the basis of the equations of motion alono; for tho valuoh 
of the a»’s lepiesent the initial conditions with which tho system waa 
started, and so appeal to be aibitiary 

To thiow light on the question, let us considei how we would 
tieat in wave mechanics a system that is started in somo special 
physical condition diffeient fiom equilibrium, like a gas with gradients 
of temperature and piessuie in it Initially thc'‘systom, assumed iso¬ 
lated, can be repiesented by 

'I^=.o = 

n 

with suitable values of the constants a,, * Thoroaftci it 

will be lepresented, as in (269), by 

iirtEnt 

~ ^ , ( 202 ) 

n 

the correctness of these values of tho c„’s can bo verified by sub¬ 
stituting this value of 'I' in (268) and using (260). We note that aa 
time goes on, the coefficients c„ do not change in absolute magnitude, 
since |c„] = |a„i and so is constant, tins fact corresponds to tho classical 
circumstance that the systems of an ensemble remain on then re.spcc— 
tive ergodic suifaces The c„'s do change, however, in phase (i.e , 
in the angle of c„ as a complex number) * It is, in fact, obvious that 
if any two En s aie unequal, the relative phase of the coiiespondiiig 
c„^s will tiaveise at a unifoim rate all pos.siblo values; if tho aio 
also incommensurable, the phases will finally come to bo distiibuted 
chaotically 

Wo can write Cn = |cnl(*'^, f being a real number; then f Is the plinso nuglo oi 
phase of c„ Tho “relative" phase of two o„'s is, of oouiso, tho dilToicnoo of tlion 
f s 
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Now, from tlie macroscopic standpoint, what happens in the long 
run is tliat a system generally passes into a state of equilibrium. 
This observation suggests the hypothesis that chaotic relative phases 
of the c„’s constitute the essential characteristic, from the wave- 
mechanical viewpoint, of the equilibrium state. 

Accordingly, wo shall forthwith assume that a system' in thermal 
equilibrium can bo represented by a Slq as in (262), in which an enor¬ 
mous number of Cn’s occur \vith values differing appreciably*froni zero, 
but that the relative phases of these Cn’s are distributed chaotically. 

In the light of this hypotliesis, our remark that in the ease of 
incommensurable BnS the phases must eventually become chaotic 
constitutes an actual proof, based on the wave equation, tliat equilib¬ 
rium will, in general, come into existence automatically. In this 
simple remark we appear to have the physical equivalent, extended 
now to systems in general, of Boltzmann’s -theorem for point-mass 
gases in classical theory. 

217. A Priori Probabilities. From the principlo ju.st laid down it 
can bo shown that the statistical properties of a system in equilibrium 
can be found simply by averaging the proi3orties of the various quan¬ 
tum states, each one weighted in proportion to |c„|“ or ja„[2. For 
example, the average result of measuring any quantity represented 
by an operator Q is, according to a rule of wave mechanics, 

Q = dq = 2 ) 10 . 1 ^/ f„*Q'l>^dq + in- 

n n m 

Hero 'k* denotes the complex conjugate of t'. The integrals 

J'l'n*Qhn dq 

may bo expected to have similar values for many different pairs 
of quantum states, but they will eventually decrease as the two 
states of a pair become very dissimilar; and at the same time the 
chaotic phases of the Cn’s will cause to take on the negative of 
any given value as often as it does the value itself. Hence the clouldo 
series on the right will bo negligible compared to the single one, and 
we can write, for the equilibrium state, 

. Q - ^\Cn\'^f4'n*Qhdq' 

n 

Here the integral represents the average of Q for the 

system when it is in its «.th quantum state, and, since 5)|cnp = 1, 
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the whole expression lepiesents the weighted average of Q over all 
quantum states 

The problem of the equihbiium state thus ieduces to the question 
as to the piopei values to be assigned to the an’s. To fix theso valiU's 
some new piinciple is necessary; and in wave mechanics, in contiast 
with the situation in classical theoiy, it appeals that this piineiiilo 
must take the foim of an additional fundamental postidatc which is 
cooidinatd m status with the wave equation itself, or at least uith tho 
lules for the physical inteipietation of 'k Apparently the eoiieet 
assumption is to lequire all of the an's in the lango A7i/ to bo givcui tlio 
same value This is equivalent to lopiesenting a given systiun by 
an ensemble containing one system in each of these quantum Klaton; 
and accordingly we can foimulate the now piinciplo in tho following 
way 

Pi inciple of A Pi ion Prohahihty The statistical pi opci tics of an 
isolated system with maci oscopically definite eneigy B a?e, in gcncial, 
those of an ensemble having one system in each guantum state, whose, 
energy is contained in a lange AT? about A?, this lange being maci oscopi'- 
cally small but covering a large number of quantum states, Oi , qnantnm 
states belonging to such a range AB are to be treated^ in genei al, as equally 
probable independent cases, the statistical featuies of tho given systcun 
being obtained by avei aging ovei these states 

The quantum .states contemplated heie and in all of tho piocoding 
discussion aie the fundamental states of unit multiplicity If, how¬ 
ever, some of those states have tho same onoigy, wo can, if wc picfoi*, 
group them into a multiple state, and such multiple states can then 
be employed as the statistical unit provided wo assign weights to thoin 
equal to their lespective multiplicities oi numbois of component states 
If then, as a special case, all of these multiple .states have tho sanio 
multiplicity, as frequently happens when the multiplicity arises from 
nuclear causes, their weights can bo ignored after all and they can bo 
treated as if they weie simple 

In the historical development this piinciplo was aiiivod at oilg- 
inally by noting that, m a ceitain sense, each quantum stato of an 
s-dimensional system coiresponds to a legioii of volumo h* lu th(‘ 
classical phase space, in which equal legions repiosentod equal prob¬ 
abilities Some suppoit can be lent to it fiom tho wave equation by 
showing that the effect of an external distuibanco upon tho c„’h ih such 
that a system imtially in a state n is caused to pass into another state j 
at the same late as one initially in j is caused to pass into n, ho that 
no state appeals to be favoied ovoi any other; but it icmaius csscu-* 
tially a new postulate 
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Just as in the classical theory, the principle is subject to exceptions 
ill special cases, for example, in the case of a gas in a smooth sphere 
as described above in Sec. 193. We shall assume, however, that it 
holds in general; and henceforth we shall confine our attention to 
those cases in which it does hold. 

218. The Many-molecule System without Interaction. Following 
the line suggested by the classical argument, let us now consider a 
system that is composed of a large number iV of exactly similar and only 
slightly interacting subsystems, all of which are confined in the 
same way to the same region of space, An ordinary gas is an obvioias 
example of such a system; but the subsystems may also be bare 
fundamental particles such as electrons, or they may have any degree 
of complexity. The restriction that the same region must bo acces¬ 
sible to all subsystems, in order to make them exactly similar, is a 
modification of the classical idea that is required by wave mechanics; 
this restriction makes it even more appropriate here to call the sub¬ 
systems “molecules.” 

Lot us suppose, first, that there is no interaction at all between 
the molecules. The problem is then so simple that we can actually 
construct tlie characteristic functions for the system as a whole by 
building them up out of one-molecule functions, in the following way, 

Each molecule now moves independently in the containing vessel, 
and there will exist for each of them a series of one-molecule quantum 
states; lot the corresponding anti .symmetric characteristic functions 
and energies for one molecule be Uj and e,-, the amplitude equation 
for w/ being 

Wu} = «/«y. (263) 

The amplitude equation for the entire system is then 

N 

K w 1 

where Hk moans IP written in terms of the Kth sot of molecular coordi¬ 
nates and takes the place of H in (260). A solution of this 
equation is obviously the product function''' 

M/,(l)Myj(2) ’ * ■ 

each number in parenthesis meaning that the coordinates in the 
function arc to bo those of the molecule bearing that number; the 

♦For 

hJuM • • ' u„(N) - ay,(l) * • * ' l)(fA'uyd«)jvy,,.,„ - • • ay«(A^). 



380 


KINETIC THEORY OF CASES 


[Chap IX 


conesponding eneigy la 

~ H- 4* • • * + (2^4) 

To obtain an antisymmetiio function foi the whole ayatom cor¬ 
responding to eneigy En as given by (264), wo have then only to form 
the usual normalized combination of such pioduct functions; 

= (p)--^2 ± Pw,.(l)u„(2) • u,,{N), (206) 

wheie the symbol P is to be imdeistood as producing in the oxpiosaioii 
following it some peimutation of the older of the sets of cooidiuatos 
of the fundamental paitides, these sots of cooidinates being supposed 
wiitten in a definite oidei m the oiiginal pioduct function, and the 
pai tides of each kind being pel muted only with each other; the sign 
IS to be taken plus or minus accoidmg as the peimutation loaves an 
even or an odd number of pairs of the sets in inveilcd oidoi, and the 
sum IS to be extended over all such pennutations, whoso numboi is 
denoted by v It is leadily seen that a so foimed changes sign 
whenever the cooidinates of any two similar pai tides arc intoi changed. 

As a very simple example, suppose thoic are just two molecules, 
each containing one election and one proton; let tho cooidinates of 
the electrons be denoted collectively by xi and and those of tho 
protons by yi and yz, lespectively. Then tho initial pi oduct function is 

w„(a;i, yz), 

and the antisymmetric combination, accoidmg to (266), is 

l/'n = (4)“%„(a;i, yi)u„{xi, y^) - Un{xi, 2/i)w„(a;i, y^) - 

2 / 2 )w„('C 2 , yi) + y'i)uu{x\f ?/i)] 

The ordei of the -w/s m any product function is immaterial; each 
combination of w/s yields just one independent In tho simplo 
example just described, for instance, u,iixit yi)%i,t{x 2 , ya) and 

Un(xi, yi)ujXx2, Vi) 

lead to the same This ieduction in the number of independent 
\{/n8 for a system of similar particles is a direct consequence of tho 
exclusion principle 

219, Fermi-Dirac and Bose-Einstem Sets of Similar Molecules. 
There is another aspect of the reduction just mentioned which doiionds 
upon the number of 'particles in the molecule, and which seivos to 
divide sets of similar molecules into two classes. 

Suppose that two w/s happen to be the same; i e , tho same oiic- 
molecule function is lepeated two or more times in the product funo- 
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tion. Then, when we form an antisymmetric 4'n by combining product 
functions as in (266), a permutation which consists only in inter¬ 
changing tlio coordinates of similar particles between the two identical 
W/’s docs not really alter the product function. 

Suppose, now, that each molecule contains an odd number of 
particles; such a system is said to be of Ferini-Dirac type, which we 
shall abbreviate to F-D. Then any interchange between two mole¬ 
cules reverses the order of an odd number of particles; for example, 
if in the sequence ABODE molecules A. and E are interchanged, an 
odd number of particles in A paired with those in E are reversed 
in order, also the pairs formed by particles in A and E with those 
in the intervening molecules BOD, but the latter pairs are necessarily 
even in total number, and Imnce on the whole an odd number of pairs 
of particles undergo reversal. Accordingly, the new term formed 
by the interchange of two molecules is opposite in sign to the original. 
It follows that all the terms in the sum cancel each other in pairs; 
and hence this particular \l/n is identically vsero and must be discarded. 

If, on the other hand, the number of particles in a molecule is 
even, no such loss of a occurs when two or more ti/s are the same. 
Such a system is said to be of Bose-Einstein (or B-E) type. 

Each fn formed as just described may obviously be regarded as 
specifying a distribution of the N molecules among the one-molecule 
quantum states, Ni being assigned to the first state if the correspond¬ 
ing one-moloculo function Ui occurs Ni times in each term of 
similarly to the second state if Uz occurs Nz times, and so on. It is 
not specified, however, which molecule is in each occupied state; 
the molecules, like the fundamental particles, arc not completely 
individualized in wave mechanics. In the B-E case there is no restric¬ 
tion upon the values of the iV/s; in the F-D case, on the other hand, 
each » 1 or 0, or “no two molecules can occupy the same quantum 
stato.“ 

Up to this point we have assumed the molecules to be all alike. 
The extension to a system containing several different kinds of mole¬ 
cules, each very numerous and moving perhaps in a force-fiold of its 
own, is so ea.sy that no equations need be written down. In the 
absence of interaction, the Hamiltonian operator H in oq. (260) is 
simply tho sum of several terms, one for each kind of molecule; and 
the solutions of the equation are simply the products of the i/^n's for 
tho separate kinds, 

The final wave-function must then bo antisymmetric even for 
interchanges of similar fundamental particles between molecules of 
different kinds. When we secure this condition, however, by building 
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up out of product functions, as in eq (265), it is now impo&siblo 
for two w/s to be identical in foim, and hence thoio can never bo such 
a loss of i/'n s as we found to occiu with similar molooulcs Each 
foi one land of molecule, combined with each for every other 
kind, yields one independent zeio-oidei function for the whole system 
The process of antisymmetiiziiig between molecules of dilToient kinds 
can, accordingly, be ignoicd 

The theoiy of similar molecules is thus to bo applied separately 
to each homogeneous set of molecules that may be picsent in the 
system In a mixed gas, foi example, some molecules may be of F~l) 
type while otheis aie of B-E type, those of each type will then foim a 
gas exhibiting the behavior chaiacteiistic of that typo, just as if the 
otheis were not piescnt 

220. The Loosely Coupled Many-molecule System. Having con- 
stinoted in this mannei chaiacteiistic functions foi the system with 
the molecules moving independently, let us loiniroducc tho slight 
inteiaction that was oiigmally postulated to exist between them 
(Sec 218), so that in (260) we must wiite 

N 

n = + ii", 

H" repiesentmg the intei action 

Then we can mfei fiom the usual perturbation theory that tho 
chaiacteiistic functions foi the whole system will differ a liitlo from 
and En as given by (266) and (264) (with the u.sual pioviso in 
case of degeneiacy), but foi a zoio-oidev approximate treatment, which 
is all that will be contemplated heie, this diffeience may bo ncgleclod. 
Hence we may continue to woik with tho zoio-ordoi ^.j’s that we have 
already constructed just as if those weio the accurate chaiactcristio 
functions for the actual system As a mattoi of fact, they could also 
be used, although in a somewhat diffeicnt way, even whon tho inter¬ 
action is large; foi each chaiacteiistic function can always bo expanded 
as a senes in teims of oui zero-oidci t/'n's, o g, wo can write for them 

\j/\ ~ '^bin\pn When this is done, it can be shown that, if Nj» is the 

numbei of molecules lepiesented by \pn as being in state 3 , yf/'i repre¬ 
sents ^|6in|W,rt molecules as being in this state 

n 

221 . Statistics of the Loose Many-molecule System, From wliat 
has been said it follows that the principle of a prion piobability (Sec, 
217) can be applied to the zcio-oidoi quantum states lopiesoiitod by 
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our \j/n 8 as given by (265) above. Accordingly, when a system com¬ 
posed of similar molecules is in equilibrium, with energy confined to a 
small range ABI, we may regard as equally probable each dtstribution 
of its molecules among their zero-order quantum states, i.e., among 
the w,-'s. Let N,■ denote the number of molecules in the jth state; then 
each set of values of the N/s represents an equally probable case. 

As a statistical feature let us seek the mean number or expectation 
of molecules in each of these quantum states when the system is in 
equilibrium at a given temperature. As before, suppose first that 
the molecules arc all alike; let their number be N. 

All distributions being now equally probable, it is hopeless to look 
for a most probable or “normal'’ one as we did in the classical cose. 
The customary and simplest way of overcoming this difficulty is to 
redefine the term “distribution” in 
such a way that all distributions will 
not have equal probabilities. In order 
to be able to do this, we must further 
restrict the typo of system under 
consideration by supposing the one- ''t 
J tioloculc states to lie so oxtiomoly Pormi-Dtao .itairibuUon, 

close together that, after dividing them into groups of Vr states each, 
wo can suppose the iv's to be largo and yet can neglect the variation 
of the energy within any given group of states. Let us denote the 
number of molecules in the rth group by nr. 

Wo can then ask for the probability of any particular set of values 
of the ?It's, regarding each such set as representing a macroscopic 
distribution. According to what was said above, this probability 
will bo proportional to the number of ways in which the molecules 
can be parceled out among the molecular .states with ni falling into 
the first group of states, ?i 2 into the second, etc., with no attention 
paid to the individuality of the molecules that fall into a given group. 

In the F-D case, in which only one molecule is allowed per state 
(cf. Fig. 86), this number is simply the number of ways of selecting 
ni out of the first group of n states to hold Ui molecules, Uz out of the 
second group of pz, and so on, or 
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with tho convention that 0! = 1. 

To find the corresponding number in tho B-E cose (Fig. 87a)j 
imagine the Ur molecules that are to fall into the rth group laid out ^ 
in a row and Vr — 1 partitions inserted to divide thorn among tho 
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Vr cells, seveial paititions being allowed peihaps to fall together 
(Fig. 87&) The number of ways of aiiaiiging tho Hr + Pr - I 
molecules and partitions in ordoi in tho low is (?ir -F I'r 1) 1] but 
we must divide this by Ur^, the iiumbci of ways of perinutiiig tho 
molecules among themselves, and by (vr ~ 1) 1> the iiunribor of ways 
of peimuting the partitions among themselves, since any suoh porinu- 
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tation does not change the disliibution of tho molecules among tlio 
states Hence m the B-E case 


_ (vi + Til ~ 1) I (I'S "b “ 1) 1 
ai!(yi-l)I «2!(y3~l)I 

Now let us suppose that many of tho nr's arc laigo, and lot us apply 
to them Stilling’s foimiila, eq (2146) in Sec 164, or 

log n ~ (ti + H) log n — w + log ■\/2ir; 

here we will at once suppress compaiison with n, and also lump 
togethei terms which aio independent of tho citlior be cause 

== N 01 otheiwise Then we can wnto, with acemacy ho far 

T 

as the laige Or’s aic conceincd, m tho two eases; 


F-D’ log M = — ^Tir log Hr — ^^(rr ~ Hr) log {Vr ~~ Hr) 4- COllSt , 

r T 

B-E* log M = -^Hr log Hr + '^{Vr + ?ir - 1 ) log (j^t 4 Ttr 1 ) 

r r 

4 const. 

Proceeding then exactly as m Sec 199, we seek thoso values of Ht 
which make M oi log M a maximum, subject to tho two conditions 
that 


= iV, '^erUr = W, 
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Cr being the energy of a state in the rth group and E the total energy 
For these values of nr, if largo, we find: 


F-D: log nj + log {k - ?ir) - « - |3er = 0, 1 = e/>«r+« 

n-t 


B-E: ~ log ?Zr + log (j'r + Tlr “ 1) — a — jSer = 0, + 1 = 


after dropping 1/nr for the sake of consistency with previous approxi¬ 
mations. 

Lot us now write for the mean number of molecules per statts 
in the neighborhood of state i, whose energy is €,■; we can identify 
with nr /Vr for the group containing this state, and its energy e,- with tire 
value of Er for the group. Then the last equations give, respectively: 








— T[ 


(266a, b) 


When the molecules are of several kinds, there being many of each 
kind, one finds easily that a formula inust hold for each land which is 
like (266a) or (2666) according as the number of particles is odd or 
even in that kind of molecule; a may vary from one land to another, 
but j0, as in the classical cose, must be the same for all. 

222. Introduction of the Temperature. The constant |3 can now 
be connected with the temperatiivo by an argument which parallela 
so closely the classical one given in Sec. 202 that we need mention 
only the differences. 

The e/s and w/s are hove functions of the parameters which were 
there called a's, for the latter will occur in II' in the one-molecule 
amplitude equation, (263). During the small thermodynamic process 
contemplated in Sec. 202, any system can be represented by a T' of the 
form given in eq. (262) above, but the a,/8 themselves will now bo 
functions of the time. Tlio number of molecules in state j at any 
instant is then Nj - whore Nin denotes the number that 

are in that state when the system is in its quantum state n and |a„|2 or 
\on\ “ represents the probability for the oceurrGnc6 of this quantum state. 
If the ct'H mentioned above are changed extremely slowly, it follows 
from a theorem of wavo mechanics (the adiabatic” theorem) that 
this change does not appreciably alter the Un’s; changes in the a„'s 
and the iV/a arise hero, therefore, onl^ from the action of iioating 
forces. 

Accordingly, if there are no heating forces, the change in the 
energy, which latter can be written E « ia dii\ and this 

} . I 
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IS tho negative of the woik done by the system If, then, heating 
foices do act, the woik is unaffected by thou piosenco to the fiist 
01 del Ilenco we can wiite foi tho woik done dm mg tho infinitesimal 
piocess undei consideiation 

(267) 

} 

Tho leveisiblo heat absoibcd duiing tlie piocess is then, in analogy 
with (261a), dQ — + dW — -j- dW, or 

j 

dQ - 2)6, di?, (268) 

) 

Now, dining this piocess we assume the system to lemain close 
to equilibiium, so that iV, is given by (266a) oi (2666) Both of 
those equations, like the classical one, aio special oases of tho inoie 
geneial foim, 

+ Of), 

the being eeitain functions Whcnovci j?, has such a form, oq. 

(268) multiplied through by /?, can be wiitten, since 2) d'N, =■ 0, 

} 

0dQ = '^(fie, + a) d!}, = + a) dF,(0i, + a) (269) 

} 3 

Heie tho last momboi is obviously tho difteiential of a quantity which 
has a definite value coiresponding to each state of tho whole system 
Hence we can, as bcfoio, wiitc /3 = 1 /hT m tciins of Boltzmann’s 
constant h and the theimoclyiiamic tempoiatuic T, 

The final distiibution foimulas (266a, h) foi a loose many-moloculo 
system composed of siinilai molecules can, accoiclingly, be wiitten 

fi, = —^-- R, = --, (270«, 6) 

-b 1 - 1 

the first of those equations refciiing to tho Feimi-Diiac oi odd- 
paiticle case and the second to tho Bose-Emstciii or ovcn-pai tide 
case Ileie B takes the place of e* above and B and T aio dotoi mined 
by the two conditions that 

= R, ^,,R, = E, 

3 3 
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N is the total number of molecules in the system* and E its total 
energy (the slight molecular interaction being ignored), and the* 
sums extend over all of the molecular quantum states. 

As in the classical case, the distribution represented by these 
formulas is to be regarded, not only as the most probable one, but 
also as normal in the sense that appreciable departures from it are 
rare. Strictly speaking, the formulas are limited to cells which lie 
within a group containing a large number Ut of molecules, but this 
limitation is of no practical importance. 

223, Case of Large Energies: Classical Theory as a Limit Eorm. 
The exact significance in any particular case of the formulas that 
have just been obtained will obviously depend upon the law according 
to which £f varies from one molecular state to the next; and this in 
turn will depend upon the nature of tlie external force-field to which 
nil of the molecules are .subjected. Tho special case of the ideal gas 
will bo taken up in the next chapter. 

There is one general case, however, that of large energy, in which 
both formulas approximate to a simpler form that is very important. 
In order to make tho total energy E largo, the molecules must olavi- 
ously move out for tho most part to states of high energy. Accord¬ 
ing to (270a, 6), however, iV'/ is such a function of that it can never 
be smaller for any state of lower energy; hence E can be largo only if 
tho molecules spread so widely that the N/s all become small, and 
this means that for all values of €,• 


Be ^'» 1 . 

Wo can, therefore, writo approximately for either a F-D or a B-E 
system, when E is largo enough, 

=; (270c) 

whore C « 1/B, If all e/ > 0, O' « 1. 

This very useful formula is just like tho Boltzmann formula of 
classical theory, oq. (249d) in Sec. 201, except that hero reference 
to a particular quantum state replaces tlie mention of a cell in plmse 
space; historically, this formula was inferred many years ago as the 
appropriate quantum modification. Wo note, however, that it 
represents only an approximation valid for energies sufficiently liigh 
to justify neglect of the characteristic peculiarities of tho more exact 
wave-mechanical formula as given in (270a) or (270&). 
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224. Entropy of a Loose Many-molecule System. Th(' entropy 
can be found by putting j5 ~ ^ m (269) and evaluating 
Aftei an mtegiation by paits, we thus find foi it the gcnoial oxpi e.saion, 

; J 

wheie 

Cj , 

In the actual cases befoio us we have, wilting B ~ g" again in (270rt, &), 
iV, = 

the uppei sign icfeiiing to the F-D case and the lower to tlio B-IO 
Hence hero 

J dxi = J= + log (1 ± e"*0 H- t’onst, 

“ + log (1 4; B~h + const 

since e“ = B Noting that ^e,F, = F, the total energy, and 

J 

= N, whereas a = log B, we have, theiefoio, if wo omit tlio 

) 

constant of mtegiation, 



± log (1 ± B-H~^). (27 la) 

} 

An equivalent expiession m tciins of the moan densities can 
also be found by substituting, in the oiigmal expression for >8, 

•"’ “ (f, ^ ')’ 

and in the expiession found foi dxu 

(1 ± e-*0 == 1 ± ("i T iV' = 1 ± = --FT* 

) 1 T iV'/ 1 q: jVy 

We thus obtain 

S = log T 1 ^ T ^2 log (1 T M,), (2711) 
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or 

^ hF +• (27160 

In the classical limit discussed in the last section, where is 
given with sufficient accuracy by (270c), and all iV/s are small, these 
expressions become approximately 

S = ” + iVfc log i? + m (271c) 

i 

as may be verified by expanding tho logarithms in (271a) and (27160 

_ */ 

and keeping only first powers of or B~^g These expressions 
agree with the classical ones as given in (252a, 6) in Sec. 203, except 
that here iSo is given the special value Nk; physically, the latter 
difference is of no significance because it concerns only an arbitrary 
constant. 

It may be remarked again that, contrary to our previous usage in 
dealing with gases, S stands hero for the whole entropy of the system, 
not for the entropy of a unit mass, 

226. Statistics of Mixed Systems. Tho results that have been 
obtained for homogeneous systems are eovsily extended to loosely 
coupled systems in which there are several different kinds of molecules, 
many of each kind being present. In Sec. 219 wc have seen tliat in 
the zero-order approximation, in which the slight interaction is 
ignored, each kind of molecule can be treated as if the others were 
not present; interclmngo of coordinates between molecules of different 
kinds need not bo considered and the quantum states for the whole 
system can bo formed simply by taking all possible combinations of 
tho quantum states for the .separate groups. Accordingly, when we 
employ tho method of one-molecule states, we have to consider all 
distributions of the separate kinds taken independently. 

Tho mode of gonoralizing tlie calculations of Sec. 221 follows so 
closely tho lines of tho parallel process in classical theory, as described 
in See. 201, that few details need be given. The number of arrange¬ 
ments M is simply the product of expressions like that written in 
Sec. 221, one for each kind of molecule, and its logarithm is the sum 
of corresponding terms. OMiere is a separate equation of the type, 

~ N, for each kind, but a single equation expressing conservation 

T 

of tho total energy JU. Tho re.sult is then a distribution law of type 
(266a) or (2666), or (270a) or (2706), for each Idnd of molecule, 
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according as it is of F-D or B-E type, the constant a oi B vaiios fiom 
one kind to another, but /? oi 1/LT does not 

In biief, each land of molecule is distilbuted as if it alone were 
present, except that the common tempeiatuio of all is detei mined by 
their total encigy The entiopy, likewise, is easily soon to bo simply 
the sum of the sepai ate enti opies 

226. The Canonical Distribution in Wave Mechanics. In classical 
statistical mechanics wo dealt not only with distiibution laws foi 
the separate molecules but also with a piobabihty distribution in 
phase, called canonical, of the entiie system It is natiiial to seek 
foi something similai in teims of wave mechanics 

Now the lack of complete individuality of similar bystemH which 
lesults from the exclusion piinciplc puts gicat dilhculties in the way 
of an exact imitation of the classical aigiimont which led us above 
to the canonical distiibution, so that wo scorn hoie to lie tin own 
back upon a moie induect pioceduie We shall find in the next 
chaptci (Sec 232) that apeifcct gas of point-mass molecules, behaving 
as noaily classically as desiied, can bo lealizcd at any temjieiatuie 
by making the density low enough If such a gas containing a hugo 
numbei N of molecules is used as a tempciatuic bath in slight contact 
with any given system, the statistical distribution of tho latti'i among 
its quantum states can leadily be found Since tho macioscopKs 
behavioi of the system can scaicely depend upon whether it is coupled 
to a gas 01 not, it seems plausible to assume that we may adopt its 
distribution when so coupled as the canonical one 

Let the enetgies of the quantum states of tho system be /i?,, and 
of the gas, B'^ Then tho zeio-oider quantum states of the combined 
system foimed by the given system and tho gas will consist of each 
quantum state of the one combined ivith each state of tho other, tho 
total eiieigy being B, + Bi, Bach of those states whose energy lies 
in a small lange 8B can then be tieated as equally piobablc (^00 217) 
The lelative probability of each state of tho original system with 
energy B^ will accoidingly be piopoitional to the niimbor fip' of states 
of the gas with which that state of the system can combine in such a 
way as to make a total eneigy lying within 8B; for such .states tho 
eneigy of the gas alone lies in a lango of width 6B about tho value 
E' ^ B - B, Now, accoiding to eq (293) m Sec 233 of tho next 

chaptei, the gas has Vg = XB ^ states below oiieigy /i?, X being a 
coefficient independent of B] hence it has 


3V 

p' = X(B - 
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states below E ^ Bi, Accordingly, to SE there coiTespoiid. 

JvJ = Wx{E - El) " SS 

states j and the ratio of the probabilities of two states of the original 
system with energies Ei and E 2 is, thorofore, 

Pi _ _ /B - BA’s" _ / ^ Hy 

P, {Sy',)i \E-E.2) “L_BLsj 

Here B consists mostly of the energy E' of the gas and so is vastly 
larger than Ey, hence we can write with sufRcient accuracy 

E ^ E' -I NhT 

in terms of the Boltzmann constant h and the aljsolute temperature 
T, Then, writing log (1 — a:) = —x -[• • • • , wo have 



after dropping the factor {^N — l)/(f A^), which is indistinguishable 
from unity, Tims the probability of any state of energy Ei for the 

-Jh 

first system is proportional to e and can bo written 

Ei 

P^ = Ce *2’ - - -(272) 

t 

the value of C being fixed by the condition that = 1, 

< 

This is obviously the exact analogue of the canonical distribution 
in classical theory as expressed by eq. (251) in Sec, 207 above. Pre¬ 
sumably it can bo taken as a basis in quantum theory for obtaining 
the statistical properties of any system in equilibrium. 

227. The Entropy. From (272) one obtains readily, by the method 
we have several times uh(k1, as the wavc-meehanical analogue of 
(266) in Sec. 208, for the entropy of any system at bunporature 2’; 

.S = -h^Pi los P( = I + A log 2 


(273) 
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E lepresentmg the mean eneigy, a-nd the additive constant 

t 

being set equal to zeio The last sum heie is Planck’s state sum, 
The first expiession for S given in (273) i educes at T = 0 to 

~ A. log Wo, 

where Wo is the degiec of dcgoneiaoy of the state of lowest energy, 
or the numbei of fundamental quantum states having that eneigy; 
foi at absolute zeio P, = 1/wo foi each of these states and P, = 0 
foi all others Thus, accoidmg to (273), the entropy of any system 
IS finite at P = 0, as it has been widely infoired to be fiom the Nernst 
heat theorem For any given system it could bo made actually zero, 
if not zero already, by moans of a diffoient and lathci unnatural 
choice of the arbitrary additive constant in S, 

At this point we are in contact with the question, so impoitant in 
chemistiy, whethei all changes of entropy duiing chemical tiansforma- 
tions vanish at absolute zeio This question lies entiiely outside tho 
subject of gases, however, and will not be discussed here (but cf. Sec 
236). 

The system under consideration may, of course, be itself a loose 
many-moleoule one, perhaps a gas In that case statistical mechanics 
gives us m (273) heie and m (271a, 6, c) in Sec 223 two diffoient 
expiessions foi tho entropy which seem even to arise physically in 
different ways If both forms are corieot, they can differ m leality 
only by a constant In the next chapter we shall investigate tho 
difference in the special case of a point-mass gas (Sec 234); in that 
case it turns out that, in so fai as the earlier formulas (271a, 6, c) aro 
valid at all, they happen to agiee completely with the now one, (273), 
just as wiitten 

Thus the same duplicity of method and of results that aie found in 
classical statistical mechanics persist in the wave-mechanical foimula- 
tion The only important difference is that in wave mechanics 
similai particles aie not completely independent of each other, and 
consequently the canonical distribution of the system can bo made to 
yield the distiibution law directly only for dissimilar molecules, not foi 
a group of similar ones 
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WAVE MECHANICS OF GASES 

Tlio most important applications of wave mechanics to the theory 
of gases have already been discussed in Chap. Ill (Secs. 54, 56, 76, 
76, 77). In that discussion, however, tho gas was conceived of 
as a collection of molecules moving about in space like classical 
particles, and wave mechanic.s was applied only to their collisions 
with each other or to their internal heat energy, and only in an approxi¬ 
mate form.. This method is adequate for the treatment of most 
problems. For tho sake of completeness, however, the theory should 
somewhere bo formulated from the beginning entirely in terms of 
wave mechanics. This will bo done in the present chapter; and we 
shall at the same time consider the conditions under which deviations 
may bo looked for from tho properties predicted by classical theory. 

228. The Perfect Gas in Wave Mechanics. The perfect gas con¬ 
stitutes the principal example of tho loose many-molecule type of 
system whose theory has already been developed in Secs. 218 to 221 
of the last chapter. To avoid repetition we shall build directly upon 
tho results tliero obtained. It is necessary to add only a special 
assumption constituting tho mathematical definition of a perfect gas; 
wo shall find that it is then possible to work out the theory completely. 

External force-fields will bo assumed to bo entirely absent except 
for tho restraining influence of the walls of the vessel. Tho effect of 
tho walls can be represented by a potential-energy term in the Hamil¬ 
tonian function, and wo shall assume that this can bo expressed with 
sufficient accuracy in terms of tho centers of mass of tlie molecules 
alone. Then, when tho interaction, between the molecules can be 
ignored, tho functions for the whole gas can bo built up out of func¬ 
tions each of which rei)resents one molecule alono in tho vessel; and 
tho wave equation for one molecule can bo written, as a special case 
of (263) in Sec. 218, 

in which is that part of the Hamiltonian which contains the 
coordinates of the center of mass, II', is a term containing the internal 
coordinates of the molecule (representing rotation, vibration, etc.)., 
and Uw is the potential energy between the molecule and the wall. 

303 
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We can suppose Uw to be zeio eveiywhole except that it uses with 
extieme lapidity towaid infinity when the molecule comes extiemoly 
close to the wall The effect of any such teim in the Ilamiltonian can 
be shown to consist in foicing ^ to vanish as C/tt —> Aocoidingiy, 
we can also drop XJw entirely and wiite as the wave equation for one 
molecule simply 


(//^ + mu, = (274) 

provided wo add the boundary condition that it, = 0 at the walls 
of the vessel 

The limitation of the translatoiy motion only by a wall of this 
sort, together with the absence of interaction between the molecules 
themselves, may be regal ded as the wave-mechanical definition of a 
peifect gas, As in classical thooiy, the idealization is excessive, since 
with no interaction whatever thcie would be nothing to bring the gas 
into a state of equilibrium. To repiesent an actual gas we must 
suppose that a slight raoleculai inteiaction does in fact exist; such a 
gas might be called, in contiast with the absolutely peifoct typo con¬ 
sidered here, a physically peifect gas The inteiaction will enter into 
the equations as a small perturbation and, in harmony with the 
explanation in See 220, will affect the quantum states of the gas only 
to a negligible extent The theoiy of the absolutely peifect gas, as 
we shall develop it, may accoidmgly be legaided as a good zero-order 
approximation to the theoiy of a physically peifect gas 

In eq (274) the variables can now be separated. Substituting in it 


W; = (a-, y, z)Xv, 

where v?,, is a function of the caitesian coordinates of the center of 
mass of the molecule while Xv is a function of its internal cooidinatos 
alone, wo find that w, so defined is a solution of (274), piovided 

^9,1 = Wp, ~ n»Xy, = T/i -h (276a, 6, c) 

Here and are arbitrary now constants which can bo logaided 
as repiesenting, icspectively, special values of the translatoiy kinetio 
and internal energies 

The Xv’s lepiesent a set of internal quantum states of the molecule, 
including its vaiious nucleai states, and will not be consideted in 
further detail hero, the deteimination of these functions and of the 
allowed values of ijv is taken up as the most impoitant pioblem in 
treatises on wave mechanics The ^„^s, howevoi, picscnt a pioblem 
that belongs to kinetic theoiy 
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229. The Point-mass Perfect Gas. It is simplest to develop first 
the theory of a gas in which all the molecules are in the same internal 
state; for convenience in the applications, however, we shall allow this 
state to have a multiplicity w, due perhaps to electron spin or to 
nuclear causes. As a special case, of course, it may happen that 
w — 1 . The function x» mid its associated energy rjp can then be 
ignored and the theory becomes the same as that for a set of point 
masses. For the present we shall also suppose the molecules to be all 
alike. 

Equation (276a) can bo written explicitly in the familiar form 


where m is the mass of a molecule, h is I’laiick’a constant, and the fir.st 
term multiplied by { — h^/STr^m) represents It can be shown 

that notliing of phy.sical interest is changed if we give to the vessel a 
special shape in order to simplify the mathematical form of the ^, 4 ’s; 
accordingly, we slmll assume it to have the shape of a parallelepiped 
of edges h, hi hi iind've shall take axes along three of these edges. 
Then the boundary condition stated above requires that <pn = 0 
whenever the molecule comes up to the wall of the vessel, i.e., when¬ 
ever a; = 0 or h, qy y — 0 or h, or « ~ 0 or h. 

The only typo of function that satisfies all of these conditions is 


'U 'll t 

(p,, = C sin HYK Y sill T sin /tax 


(277) 


in which C is a normalization constant, while pi, jtts, pa may bo any 
three positive integers. The corre) 3 ponding kinetic energy is 


^1* ^ 


Sm \ II 




hI 4- 

n lU 


(278) 


It is easily verified by substitution that any ^,4 so defined is a solution 
of (270). 

In its mathematical form this solution recalls the classical standing 
oscillations of a solid rectangular block, aud like the latter it can bo 
regarded as formed by the superposition of eight trains of running 
waves, each of which is continually being converted into one of the 
other seven by reflection from the walls. These eight trains can be 
expressed in the form 
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where* 


p* = Vy == V» = ±/^8 (279) 

and hence p^ = p| + p^ + Pa — Accoiding to the theory of a 

single paiticle, an infinite train of waves of this charactei icpie&onts 
the molecule as moving in a ceitam dnoction with momentum p and 
kinetic eneigy f Hence wc can say, speaking loughly, that any tpp. 
of the form of (277) icpiesents a molecule as moving with kinetic 
encigy and with an equal chance oi being found going in any one of 
the eight diiections whoso cosines aie piopoitional to ±piAi, ±M 2 /^!i, 
ips/fs 

As to position, however, a molecule in a state lepiosentod by a 
single (pn IS equally likely to be found in any pait of the vessel, aside 
fiom the characteiistic quantum phenomenon lopresentod by the lapid 
fluctuation of over distances of the Older of the molceular wave 
length, X = /i/p 

An antisymmotiic wave-function foi the whole gas can now be 
built up out of the one-molecule functions <Pn as a special case of (265) 
in Sec, 218, viz , 

= (l')“l^S ± P^,,(l)^>,,(2) • <p,,(N), 

N being the total number of molecules, the coiicspondmg kinetic 
energy is then 

■®n ~ ~b fiJa “b ' 

Such a function may be regarded as rcpiesontmg a state of the gas 
m which, if N, is the numbei of times that any paiticulai <p^ occurs 
lepeated in each of the pioduct functions out of which i/'„ is constructed, 
then tlioio aie JV, molecules moving with lunotio encigy and momen¬ 
tum p = (2wl*;i)^^; and theie is no haim in imagining that one eighth 
of them are moving in each of the eight diiections that we have asso¬ 
ciated with each <p^ We cannot say which molecules aie so moving, 
however; they aie not individually distinguishable Then if the gas 
is in a moie general state, lopiosented, as in eq. (262) m Sec. 216, by a 
wave-function 


n 

* The ± 'b m p*, py, p, are independent and the ± written m fiont m the product 
of all three of them 
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we can say that ^lc„|W^j, molecules are moving with energy fji, N^n 

n 

denoting the immber so moving when the gas is in state and |c„|® 
representing the probability of this state, 

In the particular case of a gas in eqailibrium we can ?o farther and 
assert that these molecules are^moving equally in nil directions; for, 
this statement holds for each quantum state represented by a single n, 
and, for systems in equilibrium, according to the principle of a priori 
probability laid down in Sec. 217, whatever is true for all quantum 
states must likewise be true for the gas in its actual state. When the 
gas i.s not in equilibrium, on the other hand, the phases of the c„’s 
cannot be assumed to be chaotic, and interference between the 
belonging to different ^n's may then result in noiiisotropic distribution 
of the molecular velocities. 

230. The Two Types of Point-mass Gas. In accord with the 
general principle explained in Sec. 219 homogeneous perfect gases 
with point-mass molecules will now fall into two distinct classes, the 
Formi-Dirao (or F-D) type with molecules composed of an odd number 
of fundamental particles, and the Bose-Einstein (or B-E) type, in 
which tills number is even. In the F-D type no two molecules can 
be in the same quantum state; this means here that, if w is the mul¬ 
tiplicity of the internal molecular state, at most w molecules can have 
the same Idnotic energy and the same associated eight directions 
of motion, one being in each of the w fundamental internal states. 
In the B-E typo there is no such restriction. 

It must not be concluded, however, that in a F-D gas a molecule 
in one corner of the vessel cannot move in a certain manner if another 
molecule somewhere else is doing it, or that after a multiple collision 
two molecules cannot move off with sensibly the same vector velocities 
and energies. For statements of this sort to have a meaning, ^ must 

consist of a series, ^ in which the c,^'s for many quantum 

ft 

states differ from zero and also do not have chaotic phases; and then 
it can bo shown that the indobermination principle described in Sec. 76 
results in a sufficient degree of indefmiteuess in the molecular velocities 
to prevent us from tolling with the requisite precision whether two 
molecules really do have identical velocities or not. 

231. Tke Homogeneous Point-mass Gas in. Equilibrium. The 
molecular distribution law for either type of gas can be obtained from 
(270a, h) in Seo. 222 by substituting the kinetic energy for q, 
changing Rj to and multiplying by the multiplicity V) of the 
mternal state. We thus obtain, as the mean total number of mole- 
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cules m the Atth state, under cquilibi mm conditions, 


(280fl, h) 


BekT _j. I 


^ 1 


the two formulas lefeiung to the Foimi-Dirac and to tho BoHC-Kinstcm 
types, lespcctively (A- = the Boltzmann constant, T =■ absolute 
tempeiatuie) 

Usually the molecules aie widely dislnbuted among their trans¬ 
lational quantum states, and then it is convonionfc to treat tho cnoigy 
as a continuous vaiiabie Tho numbei of onc-molooulo quantum 
states having energies in a lange dt mil bo equal to tho numboi of 
positive integral sets of ni, / 12 , Fs foi which f as given by (278) hos in 
To find this numboi, let us take as now vaiiables tlio coinponcnts 
of momenta 


^ 111 teims of which f = (p2 + pj -p pf}/2vi = 

py'''\\ pV2?7j, Then m all piactical cases it turns 

\ \ out that li, 4, 4 are oxtvomoly largo rolativo 

\ \ to /i/p 1 , /i/p 2 , hjpz (the quantity h/p ropre- 
^ -—hi— sentmg the molecular wave length), at least in 

Fio 88 -Molecular alls slatistioal importauGo; 

plotted in p BpacG, accoiaiiigiy pi^ p^^ p 3 bo tvoatod as 

if they vaiiecl continuously Now tho number 
oi mtegially spaced values of pi within a unit of px is obviously 
2Wh\ hence, by extension of this losult to thico dnnonsionH, 
the number of quantum states per unit cube of pu p, space 
T/ ^ 87//i3m ieims of the volumo of the vessel, 

V ^ 444 The numboi of tianslational states included in tho tiinly 
positive octant of p space up to a given numoncal value of p is, there¬ 
fore (of the two-dimensional Pig 88), 


s o irp" 


':Tr{2m)y^ 


where X ~ hjp the limiting wave length [cf cq (116)], and f « pV2;n. 
The nutnbei' of states included in the laiigc di* is thus 

“T f convened into an 

g aJ with icspect to f in aoooidance with tho gonouil formula 


(281a) 
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- 27r;rs(2m)^iy/r^V(f)df. (281&) 


To express the distribution law in terms of let us now multiply 
the expression found for dv^ by as given in (280a, &), and write 
for the result y% df, % thus denoting the number of molecules in 
unit volume per unit of the energy f. We thus obtain 


2 

■s/ih’li BeMT i’ 


Q 


(2irink)^^ 
UP —rT^» 


(282a, b) 


the upper sign referring to the F-D type and the lower to the B-E. 

The condition fixing the constant B is thatj^ % df = n, the total 
moleoular density, or, after setting f = kTx, 


_^Q 

•v/tt n 


y95 




dx 

____ 


= 1 . 


(283) 


The total energy E is similarly given by ~ E or, since 

V = JV/n, 

'VTT 11 


J. 


’ x^'^dx 
Be^ ± 1 


= E. 


(284) 


The two integrals in these equations define unfamiliar functions of B 
and in general can be evaluated only by indirect methods. 

The detailed discussion of these formulas can best be done for each 
type of gas separately. This will be postponed, however, until several 
other matters have been discussed which arc common to both types. 

Tim entropy can bo found from tlie oxpres.sion given in (271a) in 
Sec. 224 for any loose many-molecule system: 

,S - I + Nk log B ± log (l ± • 

; 

In the case of the point-mass gas the sum over j becomes w times a 
sum over p, and this in turn can be converted, by following (281a), 
into an integral over f or over a; ^/kT. In this way, after introduc¬ 
ing Q from (2826) and V = N/n, and setting 6/ « wo obtain 


8 




log [1 ± dx. 


In. the presoirt instance, however, the last term can bo expressed in 
terms of the energy, for an integration by parts* converts it into 2/3IT 


* At «. log 11 ± D-h-*] -» ± -»0. 
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times the expiession given m (284) foi Ilenco wo can also wriio, for 
eithei type of point-mass gas, 

;S = OTlogB + ||' ( 28 D) 

The -piesme p can be found fiom S, but it is simplest and moat 
illuminating to find it diioctly by insciting ni its defining; oqualioiii 
dW = p dV, the value of dW given in oq (267) in Soc 222, wliicli lioro 
takes the foim, 


dW= 

> 

The determination of the lattei sum can be simplified by giving to tho 
vessel the special foim of a cube with edge I Then (278) above can bo 
wiitten 


hi 7,2 

8^2 (^1 + + Ms) = (Mi + M2 + Ms)- 

Henee as V is altered with no change 111 mi, M 2 , Ms, 


(280) 


Si* 


2 ^ 

■3 7 ' 


and, substituting for in tho expression just wiitten for dW, 


= ||dy. 


Thus 


2JJJ 


(287) 

or, the piessure is two thirds of the kinetic energy per unit voluino just 
as It IS for a cJassieal gas [cf. eq (6) m Sec C] 

de JnJi? 's evident that, for a given kind of gas, the vaJiio of n 

tihlt ?” the tempeiatuio and Iho density buf not, ns wialit 

alt^nT„7^^^T diieotly upon tho eizo of tlio voBaol, 

relative distnh?^' ' molooulai quantum states Tlio 

relative disti.bution of the molecules in energy, as ropiesentocl by 

the mean eiieigy pel molecule, S/N, and tho ontiopy po. moloLlo 
yN aie likewise functions of the tempeiatuie T and density n alono’ 
In these respects the conditions aie as in classical tllry ^ 

n formulas for the total entropy of any mass of 

gas containing ^ molecules It can then easily bo tXn t "fofo. To n 
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gram, or to a gram molecule, by assigning the appropriate meaning to 
E and N, 

232. The Approach to Classical Behavior, In Sec, 223 it was 
sliown that tho distribution law approximates to the classical form 

JL 

whenever for all quantum states 1. Here, since e,- — f ^ 0, 

this is equivalent to the condition that 

When this is so, the term ± 1 can be dropped in all denominators. 
The distribution laws then take on tho Boltzmann form, 

^ n _ 

= wCc m QCt^^e 

■y/ Trk^^ 

where C = l/B, Both integrals in (283) and (284) thus become special 
eases of the following more general form which can easily be connected 
with *6“"’ dy ~ by tho substitution x ~ y (cf. table of integrals 
at end of book): 

& = da: = ^- (288o, 6) 

Using tlio first of these with s — 1, w'c find from eq. (283) 

2 Q ^55 2 v5 
's/vn B 2 

whence 

n 

approximately. Since there is no upper limit to the values of B, it 
follows that large values of B and of QT^^/n occur together, and the 
condition for the validity of classical theory can be stated also in terms 
of tho latter quantity. 

An interesting alternative expression can be obtained by noting that 
•| kf represents tho mean kinetic energy of a molecule at toinperauure 
T and-hence can be written p^/2m in terms of the root-mcan-sqimre 
momentum p,; with the latter let us associate the root-mean-square 
molecular wave length, X. ~ h/p, [of. oq. (115) in See, 76]. Then 
kT = /iV3wX2, and from (2826) 


= 1, 


(280) 
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Let us also introduce 8 {n/'w)~^ to lepiesont the moan linear spacing 

of the molecules in each internal state, 

Then we can write as the condition foi the appioximate validity of 
classical theoiy. 

This condition can he expiessed by saying that the moan spacing 
of the molecules must gieatly exceed then wave length, for, in the last 
exmession, is only of the order of 3 

The condition, can always be met at any given temperature by mak¬ 
ing the density low enough, so that oven at low lempeiatiuos it is 
possible to have a gas behaving classically, or, at any given density it 
can he met by raising the tompeiatuie sufficiently At a given density 
and temperatme the appioach to classical bohavim isbettei for heavy 
molecules than for light ones, and it also impioves with an merenso 
in the internal multiplicity 

It may be noted that if the mtegial in (284) is evaluated for a laigo 
value of B by moans of (288&) with s — 1, and if QT^*^/n is then sub¬ 
stituted for eq (284) gives B ~ ^ NhT ox the classical value for a 
gas of point masses. 

233. The Number of States. At this point it may be inteiosting 
to interrupt the discussion in older to consider one or two special points 
In Sec 231 we obtained m eq. (281) an oxpiession for the number 
Vi of one-moiccuie states whoso eneigy is loss than a given value f 
By an extension of the argument tbeie given we can find also the total 
number of translational quantum states for an entile gas containing 
N point-mass molecules. 

Each of these states is leprosented by a complete set of the 
for all of the molecules, and if we think of the coiiosponding p's, 
defined as they are below eq (280a, &) in See. 231, as coordinates pi, 
ps pm in a space of BiV dimensions, there will be 

or (SF//t®)^ sets of whose p^s he in a unit cube m this space. The 

2 

total energy is ~ Accordingly, extending the lango of 

integration for each pp to ^ as well as + «>, and then dividing by 
2®^ to correct for this extension, we seem to find for the number of 
quantum states of the gas corresponding to eneigy less than B 
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i /sfV f 
J 


Sl>pV2»i<J3 


ci?>2 


/y\Ar Mr 


dp»N = 

L 






(291) 


after substituting pp — The last integral here represents 

the volume of a unit sphere in 3N dimensions and can be written in 
iterated form as 


2^‘’fy>ju ■■■ X 






(1—l/j'* — I/J* —'j/sw’) 


dt/il 


evaluating the integrals in succession, wo then find ultimately 

w 

^. (292) 

where r(w) == dx. * 

An error has been made, however, in allowing all /x^s to vary inde¬ 
pendently. In reality, all points that can be transformed into each 
other by permutations of the N molecular sets of ju’s as wholes represent 
the same wave-function; for in forming an antisymmetric combination 
of one-molecule functions as in Sec, 229 it is immaterial in what order 
wo first write down the v?j,’s. Since there are iVl such permutations, 
we must, therefore, divide the result just obtained by JYl Strictly 
spealdng, this is still wrong as regards points for which two sots of h*r 
are identical; in dealing with a gas of F-D typo these particular points 
ought actually to be omitted entirely. When E is large, however, so 
that the jit’s are mostly largo numbers, it can bo shown that the points 
at which two or more sets are identical foi*in a negligible fraction of the 
whole, just as points regularly spaced near the lino jc = y = Sf aro 
negligible among all points so spaced inside a largo sphere. 

Hence, inserting the value given in (292) for the integral into (291) 
and dividing by ATI, wo have for the number of translational states of 
the gas whoso energy is less than E, with vanishing relative error as 



E —^ 00, 



(203) 


* Of. B. O. Polrco, “Table of IiitcgralB,” p. 02; tho result can bo worked out by 
moans of formulas on that page. An oquividout form is given as a Dlrichlot 
integral in B. Williamson’s “Integral Calculus," p. 320. 
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As an illustration, let us see what the older of magnifcuclo of^ 
and Pi are m a practical case Consider a cube 0 0001 cm on tt siclo 
containing 26 molecules of hydrogen at 15°C and a picssure of iO" atm. 
Then - 3 35 X g, h = 6.62 X lO"^?, and if wo lot ^ l^comci 
equal to the mean kinetic energy of a molecule at 16 G, so 
that f = l&T = I X 1 38 X X 288 - 6 97 X lO-^-^org, wo find 
from (281) in Sec 231 

vf = 25 X - 36 X 10*2 

Again, if we take f = E/N, we can write from (293) 



in terms of p^ from (281) Let us take iVl ~ (N/o)^ by Stii'ling 6 

H 

formula and t(^ + f ^ nearly enough (siiico 

r(n + 1) = nlfoi integial n), Then, insoiting iV == 26 and tho value 
just found for p^, we find 


SAT 5N 



roughly This is a tremendous number and shows how very far below 
the reach of macroscopic observation aie tho quantum statoa witii 
which the theory operates 

A much quicker method of malang such estimates is to make ft 
calculation m terms of wave lengths If we drop tho factor 4-^/3 from 
the middle expression in (281), we have Vf — V/\^ or tho iiuinbor of 
cuhic wave lengths m the volume V Since V — 10“*2 aiid at 16‘^C 
the wave length X of a hydrogen molecule moving at mean speed is 
114 X lO""® cm, we find P{ = — 10^^ roughly, which ia 

almost coriect The number of states for 26 molecules should then bo 
Vq = = 10^^*, which is again very close 

It is worth noting that (291), the value obtained for before 
making the reduction requued by the exclusion pimciple, is equal to 
<T/k^^, where o- is the classical value of the phase space up to oncigy N, 
as given in Sec 196 above. The same thing is likewise tiue for just ouo 
molecule, of course, for nothing prevents us from setting = 1, and in 
that case there is no reduction to be made, eq (291) being correct. 
This is one way of establishing the old result that for a point moss 
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without internal multiplicity each quantum state corresponds to 
a volume /i* in classical phase space. For a large group of N similar 
point masses, however, the added factor 1/JVlin (293), which is required 
by the exclusion principle, reduces the volume corresponding to a 
quantum state of the group from to ]i^^/N\ (approximately). 

234. The Zero-point Entropy. It is interesting to compare the 
expression furnished by quantum theory for the entropy of a gas, under 
conditions such that classical theory should hold, with the expression 
furnished by the classical theory itself. 

According to eq. (285) in Sec. 231 the entropy of a perfect gas 
composed of N point-mass molecules, with or without internal 
multiplicity, can be written 

S = OTlogB + ||- 


In the classical limit this differs from the classical expression itself 
as given in {252h) in Sec. 203 or 

s = ^- m\ogc, 


in which for a point-mass gas C — 1/J5, only in the integration con¬ 
stant; for in the limit F = f NkT and the two expressions thus differ 
merely by Nh. 

If wo insert in the first of tliese expressions both = f NkT and a 
suitable value of B, using (289) and (290), wo obtain for the classical 
limit the alternative form, given long ago by Planck (for w = 1), 


S = Nk log 




L 


{2irmkT)^^e^'^ 

nh^ 


(294a) 


Hero m ~ molecular mass, h — Boltzmann’s constant, T = absolute 
temperature, n = density in molecules per unit volume, h = Planck’s 
constant, 'w = multiplicity of the internal molecular state, For 
a gram (or a gram molecule) of gas in volume Vi, containing ATi or nVi 
molecules, we can write the last formula in the two forms 


8 = Nxk log (Fi2'‘W) + ^0 = Nih log ^ 4- (2946, c) 

these differ from the usual phenomenological formulas [of. (262d) in 
Sec. 204] only in that here the integration constants are assigned tho 
definite values 
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„ T 1 r . (204d) 

(So = Nile log ^ ^ 

= Nik log w j = /So 4* ^ log (294c) 

where R = Nik 

The tntegiation constant is, or was, of particular inioicst m (Jon- 
nection with the Nernst heat theoiem and its applications to cliomisLi y 
This theorem is concerned with tempeiatuics neai absolute ?.eui. 
Now at such low temperatuies the formulas that we have luthnrto 
obtained become open to doubt because the discroto spacing of tho 
quantum states then assumes importance; tho whole basis of our 
calculation for the point-mass gas, m fact, disappears. Theio j« 
another method, howevei, that of the canomcal ensemble or dislt ibid ton 
as descubed m Sec 226, which is open to no such restriction. 

This latter method fuinishos in eq (273) ol Sec 227 tho folio wing 
expression, 

S = I + ilog 

I 

where jS, is the energy of the whole gas in its tth quantum stalo ami Lhn 
sum extends ovei all states This formula has the advantage lliat it 
should hold all the way down to absolute zero, the lowoi quantum Htatort 
being those of the liquid or solid phase. Lot us sco what fouu 
it assumes in the classical limit 

Paralleling the proceduie used for ono molecule in Soc 231, wc cant 
replace the sum in (295) by J* {AvJdB) dB, wheio pq is tho iunnl)C‘r 

of quantum states having enoigy below 7S, as given m oq, (293) above; 
the factor aiises from the fact that each of the ways of at langilipC 
the N molecules in thcii w internal states, combined witli cacli tiaiiH- 
lational state, yields a separate quantum state of the gas Wo LIuih 
obtain 



The integial by itself can be written 

(kT)^ r dx - (A;T)^rf| w) = (kT)^ 

JO \ J / 3iV/2 
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(cf. Peirco, “Table of Integrals/' p, 62). Let us also suppose iV” to be so 
huge that N\ can be replaced again by the ultimately important factor 
in Stirling’s formula, (N/e)^, Then the value of the state sum becomes 



whore n stands for N/V ; and for tlio entropy we have, after inserting as 
usual « I NkT, 


S = ~Nh + Nk log 


{2n?nkT)^^e 
^ nh^ 


It is interesting that this expression agrees eij:aetly with that in 
(294a) above. Since the original formula as given in eq. (285) can 
cliifer from that given in eq, (295) only by a constant, it follows that 
these two forimilas must give the same value for S, not only in the 
classical limit, but whenever validity can be claimed for both. 

Thus the choice of the integration constant that was made in obtain¬ 
ing our general formulas for the entropy of a loose many-molocule 
system had the advantage that the resulting formulas, at least when 
applied to a perfect gas, agree throughout their range of validity 
with another formula tlmt holds down through the liquid and solid 
states to the absolute zero of temperature. The values of the constants 
as given in (294d, e) are, consequently, consistent with the assumption 
that the entropy at 3' = 0 is k log Wo, where Wo is the multiplicity of the 
state of the substance at that temperature, and is zeim if this state is 
simple (cf. Sec. 227). 

235. Chemical Constant and Vapor Pressure. The entropy of 
gases is of great importance in chemistry because of its bearing on 
gaseous reactions. It follows from thermodynamics that at constant 
temperature any system tends to settle into its state of lowest free 
energy. Now in the expression for the free energy, F ~ U — TiS, the 
change in the energy U involved in a reaction is simply the heat of 
reaction and so can bo measured or calculated from other data; if, 
therefore, the change in entropy that is involved in a reaction can bo 
ascertained, it is possible to calculate the temperature or other condi¬ 
tions under which the reaction will take place. A direct experimental 
determination of the change in entropy may be impractioable, how¬ 
ever, because to effect it the reaction must be carried out reversibly. 

Now Nornst's heat theorem asserts that, at absolute zero, not only 
is the entropy always finite (provided the volume is kept finite), but 



408 


KINETIC THEORY Of 


{('lIAV X 


also the change in entiopy duiing any chemical roaotioii vaniHhos.’*' 
If this punciple is true, we have only to find expiC'sbioiiH for llio 
entropies of the substances conceinod in a loaotion, with tlu* intogia- 
tion constants so chosen that all of them vanish at T = 0, an<l tlien 
the diffeience between these cxpiessions at any other tominnnUno wiU 
give the change in enti opy at that tempciatm c Poi a gas Mit'h a vaUui 


of the entropy can be obtained by evaluating with tlio hel}) of 

specific-heat data and the heat of sublimation oi vapounatiou at oiio 
tempei atuie 


In studying such a deteiminatioii thcoiotically \vc aio h'd to a loln** 
tionship between the entiopy constant and the vapor iiroHSiuo. U'hci 
change in entiopy duiiiig vapoiization is L/T, whore L is tlio Jioat of 
vapouzation, as T Q^ L appioaches a limiting value Lo: henct! llio 
gam in entiopy becomes infinite and lelativcly equal to Lo/T. Now tho 
vapor can certainly be treated as a classical pcifect ga-s^ for tho vajior 
pressure falls so veiy fast with decreasing T that tho dciirtiLy diniiiUHliOH 
rapidly and Q actually increases without hunt, the molcculcH can l>o 
treated also as point masses, foi they will all bo in their lowo.st intei lutl 
state, simple oi multiple Hence, wilting Ss for Lho entropy of tho 
solid phase at 2^ = 0 and using (294c) abovc^ wo have for tho ontrojiy of 
the saturated vapor near absolute zcio 


^ ^ log ~ -f 

approximately, from which 


logp- + + 


^ (^5 - S,). 


H fw any leason 0, i — Sq/R Bocaiiso of this connociioii with 
/:.o the constant t has commonly been called tho ^*chomicai oouaUml/* 
le expiession thus obtained foi the vapor piessure p has an intoi- 

«!en t Hitegration constant JS'o i« 

given m (me) above A value of that is consistent with thi« 

,, , , * ^ where we can write wq «= m Loima of 

the molDculos oompowie 

Fooler, ..SW,st..a[7^" 
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V = 


Ws 


^J± 

{keT)^ie 


Here and in the UiHt two equations R and Lo may refer to either a 
gram or a mole. If las = 1, there is nothing in this equation referring 
to the internal structure of the solid phase at all; in that case the solid 
appears to become, so to speak, a physical point without internal 
features. 

On the chemical side, however, the practical significance of these 
relationships promises to be less than was formerly expected. It is 
probable that, even if Nernst’s heat theorem is universally true, its 
practical usefulness will sometimes be limited by changes in entropy 
which occur at temperatures extremely close to absolute zero, as_ the 
solid sinks into its final simple state, and which are thus beyond the 
roach of experiment.* 

On the other hand, wave mechanics holds out the prospect of 
ohtaining from molecular theory a consistent set of theoretical values 
of the constant for various substances, which will give the chemist 
what ho needs. A simple example of the method is furnished by the' 
case of dissociation that is treated in a later section. 

236, The Fermi-Dirac Gas of Point Masses. The two types of 
point-mass gas will now bo taken up for a more detailed discussion, 
beginning with the Fermi-Dirac type, t 

The distribution law for a F-D gas of JV point-mass molecules is, 
according to (282a, b) in Sec. 231, 


nf 



X ^ 
+ 1 




f being the kinetic energy of a molecule and % df, the number in unit 
volume having energy in the range df. B and the total energy Ai are 
determined by the equations 


2 Q nm C “ _ 1 

Jo + 




I. 


** dx 
Be* "h 1 


B, 

(297a, h) 


in which .-c represents ^/kT and n is the total number of molecules per 
unit voltime. 

For J3 > 1, the integrals in these equations are readily integratod 
in terms of series; for then wo can write ' 

{Be* + l)“i « B~h-*{1 - • — ). 

• Of. R. II. Fowijsn, loc. oil. 

tE. Fekmi, Zdts. Pkyaik, 36, 902 fl926). 
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Substituting this senes m (297a) and then carrying out the integiation 
term by term with the help of formulas (288a, 6) in Sec. 232, we obtain 

_ J_ + JL- Vi 

nB V )~ ’ 

whence 

_n_.4. \ 

With this value of B the distribution formula becomes, after using 
the series again with ^/kT substituted for x. 

Comparison of this equation with (616) in Sec 28 shows that here tho 
two series represent the departure from classical behavior as tlm 
temperature sinks or the density rises We note a lelative increase m 
the number of fast molecules 

The energy can be found by integrating cq. (2976) in a similar way, 
which gives 

§ ^ NkT^^ “ f 1 — ^ -I_— 

or, after substituting the value found for -B, 

The series represents the inciease in energy over the classical value duo 
to the increase m fast molecules. 

The pressure p is increased m the same ratio, since according to 
(287) m Sec. 231 it is {%){B/'V) as in classical theory, since N/V = w, 
we have 

p = nkT{l + ) 

The specific heats, on the other hand, are decreased 
volume 

n 

2hqT^ 


At constant 

)■ 
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Ni being the number of molecules in a gram and N\lh representing the 
classical value. At constant pressure, E/V is constant, hence 
dE/E = dV/y and 


dQ^dE-\-vdV ^ dE + - ~dE, 


From the preceding equations 

and 

dp = nkdT + kT>dn 


to zero order in n, which is sufficient for our purpose, so that if dp = 0, 
dn — —n dT/T, and 


Hence 


1 /dQ\ _ 6 „ Ji 3a ^ . \ 

Cji 6 fi . . . \ 

'^”cv'"3\ WQf^ y 


For completeness we may add also the series for the entropy, ne 
found similarly from (285) in Sec. 231 with the help of 


S 


\og{\ -y v) - V - -y ' 
log—+ 2 + p^ + 


= lVfc|log[ 


V) 


nh^ 


+ 





These equations exhibit at a glance tho manner in which the various 
magnitudes pertaining to the gas begin to depart from their classical 
values as QT’^^/n decreases from infinity. In a later section we shall 
consider whether there is any hope of detecting such effects experi¬ 
mentally, but it is move convenient first bo complete the theoretical 
discussion of other cases, 

The complete scries all converge down to QT'^^jn — 1.38, at which 
JB « 1. Below this point, however, we must resort to other methods 
such as numerical' integration. The theoretical treatment becomes 



412 


KINETIC THEORY OF GASES 


ICUAI', X 


simple again only when QT^^/n is actually small, then iho gas oxhibiUs 
a maximum degiee of clepaituie fiom classical behavior and is said to 
be “degeneiate To this case wc shall now iiun, 

237. The Degenerate Fermi-Dirac Gas. Suppose that 


^ (27rw/c)?« ^ 


( 208 ) 


this means that the moleculai wave length is large lolativo to tho linofir 
spacing of the molecules in any one of tho v) internal statoH [of. cq. 
(290)1 Then the mtegial in eq (297a) must bo laigo iii oidor to make 
that equation, tiue, and this can happen only if B is small) as 
QT^^/n 0, it IS necessary that B 0, 

Tif as given by (296a) must now vaiy as for small but uILi- 

mately for laige 1* as e Between these two oxtromes lies a tranmtion 

. , XL 

region containing that value fi that makes ~ 1 This valuQ f i 

constitutes a sort of turning point) we can write 




B ^ 




y = 


hT ’ 


( 200 ) 


From this foimiila it is evident that if IT/y^ is small, the cloimi-lurn of 
“ Hi fiom proportionality with 

will occiu rolativoly abruptly, tho 
curve leaving tho noigliborhouci 
of the curve and druppiiiK 
lapidly almost to noro as X varitua 
ovoi a range that is small as com¬ 
pared to itself. At 7’ *« 0 tho 
_ >» curve must actually bo cut ofT 

. ™u. 0 ally at f but re- 

welhan fonn, smee for large y or (f - 



nr = 


2Q 




The Situation is illustrated graphically in Fig 89 

ue Oi Dejoaging to r = 0, we have at this temporaturo 
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for 0 < f < fo and % = 0 for f > fo, as shown in Fig, 89. 

To find fo, we can first keep T finite but very small and then in the 
integral in eq. (297a) drop JBe® in the denominator and change the upper 
limit to 


Xo 



in order to harmonize with the discontinuous curve. The equation 
then becomes 



whence 



This means that the limiting molecule has a wave length 



or only (4ir/3)^^ times the linear spacing of the molecules in a par¬ 
ticular internal state, S = for tim corresponding momentum is 

7)0 " /i/Xo [cf. (116) in Sec. 76] and the value of Xo as stated makes the 
idnotic energy, equal to fo. 

Division of (2976) by (297a) and tlie evaluation of both integrals, 
similarly treated, tlien gives for the total energy 


Fo 




3 w 
10 m 



Thus at 7’ « 0 the energy of the gas is hy no mean.s zero, as it would bo 
according to classical theory; this is called the zero-point energy and is a 
very characteristic feature of quantum theory. The mean energy of 
a molecule amounts to % of the maximum, fo. Thcro will also be a 
zcro-i)oint pressure, equal to two thirds of the energy per unit volume 
(cf. Sec. 231) or of magnitude (since N/V ~ n) 


2i?o 




varying, therefore, as the power of the density. 
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This pressure is an immediately observable quantity, but the signif¬ 
icance of the zero-point eneigy is less certain, since in ordinary physical 
observations only changes m energy are detected Of course, if 
energy and mass are umvcisally proportional, as is requited by rela¬ 
tivity, then the zero-point eneigy would be evidenced by a alight 
Inez ease in mass 

The xmkal depajture from complete degeneracy as T rises from 0 
can be found by a calculation that is a bit mtiicate but straightforward^ 

The equation n{-d^ = n, the number of molecules pei unit volume, 
can be written, in terms of 


and nf, as given in (299), since f = kTy + fi = kT{y H- thus. 

2Q 






Now 


-.TTi] ‘iv 

+ 1%, +.)«- 


Here the last mtegial is negligible when kT/^i <5C 1 or xi ;§> 1, because 
of the laige size of e*' + 1; and for the same leason, after expanding 
the ladicals in the next to the last integral, we can extend its upper 
limit to infinity and wiito for it 


Now by the substitution* yi = — log z 

C'^ ydy _ _ r^logz , __ ir^ 

Jo + l Jo 1+2"^ 12 

Hence the original equation can be written 



* Cf Peirce, “Short Table of Integrals,“ no 610, 
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and, after expanding and inserting Xi ~ ro/fclT to zero order, 
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fi = JcTxt = fo 




80 

In a similar way one finds for the energy E ~ Y\ Wffor,since 
V — N/nm terms of the total number of molecules 

g = ^ w ... Y 

« VV 4 / 

or, introducing the expression just found for n, 


E - NkTxi I -i-= Imi 

i a* I TT u. O 

^ 4 * 




or 






by means of the value found above for 1 * 1 . 
The pressure is then 2Iil/3y n« usual or 



We note that the first departure from 
complete degeneracy, as represented by the 
increase in the energy and pressure and the 
decrease in the critical energy i*i, is only of 



Krts. J! •= onorgy, v ■“ pros- 
Biirot Of » apociflo honL 


order The specific heat, on the other hand, starts out linearly, for 



Putting all of these results together, we can now construct the 
qualitative picture of the behavior of a Fermi-Dirao gas at fixed 
density that is suggested in Fig. 00. 
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238, The Bose-Emstein Gas of Point Masses. Fox a gns of B-K 
type, aecoiding to (282a, h) in See 231, the distiibuUon law is 


nf 




- 1 


Q ^ w 


{2nrmh)Y* 

h~ ’ 


-> oo 


In this case B must lemain gieater than unity, olso^ 

For such values of B the expiession fox is of such foxni that lO can 
be got from the eoiiespondxng oxpiession for llic F-D gas inoivly by 
changing the signs of both B and Q, honce by making those chaiigCH 
in the equations for 15 > 1 m See 236, which are actually valid 
mathematically for |J5| > 1, we obtain at once the coiiospandiiig 
equations for the B-E gas, as follows. 


^ A _iL 4. _i_ + 

nB V 2^'^B 3«i? ^ 


B 




2n 


( 


n \ 




-b 


n 




B =^NkT{l 
V = nhT{l ~ pgyj., 


-f- 


). 






71 

n 


)■ 


(300J 


)■■ 




Cy 


2 + 2««yM )' = 5 Wc(l + 25^ 

’’’“sO 2»QT’> )’ 


> 


( 

— iVA-<log w 


(27rmiT)^^eY^ 


nh^ 


2^AQTn 


} 


We note that in an almost classical B-E gas the quaiiluiii offoot 
IS to deciease energy and piessuie below their classical values, slower 

iZ t?M m “'f ““mon than tlioy would bo aooord- 

ism ril cLl ti,^^ uumorical magnitude of the fiist-oidor offoot 
13 m all cases the same as m the F-D type. 

con^r® fStiTn 71 °“’y terms 

converge for all allowed values of B, and the formulas arc, tlioroforo 

mathomatically accurate As B approaches unity, however, wo soom 

0 be led to an astonishing conclusion, for tho series in eq, (300) 
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rises only to the value 2,61 when ^ = 1. The equation impliesj 
therefore, that QT^^/n cannot be decreased below 1/2.61! 

The explanation lies in a general failure of all of the formulas 
when QT^yn approaches or sinks below the value 1/2.61. When B 
is very close to unity, the formula for nj* indicates a great crowding 
of the molecules into the few quantum states of lowest energy, and 
when this occurs we are no longer justified in grouping the one-molecule 
states as wo did in arriving at the anoleeular distribution, nor can we 
treat f as a continuous variable. 

At the limit, T = 0, the molecules are all in thoir lowest one- 
molecule state, whose energy is given by (286) in Sec. 231 with 

Ml = == M3 == 1. 

The total energy Bo and the pressure po are, therefore, 


_ 


Sm 




Po 


3 V ^ ’ 


These are roughly 1/N^^ times as great as in a F-D gas and are too 
minute to be of interest. IHirthermorc, in a 
gas of finite density but infinite extent (i.e., 
y —> CO) both the pressure and the energy pa' 
molecule (Eo/N) are zero. In this latter sense 
a B-E gas can bo said to possess no zero-point 
energy or pressure at all. 

Since as T increases the energy is at first 
less than the classical value, we see that the 
spocifio heat must start out small (actually it is 
0 at 2’ 0) and then rise to values above the classical value, as 

found above. We are thus led to the qualitative picture sketched in 
Fig. 91 for a B-E gas. (But cf. F, London, Phys. Rev., 64, 947(1938).) 

239. Complex Gases, The discussion of the last few sections has 
been limited to a very simple typo of gas in which the molecules not 
only are all alike, but also behave as mere point masses. The exten¬ 
sion to cover the presence of several different kinds of molecules i.s 
easily made, however} for it was shown in the last chapter (Sec. 219) 
that, so long as interaction can be neglected, each kind of molecule 
behaves as if the other lands were not there, except, of course, that 
there is a common temperature. The energy and the entropy are 
simply additive. When, on the otlier hand, the internal state of the 
molecules can vary, the theory requires a slight further development. 
It will bo sufficient to describe this only for the case of a homogeneous 
gas. 
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In the geneial distubiition founula foi a loose maiiy-inolccule 
system, as lepiesented by cq (270ci, 6) in Sec. 222, e, must be lutci- 
pietod, m geneial, as the total eiieigy of a molecule, which can bo 
wiitten, as in Sec 228, as the sum of the kinetic energy f,, and the 
iiiteinal cucigy Foi the numboi oi molecules in the /ith tiaiislatory 
and vth fundamental luteinal state wc can wiitc, thoiefoie, 




1 

?/(+»)>' 

Be f-T ^ I 


the uppei sign lefeinng to the F-D and the lowei to the B-E case. 
If the internal states aic dcgoneiate, forming multiple states of 
eneigy 7?^ and multiplicity Wr, the number of molecules m tho /utli 
tianslatoiy and rtli multiple internal state is 




Wr 

h+’)T 

Be kT ^ 1 


Compaiison of these foimulas with (280a, h) m Sec 230 shows 
that the gioup of molecules in any given internal state have thoii' 
centals of mass distributed just as if they formed by themselves a 
puie point-mass gas, the constant B m (280a, h) being loplaced here 

by Be^’^ or Be^’^ With this change in J5, acooidingly, all of the 
foimulas that have been developed foi a pure gas can be applied to 
each ot these gioups sepaiately Since the gioups will usually vary 
111 density, then tianslatoiy piopeities will varyj the molecules in a 
populous mteinal state, such as the lowest one, might, foi mstanoc, 
exhibit stiong degeneracy while those in loss populous states of higher 
enei gy might at the same tune behave almost classically, 

In any case, can usually be lejilaced by a continuous variable i", 
]ust as in Sec 231, Nfxr is then icpiaced by 





^ _ (27rwi^)^^ 
w ;^3 ^ 


(301a, 1>) 


as a generalization of (282a, &), n^r being the number of molecules 
in unit volume with kinetic eneigy between f and -f df* and internal 
energy 7?r B and the tempeiatum T m\\ then be deteimined by 
the total numbei of molecules and the eneigy 

The lesultant distiibution in kinetic energy can be obtained by 
sumimiig ovei all internal states, thus 
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Wf 




Or, as an alternative, we may integrate over the kinetic energy and 
obtain as the total number of molecules per unit volume in internal 
state no. t 


2wrQf, C ^ 


(302) 


These formulas can bo discussed along the lines followed in preced¬ 
ing sections. It is clear, however, that the general situation is rather 
complicated. 

240, Free Electrons in Metals. By far the mo.st important appli¬ 
cation of the theory lies in a direction where it might be least expected, 
viz., in the electron theory of solids. Following Riecke (1898) and 
Drude (1900), it had become common in classical theory to regard the 
free electrons that carry the electric current in metals as behaving 
like a perfect gas interspersed among the solid atoms. Wild as this 
conception seems, in view of the relatively enormous repulsion between 
electrons so close togother, it led to some success in accounting for 
the electrical and thermal properties of metals. A serious stumbling- 
block, however, was presented by the failure of the electrons to 
contribute to the heat energy; for the latter could bo completely 
accounted for upon the supposition that tlio metallic atoms, vibrating 
under forces proportional to their displacements, had on the average 
as much potential as kinetic energy, and hence a specific heat Cv ~ 3B 
(ef. Sec. 144). 

Soon after the now statistics of gases had been proposed, it was 
pointed out by Sommerfeld* that, if the electrons could be treated 
as a gas at all, they ought to constitute one of Formi-Dirac type in a 
high state of degeneracy. This view has been developed into a 
valuable first stop toward a complete theory.f The necessary 
fundamental theory has already been developed in Secs. 236 and 237. 
with a fullness of detail that was aimed at the present application- 
It is only necessary to add an allowance for spin; the latter is equivalent 
to an internal degree of freedom for the electron and doubles the 
number of its quantum states. For an electron gas, therefore, w ~ 2, 
and the characteristic quantity Q defined by oq. (2826) in Sec. 231 
or (2966) in Sec. 236 is 

* SoMMBRPBiiD, Zeils. Physik, 47, 1 (1928). 

fCf. the thorough discussion in ^'Handbuch dor Phyaik,” 2d ed,, vol. 24/2, 
pp. 338-020. 
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^ 2{2-Kml)^ = 4 85 X 10^®, 

^ A® 

m being the electionic mass oi 0 9119 X 10-^V, ^ the Boltzmann 
constant, 1 3812 X and h, Planck’s constant, 6,62 X IQ- 

The density that should be assumed foi the fioe electiona ni a 
metal is not defimtely known but should piosumably bo tlml of Ibo 
valence electrons In silvei, foi example, with one valence election 
pel atom, theie should be n = 10 5 X 6 02 X 10=V107 88 « 5 86 X 10 * 
flee elections pei cubic centimetei Thus at 0°C or T — 273 tho 
critical quantity 

= 3 7 X lo--*« I 

n 

Fiom this example it is cleai that the election gas in pure motala, 
at tempeiatuies that occur on the eaith, must be highly degenorato. 

In silvei the values given, when substituted into the equations 
in Sec, 237, give for the maximum electionic cnoigy at absolute zero 

f. = k(^ ij* = 8 8 X 10-** org. 

The mean energy per election is then f foi if wo divide this latter by 
I k, we find 25,600‘’K as the tempoiatiue at which the electrons in a 
rarefied electron gas would possess tho same moan kinotio energy 
that they do in silver According to the theory they should oxei t a 
pressuie 

Po = I Afo = 2 06 X 10“ dynes/cm* — 2 03 X 10® atm. 

That the elections stay in the metal m spite of this cnoimous prossuro 
is due, of coiuse, to the poweiful attiaction of tho positively charged 
atoms for any electron that starts to leave, which is usually viewed 
as an attraction of the election by its elecliostatio image in tho 
conductor 

These results become slightly modified when the temporaturo is 
raised above absolute 2 eio The electrons even contribute a little 
then to the specific heat; accorcUng to the value given for Cy at fcho 
end of Sec 237, they would contiibute in a gram of silvoi of density 
p = 10 5, at 0®C, the amount 

nm n ^ 

T P ^ ^ ^ eigs/deg = 0 00039 eal/dog. 

This IS, howevei, only a negligible pait of tho total observed spocifio 
lieat of 0 066 cal/deg 
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The velocity distribution function also develops a slight inax- 
wellian tail when T the number of electrons with kinetic energy 
in a range df many times hT above fo is % dj-, where 


= 


2Q 


r-r» 

bT 


The occurrence of thermionic emission is attributed to these few elec¬ 
trons of exceptionally high energy. It is iiotewortliy that their 
density, like the chemical constant, depends only upon universal 
constants; the special internal properties of a particular substance 
seem, so to speak, to exhaust themselves in determining i*o. As a 
consequence, the theory furnishes a universal formula for the thermi¬ 
onic current. 

We have not space hero, however, to take up the theory of thermi¬ 
onic emission and of the other electrical properties of metals, which 
involves the continual use of the wave-mechanical theory of solids. 

241. Degeneracy in Actual Gases. When the numerical values 
pertaining to actual gases are inserted in the formulas, it turns out, 
unfortunately, that there is almost no hope of detecting any of tho 
quantum effects that we have been discussing, at least under present 
experimental conditions. The temperature has to bo made so low, 
or the density so high, that tho effect of molecular interaction becomes 
strong enough effectively to mask the minute qiiautum efPec.ts. 

The most favorable gas for a teat is helium. Its molecules are light 
and, being monatomic, possess no momentum duo to nuclear rotation; 
and the nucleus appears to be in a simple state. The normal state 
of tho electron shell is also simple, being of spectroscopic S typo; and 
the first excited state has energy so much higher that at ordinary 
temperatures it rarely occurs. lioliiim has the further advantage 
that it can bo worked with at very low tomporaturcs. The nuinljcr of 
particles in the atom being even, viz., two protons and two neutrons 
in the nucleus and two electrons outside it, tho atom should be of 
Boso-Einstein type; this i.s confirmed by experiments on the deflection 
of alpha-rays by helium atoms.* Tlius at ordinary temporaturen 
helium should behave like a pure Bose-Einatcin gas of point masses, 

The degree of degeneracy is determined, according to (290) in Sec, 
232, by the value of 

n ^ 

* Qf, “Hai\dbVQb Phyalk/' 2d od.^ vol, 24, part 1, p, 71)4, 
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If vve insert here w =* 1, w = 6 66 X 10~^^ g, A s= 1 381 X 10"^*, 

4 = 6 62 X 10'^’', and also T = 273 1 and ??. = Wo — 2 686 X 10‘®, 
so as to have standaid conditions, we find QT^^/n — 2 54 X 10^ 
which IS enormous If we lower T to 20*^71^ and keep the pressure at 
one atmosphere, QT^^fn becomes 368, If, howevci, we lower T to 
the boiling point, 4®K, and still keep the prcssuie at 1 atmospheie, 
QT^^/n becomes only 6 6 Under these conditions the second terras 
in the senes m Sec, 238 take on easily detectable values On the 
other hand, the density is now so high that the effect of molecular 
fields is consideiable Since the lattei cannot bo distinguished 
experimentally fiom the quantum effect, the only hope of testing the 
theory lies m making thcoietical calculations of the field effect and 
then correcting for it. This is not easy to do, however, and conclusive 
results have not yet been obtained. 

Among othei gases, only hydiogen is at all favorable to a test. 
At ordinary temperatures its molecules aie divided, not only among 
several rotational states, but also, as explained in See 160, into the 
para and ortho types, with luteinal multiplicities = 1 and ic == 3, 
respectively As the tempeiatuie sinks, however, all molecules settle 
into their lowest rotational state, if at the same time the tiansforma- 
tion from ortho to paiahydtogen is catalyzed, the gas becomes almost 
pure paia by the time its boiling point is reached at 20°K, and it should 
then behave, like helium, as a simple Bose-Einstein gas of point 
masses with w — 1 Inserting m != 3 36 X g and n — 
we find, then, at one atmosphere piessuic, QT^^/n — 131 This is 
discouragingly laige, especially when we remember that allowance has 
somehow to bo made foi the effects of molecular fields 

242 Dissociation, In our tieatment of mixed gases wo havo 
liitherto assumed that the total number of molecules of each kind is 
i fixed quantity Sometimes this is not so Chemical leactions may 
iccur by which molecules are changed fiom one type to another, 
•uch cases are of gieat impoitance m chemistry It may also happen 
it extremely high tempeiatures that, not only are compound mole- 
ules dissociated into their constituent atoms, but ionization also 
•cciiis, so that some of what we aie licie calling molecules are free 
leetrons; processes of this sort appear to occur fieely m stellar atmos- 
heres and so play an important lole m astiophysics 

Since such phenomena are of little importance in present-day 
hysics, however, we shall take space here only to tieat a simple case 
F dissociation into two constituents 

* Aa excellent cliscugsiou of the general formulas and their applications is 
intamed m the "Handbuoh fUr Astrophysik,” vol III, 1 part 3, p 259 
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Suppose a molecule of type ICL can dissociate into two molecules 
of types K and L. An example is the dissociation of PClti into PCI 3 and 
Cl 2 . Then in a gas composed of such molecules processes will con¬ 
tinually be going on in which KL molecules undergo dissociation, or 
in which a K unites with an L to reform a KL; and when equilibrium 
exists the two processes will be going on at equal rates. These dynam¬ 
ical processes need not be investigated here, however; our general 
principles furnish us with a short cut to the statistical result. 

The wave-mechanical description of such a situation is the fol¬ 
lowing. The gas is built up out of fixed numbers of fundamental 
particles (electrons, protons, neutrons); and it possesses a set of 
quantum states detcrininod by the interactions between these par¬ 
ticles and by the vessel in Avhich they are confined. The peculiarity 
of the case before us is that the.se quantum states fall into di.stinet 
groups or scries; the wave-functions for the states of each series have 
such a form that they can be interpreted as representing approximately 
a grouping of the fundamental particles into a certain definite number 
of molecules of each of the three types KL, K, aiidL. 

Each of these wave-functions, if the gas is not tdo dense, can then 
be written approximately as an antisymmetric combination of products 
of three functions, one function representing each of the three groups 
of molecules, treated as a separate constituent gas. The KL, K, and L 
gases may bo independently either of Fermi-Dirao or of Bose-Einstein 
type, according to the number of fundamental particles in each type 
of molecule; and the wave-function for each can bo built up in its turn, 
in the zero-order approximation, out of one-moleculc functions, just 
as'wo did this for a simple gas. 

Each of the quantum States of the whole gas can then be treated 
as equally probable. From this point on the argument is a simple 
generalization of that contained in Secs. 221 and 222 in the last chap- 
.ter. We divide the molecular states for tlic respective KL, K, and 
L types into groups of Vr’, Pt", and v'' states each; let 
denote the number of molecules in each group corresponding to a 
particular distribution. The number of equally probable states 
corresponding to a specified distribution, which wo shall denote by 
M', is then the product of throo il^s like those written clown in Scq. 
221 , one for each typo. Wc can write, therefore, for its logarithm, 



\vhore for inolecqlcs of F-L type but 
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_ + 1)1 

- 1)1 

for the B-E type, and the superscripts have obvious meanings. 

M' being now pioportional to the probability of the distribution, we 
maximahze it by varying and In the piesent instance 

the total number of molecules of each type is not fixed, however. The 
proper conditions can conveniently be stated in teims of the total 
numbeis and iVff of K and L molecules that would be piesent if 
dissociation weie complete, it is leadily seen then that in geneial 

2^''“ + (303a, b) 

r' t'" t" 

The energy condition can be written 




The result of maxi mail zing M' is then easily seen to be, (^ptY being 
written for dipr/dNr, 


— ttlC ■“ “ 0, 


-at - ~ 0, 

(pjii 




ajc — (XL ~ = 0 , 


aic, (Xh, and jS being constants These equations give, aftci working 
out (p'/<p as in Sec 221 and introducing the temperatuie T as in Sec 
222, as generalizations of (270a, b ). 


/ > 

.-1 / \ 

± 1; 

/ , - [Bte^^ ± l) 


( \-i 

Ni>"^ « 

V-Sia.fi ± ij 1 


here q is the energy of a molecule in its jth fundamental quantum state 
and Bjc = Bu = e"*', J?ia, == so that 


Bkl — BkBi, 


These results show that each typo of molecule is distributed in 
energy just as if the others weie not piesent, each type exhibits, there¬ 
fore, its own degiec of degeneracy as deteimined by its density 
The presence of molecules of othci types has an influence only upon 
the total number of each type that is piesent. 
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Obviously the general situation promises to be complicated. 
Accordingly we shall pass at once to the classical limitj which is ade¬ 
quate for most of the applications. 

243. Dissociation in the Classical Limit. Under such conditions 
that classical theory holds, as described in Sec. 232, we can reduce our 
result to the approximate form 


Nr^^ = DKe = = Aclc 

where Dk — 1/Bk, etc. and Dku = DkA.. We can now separate the 
molecular energy e/ into kinetic energy ti* a»d internal energy 
as in Sec. 228. 

The only result of special interest is obtained by slimming over all 
Idnetic energies; this can be done by means of (2816) in Sec. 231, 
according to which 

= 27rh-^(2?n)wJ df = (27rmkT)^'^ ~ 


by (288a). Let us also provide for a grouping of the fundamental 
states into multiple ones; the formulas can then bo applied at any 
time to the fundamental states themselves merely by sotting all 
multiplicities equal to unity. Then, dividing also by V, wo find for 
tlie number per unit volume of molecules of each of the tliree types in 
their internal states of energy multiplicity ^UT"^ 

respectively. 


iir>^ — Ck e == Cl, c~~ , 

1) KE 

(304o, 6) 


(304c) 

1) 

where C takes the place of (2irmkT)^^ and hcnco 


ri _ / 7nKfJi^ V r* 

" \%r7nj,mWr 

(306) 


Wk, Wl and muh or iuk + mu being the raasHcs of the three types of 
molecules. The total number of molocules per unit volume of each 
type is then 

^ e 71^^ ~ Cj^w,»'^ e (306a, 6) 


r' r" 

(306c) 

p. 
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The n’s aie subject to the conditions, dciivable fiom (303a, &), that 
-f- = wJS "H = Hq; 

no and n^ being the densities of the K and L types when dissociation 
is complete, and these equations together with (305) fix the C’s 

The equation lopiesenting the law of mass action^ which plays such 
an impoitant lole in physical chemistry, can now be wiiticn down 
for our gas m the following form. 



Accoidmg to this result the "constant’’ on the light of the equation 
vanes, in geneial, in a vciy complicated mannci with tempeiatiiie 
In special cases, howevei, the vaiiation may become simple Foi 
example, suppose it is possible to ignoie all intcinal states except 
those of lowest eneigy, and lot those have respective multiplicities 
«>o', Then 

^Kni ^ ^0 / 27rOTKrnL/u Y^y.,, 
nicL lOo \ ) ’ 

wheie ii = i/q- + jjo ~ ieprc,sents the energy of dissociation 

In a paiticulai case one or all of the too’s may be 1; but they must 
include nucleai as well as electiomc multiplicities The equation 
may take on a similai foim even when molecular lotation occuis 
Equation (3076) ought to hold veiy commonly whenovei all of 
the molecules concerned arc monatomic This lestiiction leally 
limits it to the dissociation of an atom into an election and an ion; 
but just this ease is of great mtoiest in connection with vacuum tubes, 
and it also finds an impoitant application in stellai theory 

For the process of simple ionization the foiinula is usually written 
in a somewhat diffeient foim Taking the ions as the molecules of 
type K and the elections as those of type L, the un-iomzcd atoms 
being the KL type, let us write x foi the fraction of all atoms that aio 
ionized; then x « ?iK/(ni. -f nm.) and = Wl = nKLV(l — x), 

1 "t* i- 

whcieas the piessure is p = nkT = (2nK + iha^kT ~ UsifT yzi — 

i ^ 

Lot us write Wa and foi the multiplicities of the normal states of 
atom and ion, respectively, and = 2 foi the election, because of its 
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spin, also m for the eloetronic mass. We can put Wk = Wkl nearly 
enough, Then (307&) multiplied by hT becomes: 


p 

1 4- ir 1 ~ 


2wi 

Wa 



e 


It 


kT 

) 


(307c) 


It being now the energy of ionization, Except for the w*a, this is 
equivalent to the equation first applied in astrophysics by Eggert 
(1919) and Saha (1921). 

The last equation is based, however, upon the assumption that 
electrons and ions are equally numerous, the gas being electrically 
neutral as a whole. If this is not the case, we can write, from (307&), 


niHc _ 

na ICa \ ) 


(307d) 


?ii, no, and Ua being the densities of ions, electrons and nonlonizcd 
atoms, respectively.' 

A very interesting application of the latter equation was made 
by Langmuir and Kingdon in connection with the ionization of 
cesium atoms by pnpact upon heated surfaces.* In a heated enclo¬ 
sure containing a minute amount of cesium vapor the electron density 
is controlled by the walls. If the latter are of tungsten at 120O^K, 
the electron density is only 9.2fi oleetrons per cubic contimeter. If 
this value is inserted for lu in (307d), togetlier with the known ioniza¬ 
tion energy u of cesium and v)if=X for the cesium ion and Wa - 2 for 
the neutral cesium atom, wo find ni/na = 577, so that the cesium 
is almost completely ionized. Calculation shows tliab the density 
of the cesium vapor may easily bo high enough so that the Saha 
equation predicts only a very small degree of ionization [e.g,, a; < 0.001 
in (307c)]; in tho present instance the electrons are drained off by 
the tungsten and tho ionization is thereby greatly increased. If, 
however, the walls arc covered wltli tliovium, We = 6 X 10^, and then 
Ui/Ua ~ 8.9 X 10~®, so that ionization is practically absent. These 
facts harmonize beautifully with the observation that neutral cesium 
atoms are reflected from tungsten at 120Q° almost entirely as positive 
ions, whereas ionization is negligible if they fall iqion a thoriatod 
filament. 

244. A Gas Not in Equilibrium. In developing the properties of a 
gas in equilibrium we were able to draw conclusions by summing 
over the separate quantum states because the phases of these could 
be assumed to be chaotically distributed. When equilibrium does 


La-nomuir and Kinciuon, Roy, Soe. Proc., 107, 01 Cl925). 
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not exist, as when a gas is conducting heat oi cariying sound wavoSi 
this IS no longei possible In dealing with such cases wo aio coiupoilocl 
to lecognize that one pait of the gas difleis from anotlioi in its physical 
state We shall now show how a distiibution of the inoloculos both 
in velocity and in space can bo specified on the wavo-mochaiiical 
basis; to facilitate giasping the essential idea, this will bo done fiist 
m a one-chmcnsional case 

Suppose a paiticlo of mass m can move along a line between twt» 
teimim A and B sepaiated by a distance Z/, being lofloctod elastically 
when it strikes either teiminus Its wave equation can then bo 
written 


_ JL = 0 

%n dt ' 

with the boiindaiy condition that 'I' = 0 at ^ and B This equation 
has stationary solutions of the form 'Ir = whoio stands for 

Cn sm 'jrmlL, m analogy with in oq (277), but wo shall not use these 
In ordei to localize the paiticle on a pai ticiilar part of the stiotch L, 
let us now divide the whole range into a niimbei of equal segments of 
length I, and let us fix oui attention upon the values that has at< 
points on one of these segments S at the instant i ^ ti, A now 
solution of the wave equation can loadily bo constructed that 
1 educes, at t = ti, to zeio eveiywhere outsido of the segment S and 
to the actual values of 'k within S This function Tq constitutes a 
wave packet lepiesenting the paiticle as initially localized in S with a 
certain piobability Tieating all of the segments in tho same way 
we have the whole piobability foi the paitiolo broken up into such 
wave packets, each localized at ^ in a single segment 

Let us consider, now, what state of motion of the paiticlo is ropie- 
sented by the single wave packet 4>’i Foi this purpose wo may rcsolvo 
it at i « ti into a complex Fouiiei sura, thus: 

■'Ll = ^ 

ti 

fi ranging ovei all integial values fiom — co to + co and f standing for 
Any one term of this sum represents a piece of length I 
cut out of an infinite tiain of homogeneous piano waves, o.g.. 



where x is now unrestricted in range Such a tiain rcpiesents in turn 
a particle moving with definite momentum p = fxh/l or a velocity 
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V — fill/ml and kinetic energy The infinite train travels on forever 
without change of shape. A finite piece of it will not do this; but it 
can be shown that, if the initial length I of the piece is large relative 
to the wave length X, where X = l/n, then the piece will spread only 
slowly at the ends and will travel many times its own length before 
becoming greatly altered. 

Accordingly, each of the terms in the series for SPi may be regarded 
as representing the particle as localized in the segment S and moving 
more or less definitely with a velocity v, energy f, and wave length X 
given by 





27nl^' 


X = 


1 


the velocity and the energy being more nearly definite as /x, or fcho 
number of wave lengths contained in I, increases. We have hero a 
typical compromise between definiteness of position and definitouoss 
of momentum such as is required by the indetorminatioii principlo. 
The amount of the probability belonging to this term is 


Jko 




2 - 


dx = 


ico being x at the left end of »S. The total probability of finding tho 
particle in S is then which also equals J'hhil® dx. 

Tho procedure thus outlined is easily generalized now so as to 
apply to three-dimensional motion, and then to a gas composed of a 
largo number N of molecules. For this purpose wo cut space up into 
macroscopically small cubes with edges of length I parallel to tho 
axes, and then contemplate a particular one of these cubes; lot it» 
innermost corner be at .'To, yo, Then we expand 'F inside tho cribo 
into a three-dimensional h'ourier series in terms of the coordinates of 
molecule r, thus: 





jii, fisj and fis standing for any integer, positive or negative. 
will be a function of all the remaining molecular coordinates, of course, 
and also of the time, A single term of thi.s scries then represents, 
with such definiteness as is allowed by the ratio i5/X in accoi‘d with tho 
indetermination principle, molecule t moving inside the cube with 
oomponents of velocity Va, Vy, energy and wave length X given by; 
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x=A = 


I 


mv {}4 + M 2 + ^ 3 )^^ 

The piobabihty of finding the molecule m the cube and moving in this 
way IS 




2n[ 




-^] 


dt") 


= /l7,«..''f dx<", 


wheie dTjW includes all othei coordinates but Xr, Vr, Zt 

We obtain then the total numbei of such molecules poi unit volume 
by summing this last oxpiession foi all molecules and dividing by the 
volume Z® of the cube, denoting this numbci by wo have 

1 ^ 


The quantity thus obtained may be legaided as coiic&ponding 
to the gcneial distiibution function nf of classical thooiy (See 50) 
Foi laige ju’s, howcvei, it is moio convement to go ovei again to a 
continuous approximation The numbei of sets of belonging to 
the lange dvgdvydvg ~ dK in velocity space is {rnAP/h^) dn Ilcnco, 
if we wiite as usual n foi the total numbei of molecules pei unit voliimo 
and /(v) dK for the iiaction of them having velocities in the range dn, 
we have ?i/(v) d/c = 


Ml, M 2 j M3 standing heie foi a set of integeis having as neaily as possible 
the coirect 1 elation with y*, Vy, Vz 

This losult furnishes us with a distiibution function nf in tcims ol 
the wave scalar <L', We can then proceed to deduce foi it, by means 
of the wave equation, a diffciential equation such as classical thooiy 
gave us in eq (87) in Sec. 61 It is found, as a mattei ol fact, that 
nothing at all needs to be changed in the lattei equation as wiitten; it 
retains its validity in wave mechanics 

The only thing needed is a change in the 1 elation between the term 
that occuis on the light in (87), expiessing the cflcct of moleculai 
interaction, and the scatteiing coefficient In the new theoiy the 
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number of molecules deflected from one direction into another is 
found to depend not only upon the number moving in the first direc¬ 
tion, as in classical theory, but also upon those that are already moving 
in the new direction; it can be said that molecules already moving 
in a given direction tend to hinder others from being scattered in that 
direction in a Fermi-Dirao gas, but to attract them into it in a Bose- 
Einstein gas. This does not mean, however, that molecules -which 
can be said to approach along definite paths and to undergo a real 
collision are influenced in the way they rebound by the motion of 
other molecules elsewhere; we are dealing here with the interaction 
between molecules that are localized in space only to the degree that 
they are all contained within a certain small region. 

Such a departure from classical behavior is required in order to 
harmonize with the statistical properties that we have found to bo 
required by quantum theory. It appears to possess at present little 
practical interest, however;* so we shall not pursue the subject 
further. 

♦TlBiiUNa and UiiLraNniaoK, Phya. 48, 552 (1033). 



CHAPTER XI 

ELECTRIC AND MAGNETIC PROPERTIES OF GASES 

As a closing topic we shall take up in. this chaptoi the oloctuc find 
magnetic piopeities of gases Two of these inopoiticsj tho cUelcctiio 
constant and the magnetic permeability oi susceptibility, while not of 
fiist-rate importance in themselves, aie characteiistic of gasos in 
eqmlibuum, and some consideiation of them falls natuially within 
the scope of any text on Idnetic theory These topics will bo dis¬ 
cussed fiist We shall confine om attention foi tho most part to tho 
kinetic-theoiy aspect of the phenomena; the reader who desires to 
puisue the subject fin thei can do so m Debye^s readable little book* or 
111 Van Vleck's thoioiighgomg ticatise f 

The motion of ions and the flow of cun out tlirough gases, on tho 
othei hand, represent by then veiy natuie depailures fiom oqiuhb- 
iium, and they constitute an extremely mtiicate sot of phonomoiia 
foi which no completely adequate theoiy exists even to this day. 
Foi the lattei reason these topics are best handled aKS separate subjocta, 
and seveial books devoted to their study aio in oxistonoc. We sliall 
devote to them only a shoit closing section 

THE DIELECTRIC CONSTANT 

246 Polarization and the Dielectric Constant The prosonce of u 
mateiial msulatoi oi dielectric in an electiostatic Held is observed to 
modify tho electrical phenomena Foi example, tho capacity of a 
condensei is incieased when a material dielootiic is substituted for 
vacuum between the plates; the latio of the incieaso in such a case is a 
measure of the dieleetiio constant of tho insulating matorial, and 18 
sometimes cited as the fundamental definition of this quantity. 
Accoidiiig to views that have been curient in one form or aiiothor 
since Faraday’s time, this effect is due to a polaiization of tho dioloc- 
tiie, each molecule of it has, in the presence of a field, a coitain avorago 
electric moment, equivalent to that of an electric dipole of a cortaiii 
strength, and the electrical effect of the dicloctiio aiisos from the fields 
of these dipoles f 

*P Debye, "Polar Molecules,’' 1929 

t J H Van Vlbok, "Theory of Elcotuc and Magnetic SubepptihlliUes," 1032, 

f Cf Page and Adams, "Puneiples of Electricity," Chap IT 
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In a gas, as in any isotropic body, the average vector electrical 
moment of the molecules has the direction of the field; let us denote 
its magnitude by g. This represents both the average component, 
taken in the direction of the field, of the moment of a single molecule 
during a macroscopically short time, and also the instantaneous 
average value of this component for all molecules in a macroscopically 
small volume. The total electrical moment per unit volume, which 
is taken as a measure of the polarization, is then 

P 

n being as usual the number of molecules per unit volume; and elec¬ 
trostatic theory leads to tlio familiar relations with the dielectric 
constant e, the electric induction D, and the electric intensity or field 
strength liJ’\ 

6 = £ D = E + 4irP, 

. = (308) 

Thus from measurements of e we can calculate experimental values 
of O', and the theory of the dielectric constant resolves itself into the 
theoretical determination of this mean moment. Its magnitude 
must depend, among other things, upon the strength of the field. 
Since, however, the macroscopic electric field is of the nature of an 
average and is itself determined in part by the dielectric, it is quite 
possible that the field which acts on an individual molecule and 
tends to give it a mean moment in one direction may not be the same 
ns the macroscopic field; for the contributions of neighboring mole¬ 
cules to the average field may be different from their action upon a 
particular molecule. This point must first be investigated. 

246. The local Electric Field. The electrostatic potential due to 
a polavisced diolcctrie can bo written 

r being the length of a lino drawn from the field point at which Fr 
is the potential to an element dr of the dielectric, and (P, r) standing 
for the angle between this line and the direction of the polarization P 
in dr. The integral converges even at a point in the midst of the 
dielectric, and its gradient defines the macroscopic field strength there, 
E w -Wp. If, however, we attempt to find from this mtegral the 
partial field'tliat acts upon a small portion of tho dielectric due to the 
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polarization of the lemainder, we encountci a sciious difficulty, 
for it turns out that this field depends gieatly upon the shape of iho 
selected portion If in thought we isolate a small slender filament 
parallel to P, the field due to the lemainder and to eloctiic chaiges 
elsewhere is the oidmary macroscopic field B, but if the isolated 
portion has the form of a thin plate, the field due to the icmaindei has 
a component normal to the faces of the plate that is equal to th(‘ 
component in that diiection of D or E + 47rP. For othei shapes 
intermediate results hold 

The macroscopic method thus fails to elucidate the action of the 
dielectric upon itself, and we aie compelled to adopt a fiankly molecu¬ 
lar approach The accepted piocediiie is to single out a niacio- 
scopically small sphere S with a given molecule at its contei, and then 
divide the electric field into two paits, let us wiite foi the mean field 
due to matter within the sphere itself (exclusive of the given molecule), 
and for the field due to all othei causes 

Then Ei is the same as the field in a spheiical cavity cut in uni¬ 
formly polarized dielectric We can obtain this by subti acting fiom 
the ordinary field E the pait contiibuted by the omitted spheie, which 
18 

ttP 

in terms of the polarization P of the sphoic,’*' which can be assumod to 
be uniform Thus 


— jG? d- ^ ttP 

The magmtude of E% will obviously depend upon the distnbution 
of the molecules inside the local sphei e 8, It was shown by Loi ontz 
that if they are arranged in cubical anay E^ is actually zeio j It is 
easy to show that the same thing is tiue on the avoiage in a gas 
composed of elastic-sphere molecules with dipoles at then ceiitois 
For in such a case the principle of moleculai chaos tells us that iho 
mean density of molecular centers is the same m the noighboihood 
of any given molecule as its general aveiage elsowheie, henco the 
average effect is the same as if the inedium extended in continuous 

* Of Page and Adams, “Principles of Electricity,’' 1931, p 96, wheie tho field 
duo to the sphere itself is obtainable as P© — the polarization being 

^ - T. -’ 

or p 144, whore the exact analogue is given m eq (44-2) for the magnetic caso 
fH A Lorentz, “Theoiy of Electrons,” 1908, p 308 
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form right down to the surface of the sphere of influence of the given 
molecule, inside which the centers of neighboring molecules cannot get. 
Accordingly, by the argument of the last paragraph, the total mean 
field acting on the given molecule is just E^ttP. It must be, 
therefore, that in this case = 0, 

For a more general type of molecule, Ei may not quite vanish. 
In any case, however, wo should expect it to have the direction of the 
polarization, because of the isotropy of the gas. Let us write, there¬ 
fore, ill general, E% ~ cP. In sulRcieiitly weak fields we should expect 
c to be practically a constant. 

Then we have for the local field in general 

E' ~ El Ei ~ E -\r c)P, (309a) 

and for an clastic-sphere gas with dipoles at the molecular centers, 

E' = E + ~irP E. (3096) 

247. The Mean Molecular Moment g. Ideas concerning the 
nature of the eleotrical moment of the molecules have undergone a 
slow development as the knowledge of molecular structure has accumu¬ 
lated, A hundred years ago the molecules were commonly compared 
with small conductors, perhaps spherical, which would acquire 
moments when brought into a field because of the charges induced 
upon them. With the lisc of the electronic theory of atoms, the 
assumption became current that the electrons become displaced a 
little under the influence of the field, and their electric field then ceases 
to cancel completely that of the nuclei at a distance from the molecule 
and combines with the latter to form a dipole field. Modern wave 
mcehanies indicates that a closely analogous distortion of the mole¬ 
cule should occur, and such an effect is believed to contribute largely 
to the polarization in all dielectrics. 

If suc;h a displacement occurs in a symmetrical molecule, it ought 
to bo independent of the motion of thermal agitation; if this were 
the sole cause of polarization, the dielectric constant ought, therefore, 
to be independent of the tomiierature. This is actually true in many 
cases, but it has long been known that in other cases the dielectric 
constant decreases with rise of temperature. The suggestion was put 
forward by Debye in 1912* that some molecules may possess per¬ 
manent moments; ho assumed that in the absence of an electric field 
these moments are oriented impartially in all directions and so have no 
resultant macroscopic effect, but that under the influence of a field 

• P, Debye, Phya. Zeita., 13, 07 (1912); “Polar Molecules," 1929. 
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their orientation, is slightly alteied so that they havo a moan com~ 
ponent in the direction of the field Theimal agitation will then bo 
tending continually to restoie the landom oiientation, and the oxiat- 
mg condition wll be one of statistical equilibrium; as the tomporaturo 
rises and thermal agitation becomes moie vigorous, tho distiibution 
will become more nearly a random one and the mean moment and tlio 
dielectric constant will, therefore, deciease. 

248. The Molecular Polarizability a. Whatever its origin, tho 
mean moment of a molecule in a weak field should bo pi opoi tional to 
the field that acts upon it It is convenient, therefoio, to write, for a 
molecule acted on by a field i?, 

where a, representing the latio of mean moment to field stiongth, la 
called the polarizability of the molecule and should bo independonb 
of the field so long as the latter is not too strong, it may, however, vary 
with the temperature 

Then in the dielectric we shall have, by (309a), 
g = aE' = ce[E + (| tt + c)P] 

or, since P = ng, 


- ^ P ^ aE 

n 1 ~ (^ TT + c)-na 

Hence, by (308), 

_ 1 + (|-7r — c)na 
^ 1 — (l-TT + c)nci 

or, if c = 0, as it should be in a gas, 

_ 1 d- 2nT 4 

€ — -=- ) X ~ 'irctt 

1 — nr 3 


(310) 


(311) 


(312a, 6) 


In a gas where nr is very small we can also write, approximately, 

€ — 1 + 3?ir « 1 + 47rna, (312c) 

From these equations a can be calculated in terms of observed values 
of € 

The quantity r has obviously the dimensions of a volume; it is, in 
fact, the volume of a conducting sphere that would havo the samo 
polarizability as has one of the actual molecules, for such a sphero of 
radius a acquires by induction an electric moment a^E, so that for ib 
a — a® The quantity nr occurring in the expression for € is then the 
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total volume of such equivalent spheres for all molecules in unit 
volume. It is of some interest to compare values of 2a calculated in 
this manner from a with molecular diameters obtained in other ways. 
Such a comparison is shown for a few gases in the folloAving table, tr, 
denoting values of the equivalent diameter for viscosity (cf, Sec. 86); 



H, 

Ho ; 

Ns 

CO 2 

Nils 

Cilh 

2a (X 10~® cm). 

1.83 

1.21 


2.8 

6.6 

3.2 

<r,(X 10-* cm). 

2.74 

2.18 

3.76 

4.69 

4.43 

4.9 


It is satisfactory that 2a generally comes out smaller than «r„ 
for a conducting sphere is, of all electrical fetructures, the most easily 
polarized in proportion to its size, and for this reason the equivalent 
sphere should be smaller than the actual molecule. For NH3, however, 
and some other strongly polar molecules, 2a exceeds or,, but not by a 
large factor. 

All of the molecules have hitherto been tacitly assumed to be alike. 
It is readily seen, however, that if several kinds of molecules are 
present and if we distinguish quantities pertaining to them by a 
subscript, then, if also c = 0, the relation P = ng and eqs. (308), (310), 
and (312a, 6) are replaced by 



all sums extending over the various kinds of molecules that are present. 
The polarization volumes are thus simply additive. 

249. The Clausius-Mossotti Law. Froirf eqs, (312a, h) is easily 
obtained, when 0 = 0, 


€-11 4 

■— r~Fi - ~ T ~ K 'ircc. 
6 2 n 3 


(313a) 


The left-hand member of this equation should, therefore, be a constant 
as the density of the gas is varied, so long as the temperature is not 
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changed This conclusion is known as the Claiisius-Mossotti lawj it 
was derived long ago by Clausius and indopondoiitly by Mossotti 
from tentative theories of dielectiio action The equation is soino- 
times written 


^ (313i5) 

€ + 2 p o 

M being the molecular weight, Nd the Avogadio numboi, and p llici 
density in grams per cubic centimetei; oi, the light-hand member may 
be written as an undefined function of the tempeiatuic, winch Dobyo 
called the "molai polaiization” and denoted by P 

At oidmary densities, however, e diffois so slightly from unity for a 
gas that € + 2 can be leplaeed by 3 and we can wiito simply 

6 ~ 1 = A.i^nci — ZnTf (313c) 

so that 6 — 1 should be piopoitional to the density 

Careful expeiiment has shown that the Clausius-Mossotti law 
holds veiy accuiately foi gases even up to picssuios of many almob- 
pheies (Cf “Handbuoh dci Physik,” vol XII, 1927, p. 617) 
Values of a. can, accoidmgly, be calculated with considorablo con¬ 
fidence from obseived values ol 6 foi gases by moans of this equation 
260 Polarization Due to a Permanent Moment. Tho theory of 
dielectiic constants thus ieduces to tho determination of molecular 
polarizabilities In so far as these are duo to a distortion of tho mole¬ 
cule they will be constants whose values depend upon tho molecular 
structuie If, howevei, the molecules possess poimancnt electric 
moments, we have a statistical pioblem to solve. Dobyo Imndlod 
this problem on the basis of classical mechanics by tian.slating mto 
electrical language the analysis that had alieady been given by 
Langevm* m 1905 for the analogous magnetic pioblom. It ls more 
convenient to proceed heie in the reveise dnection and to dovclop tho 
theory foi the electiical case fiist 

Let us assume that the molecules can bo treated as rigid bodioH 
possessing a peimanent electric moment g Then in tho absence of a 
field they will have the axes of then moments oriented in all diiootioiiw 
at random, the fraction of the axes making an angle between 0 and 
e Ar de with any given cbrection will be, therefoie, ^ sin 0 dO. 

Suppose now that a uniform electnc field E' is applied, and lob 0 
be measured fiom its direction Then in this field each molcculo will 

*Lanqbvin, Jour, physique, 4, 678 (1906); Ann Chun Phys , 6, 70 (1006) 
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lijivf ri»-mv u; ^ (fhy fofi 0.* AtMMmling to tlio Btfttialical 

prill* i|4“ i4 • 2 il tlii Mry ilml \h liy (‘q. (89a) in Sec. 63, 

\W pr.il.ra.jliiv mvli ..f iho under conditions of 

lli*‘rninl ♦ nnilihrimn onw pmiHirlinutd to tho Boltzmann factor 

•w uK’riMiO 

I' *r ,, kv 

iu»i«'i« i“l* >«*1> *4 ^1**’ Mu«l*‘nilnr vrlnrilirs of translation or of rotation, 
Hut !* n «..nld !«* »qn‘rirh*d um irKurdK orhoitatioii by means of 

ilm I > <'' 0 * b ilii- tlin-i* I'inliaiau angles,f of which 0 might 

\m- ««>»«% lb* if*, nt-ud r« b**hiiiig bclwei'ii these coordinates and the 
♦ijtiitiid Mil* utnhMij wioibl ibi’ii ln‘ nnalli'iv’d by tlie introiluction of the 
to bl lb lo’*' «*" * •»»» for lie* fraclion of tlie molecules tliat now 
huvr lb' ir in u mngi’ rfff, or I be frarlion of the time during which 
a jmrio oltur lo.tb. ub? Ioim i\n in that range, the product of the 
vslue mI ibirt b-'o lion wbon /*;' m o and the Boltzmann factor or 

,//• ... fV kf „5,i (I do. 


‘I be rojodeni t" loo’tl bsive rmeli a viiliie that jdP ^ 1; honco 

m I 


iP'oA at 


l^fji aK'vnnO 

iJ 


'C 


and. in lerni'i »d “ainb / •J' b-’ .. e "), 


f* 


</A' 
2k f 


sinh 



'llH' 

a-7' 


‘riie no an eoinponrni id eleelri*' moiniMd in tlie din'Ction of the held 
tporj>4-n'ii«'M}i4r t'oni|HMieMl*i nvi’ntging out) is tlien the average value 
of 0 »’•*» ♦•I 

( * /•« SjW'OJlJI 0 

0 r»»?> 0flP ^ (*0 J f COS ft sin 0 dO 




t Ml (jlC otft 0 

r cos 0 


" kv r , 


" kV f 
(I W'Jo 


“ Hinoa • 


Item'' in Ml*' birt«'bH?i ibe new integral is just 1/b, whereas the into** 
graiir’'«l b-fm I'qimts ctwdi (yh'/kV) in terms of 


eosdl / <«* I (c* + C'"'*). 

♦I'! Pnoia wod AoJiww, "PrlIll’ll»!«*» ‘’f bUHitri^Jly,’^ 1931, P< 130, whoro 
il„v MliiOv sl birioiils for a iiiiiKiiello iHptilo la a given hold 1« 

I * i II 1 liMw, HW9, p. H3. 
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Hence we can write, after introducing the value ju&t found for C, 

go = {7^coth ^ = oH'c)) ^ '= (314a, h) 

where 


cotha! = 


cosh X 
sinh X 


qX _}, 
qX _ Q-X 


The contribution of t)ie peimanent moments to tho polarizability ct 
will then be Qg/E' To this a constant teim ao can bo added to 
repiesent the effect of molecular distoition; to the first ouloi in JH' 
the effects of distoition and of the peimanent moment will simply bo 
superposed For the total moleculai polarizability wo have then 


« — ao + 


k. 


(315) 


Here in a dieleetiic E' must be undeistood to lopresont tho local fiold 
described in Sec 246 or 


E'=-"~^E, (310) 

in terms of the macroscopic field intensity E Tho dieleotiio constant 
£ itself IS then given by (312a, h) in toims of a and n, the numbci of 
molecules per cubic centimetci, viz, foi a homogeneous gas in whioli 
c = 0, 


1 “b 2nT 4 

These equations give us a and e as functions of E^ but only implicitly 
In the special case of weak fields, however, the formulas booomo 
much simpler If 


a: 



we can keep only the largest term in each of tho series, 
sinh05 = a; + ~ . , cosh ^ 

whence eoth x = =- i 4 . 3 

sinh 05 05 ' 3 

L(x) = g and Qg = , so that 


; 


, then to the fiist order 
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« = (317) 

Thus in a weak field there is a constant polarizability, and hence 
a corresponding dioleotrio constant independent of field strength. 
These might be called initial values of a and e, . 

261. Behavior in Intense Fields, The function L{x) ~ coth cc — - 

X 

is plotted in Fig. 92. The initial slope of the curve represents the 
contribution of permanent moments to the initial polarizability, 
giving rise to the second term in a as given by eq. (317) above. As 
a; 00 , on the other hand, 1; 1 — L{x) — I/x nearly. Thus 

Qo g and the polarization approaches the value, P ~ ng, while 
a decreases toward ao as a limit, and the dielectric constant also 
decreases. 

Thus in sufficiently strong fields 
polarization due to permanent moments 
should exhibit saturation analogous to 
that of the magnetism of iron in a strong 
magnetic field. In practice, however, it 
is very difficult to get above the linear 
part of the L{x) curve. The moment g 
appears always to be of the order of 10"^® 
electrostatic units, and at 1S°C 

fcf = 3.98 X 10-'^ erg; 

thus even to make jb == 0.1 we should have to have P' of the order 
of 4,000 electrostatic units or 1,000,000 volts per centimeter. Such 
field strengths can bo realized only in gases and at , such low pres¬ 
sures that measurement of the dielectric constant becomes very diffi¬ 
cult. A slight variation of this constant in an intense field has, 
however, been observed in certain liquids, 

262. The Variation with Temperature, According to eq. (317), the 
initial polarizability a should plot against 1/T as a straight lino; 
the intercept of this lino at l/T = 0 or T = » should bo ao, and tlio 
slope, g^/Sh, should at once give us the permanent moment g. 

In Fig. 93 values of a for a miml^er of gases, calculated from 
observed values of e by means of the approximate eq. (313c), arc 
plotted against 1/T. The linear relation predicted by theory clearly 
holds very satisfactorily. 

A good many electric moments have been determined in this 
way. In a qualitative way they are in agreement with whnt would 
be expected in the light of modern knowledge of chemical combination; 
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and they are frequently employed, in turn, as evidence in doubtful 
cases in regard to the arrangement of the atoms in the molecule 
Thus compounds such as CH 4 and CCI 4 are of the typo often onllcd, 
on chemical grounds, nonpolar, and a zeio moment would be expected 
for them because of the tetraliedial symmetry of the caibon atom 
and the symmetiical loading of all foui of its bonds In such a 
molecule as CHsCU, however, the dissymmetiy of the loading results 
in an electiio moment HCl and HBr likewise exhibit distinct 
electiic moments; and they have long been regarded by the chemist 
as polar, the molecule being composed, perhaps, of a positively cliai god 
hydrogen atom and a negatively charged one of chloiinc or bromine 



Pia. 93 —Polarizability a na function of absolute tomporaturo T 


Watei (H 2 O) might, perhaps, have been expected to be nonpolar, 
but m reality it has a rather large moment (p = 1 82 X 10“^®); this ia 
taken to mean that the two hydiogcn atoms must he on the same sidci 
of the oxygen atom. H 2 , N 2 , O 2 , and Ar all have zero moments 

Further discussion of this subject, and also of the influence of bho 
polarizability upon lefractive indices, which is a complicated affftii’ 
involving no fresh use of kinetic theory, will be found in Debyo*s 
and Van VIeck’s books cited above 

263. Quantum Theory of Polarization, Classical theory is thua 
able to account satisfactorily for the observed facts in legard to tho 
dielectric constant. We cannot safely leave the subject, howovov, 
until we have ascertained whothei our lesults are also in harmony 
with wave mechanics; for wo have seen in other connections that an 
adequate treatment of the internal properties of molecules lequirccl 
the use of quantum theory Now the old quantum theoiy, when 
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applied to the polanzatiou problenij merely made trouble because of 
its insistence tliat only certain classical orientations could occur in 
the presence of a field. These difficulties have been completely 
removed, however, by the substitution of the less classical conceptions 
of wave mechanics. 

According to the new theory each molecule of a gas may be sup- 
po.sod to bo at each instant in one of a discrete series of fundamental 
internal states, which we shall suppose to be numbered off in the 
order of increasing energy; these quantum states take the place of 
the whole collection of possible internal motions in classical theory 
(of. Secs. 64, 147). In each quantum state the condition of the mole¬ 
cule can bo described by means of'a probability amplitude or wave- 
function, which wo shall denote for state n by Then \\l^n\^ serves as 
a probability function for the various configurations in which the 
jiarticlcs composing the molecule might be found. This inter¬ 
pretation of ^ suggests that the mean electrical effect of the molecule 
might bo calculated by averaging over all configurations, each one 
weighted in proportion to inferences of this sort are dangerous 
in wave mechanics, but in the pre.sent instance the conclusion can be 
rigorously justified so far as concerns effects at a considerable distance 
from the molecule. 

The contribution of a molecule to the dielectric constant will 


bo measured, then, by its electrical moment averaged in the manner 
described over all configurations. Now the moment of a dipole 
composed of two charges ±q placed a short distance I apart is ql, 
its a:-component being qlx, where h is the a;-component of the vector 1 
drawn from tho negative charge to the positive; if X- denote the 
'^-coordinates of tho two charges, the a;-component of the moment is 
q{x^ ~ «_). Any concentrated group of charges containing equal 
amounts of positive and negative electricity can be viewed as built 
Up out of dipoles by introducing at any convenient point within the 
group fictitious charges equal and opposite to the actual ones, and 
then pairing off all charges to form dipoles; the total amount of 
fictitious charge thus introduced at tho point is nil. Let Xo be tho 
common ^-coordinate of the fictitious charges and Xj the coordinate 
of any actual charge Qt, Then tho total a;-component of dipole moment 

is Xq) = '^grXr - 01', siuCC = 0, simply '^QrXr. 

t T r r ^ T 

The mean ir-componont of the moment When tho molecule is in quan¬ 
tum state n is, therefore, 
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integrated over the entire ranges of all coordinates, qr being the 
(algebraic) charge and Xr the aj-coordinate oi the rth charged particle, 
and the summation including the nuclei 

The effect of applying an electric field is now a twofold one. It 
^vlll alter each rpn, and may theieby alter gn', and it will also affect 
the statistical frequency with which the different quantum states 
occur Let denote the nth wave function in the presence of tho 
field E, and ej, the corresponding raolcculai eneigy; let €« be the energy 
in the absence of the field (including energy of rotation, internal 
vibration and electionic motions m the atoms). Then the Boltzmann 
equation, (93&) in Sec 66, gives for the probability of tho occunonco 
of fundamental state n (for which w = 1) 





n 


Taking the aj-axis in the direction of the field wo have, thoicfoio, 
for the mean component of the moment in the direction of the field 

S = (318) 

n 

where the sums extend over all quantum states and 

On = dq (319) 

T 

This value of g divided by M then gives us the polarizability of tho 
molecule m the field By a ~ g/E 

To calculate 0 Q'^d a theoretically we need, theiefore, to find 
both and If e, and 4'/, the corresponding eneigies and wave- 
functions foi JS? = 0, are known for all quantum states, their values 
for small E are readily found by the standard methods of perturbation 
theory; only this cose of small E will be treated further heie 

264 Initial Polanzability by Perturbation Theory.* After sepa¬ 
rating off the translational motion of a molecule, the wave-functions 
4-^ for its internal condition (without the time factor) in the absence 

*Por the perturbation method of E U Condon and Moise, "Qiiautuin 
Mechanics," 1929, p 116 
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of a field are solutions of a wave equation that can be written 

O^n ~ (320) 

Ha being the unperturbed Hamiltonian operator; the latter contains as 
variables the coordinates of the nucleus or nuclei as well as those of 
the electrons and their spins. Let the be normalized so as to 
form an orthonormal set of functions with the property that (when 
the variables are suitably chosen) 

f<pn*fndq = = = 0 (n^k), (321a,6) 

denoting the complex conjugate of ip and the integrals extending 
over the entire range for all variables, A field H in the a;-direotion 

then adds to Ho the potential-energy term, —E'^q^Xr, as is easily 

T 

seen from the fact that this expression represents the work done in 
displacing all of the particles of (algebraic) charge (jr, both eleotrons 
and nuclei, from the origin to their actual positions av; the location 
of the origin itself affects only the arbitrary additive constant in the 
energy, which is immaterial. Accordingly, the now wave-functions 
and characteristic energies e' are determined by the equation 

(Ho + ES)Pn *= ^ ~ “5v(?r»r. (322a, h) 

r 

The perturbation method now consists in writing and as 
power scries in terms of the perturbation parameter, thus: 

, ej, == + Hco,ii -f- ‘ , 

~ Oipn d" E^itl + EtpnO; d- * ’ ' 

The tpnkB are functions to bo found, and if Cn is degeiierato, pn 
must stand for a suitable linear combination of the various wave- 
functions corresponding to the same e„; the arbitrary factor C is added 

to facilitate normalizing so that fp^rJ^dq -= 1. 

When we substitute these series into ^(322a), each power of Em the 
resulting equation must balance by itself; hence we can replace that 
equation by a sequence of equations, in which the first repeats (320) 
while the next two aro (<7 and E or E^ canceling out) 

(Ho *- €n)<pnl “ (wnl — S)pn, (323a) 

(Ho “ (wni — #S)^nl + (323ll>) 

Solved in turn, these equations give us and ¥>n 2 - The solutions 
are not unique, however; for wo can add to any 9 ?,,! or q>ni so found 
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multiplied by any constant, this addition canceling out on the 
left m the equations For simplicity let us adjust this constant m 
each case so that 

- 0, J dq - 0. (324a, b) 

The equations give us also the values of uni and a >»2 Let us mill* 
tiply the first one by ^n*dq and then integiate; the operator Ho being 

such that (hence called Hcimitoan) jF*HoGdq== jGHo*F*dq, wo 
have 

J^P^^Horndq = f(Ho*'Pn*)Tnhdq « dq = 0 

by (320) and (324o, h), and hence, fioin (323a), 

C0„1 = -gnO, OnO - -'JfnWnd? = “ ^2' (3260, &) 

r 

In a similai way, fiom (323&) we obtain 

w „2 - a„i = - J4'»^S<Pni dq - J'^qrXr^n^tpnidq, (326a, b) 

r 

It can be shown that all ct„ds are real 

For the electiic moment of the molecule when in state n we havo 
then, as far as the first powei of E, 

On = dq = f'^qrXrlM^ dq 

r T 

4- Bf^qrXr(^n*<Pnl + 'Pn<Pnl*) dq]^ f 

T 

since Vn* Now G is fixed by the condition that 

1 = f'K*'/''n rf? = |C|“[/l^«P <*? + <*? + I* dq'^ 

+ BK ) + • ] = |Cp[l +SK • ) + ■ ] 

because of (321a) and (324a) ’ Thus to the first oidei in E, — 1, 
and foi oui purpose we can set (7 = 1 Then, o-ni being real, to the 
fiist order in E 

On ~ (7fl0 + 2Q:ni^. (327) 

The value of gno is given by eq (3256) in terms of the unperturbed 
function \f/fi We can obtain a„i in similar terms by taking a further 
step that is common in perturbation work Let us expand v?ni, thus: 
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<f>ni = 

k?i )» 

\pn being omitted because <pni is to be orthogonal to it. Substituting 
this series for <pni in (323a) and noting that by (320) Ho\pk = tkh, we 
have 


2 ) ■“ — («»! — S)\pn, 

tc^ H 

Now multiply this equation through by 4'r*‘ dq (r n), and integrate; 
then, because of the normalimtion and orthogonality of the 
most of the terms on the left cancel and we obtain 

(€r — e„)a,. = d?. 

Hence we can write, changing r back to k, if 9 ^ e,,, 

(Xf. - -, 

Cfc ~ 

Skn = Jh’^Sypndq ~ - J'Pk’^'^qrXr^ndq', (328) 

T 

if €fc == 6n but k 7 ^ 11 , then it must bo that Skn — 0, which is secured by 
means of a suitable choice of the Then (3266) reduces to 


or 


Ctni ^ '^akJ'^QrXr^l^n'^xl^hdq = -^akSkn^ « ^ 


fcpin r 


kfin 


SknSftn* 

trt 


«ni 



(329) 


The mean moment of such molecules in a gas in equilibrium can now 
be obtained by substituting the values that wo have found for gj, and 
e' into (318) above; this gives for it 




Here we can expand the exponential thus: 

in' (tn — OnnIi ’ • <) 


e M- = e ' kT - ^ ^ -b 


ir 

^ <ji 

The expression for g then contains a term that has ^ in the 
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niimeiator; but this sum must somehow vanish in a gas because of its 
isotropy, else g would not vanish when B — Q The other two toiins 
111 the numerator both contain E, hence to obtain a result coirect to 
the fiist power of B we can wiite e» foi e' in the denominator undci 
those two terms We thus find for the polaiizabihty 

“ = I = (330) 

According to this formula each quantum state can contribute to 
a in two diffeient ways The molecule may have a natural moment 
gno in the diiection of the field when in state n This must not bo 
confused with the permanent moment that foims the basis of Debyc^s 
tlieoiy) a stiuctuial moment of the lattei sort is icpresonted in wave 
mechames by a teim of special foim in the Hamiltonian opeiator. A 
single quantum state coriesponds in a blurry fashion to a whole group 
of possible classical motions or configuiations, and g^^o is thus the ana¬ 
logue of a mean moment in one diiection such as might b© charactoristio 
of a molecule while executing a certain type of motion 

On the other hand, represents, so to speak, the effect of a 
distoition of the state under the influence of the field, in consequonco of 
which the molecule acquires a mean moment 

It may be remarked that the same constant cxni, occurring as *— Wna 
in the second-oidei term in the energy e' above, is responsible for tlio 
second-ordei Stark effect m spectroscopic omission. A fiist-ordor 
Stark effect can arise only from the constant g„o or w«i, representing a 
moment already existent when the molecule is in one of the quantum 
states that are involved in the emission of the line 

Actual polarizabilities arise mostly from a„i rather than from gno> 
It IS not at all obvious, however, how such terms in (330) can give nao 
to a Debye term inversely proportional to T. Accordingly, we shall 
postpone discussion of the general formulas and take up noxt the wnvo- 
mechanical treatment of the model that was actually employed by 
Debye in his original theory 

266. Wave Mechanics of the Dumbbell Molecule. A rigid struc¬ 
ture with an electric moment, not analyzed further into elementary 
parts, does not harmonize well with the modern theory of the atom. 
It can be shown, however, that the wave-function foi the internal 
state at ordinary temperatures usually can be made to approximate 
c osely to the pioduct of two factors, of which one repiesents a rotation 
of the molecule as a rigid body, there may be three piincipal moments 
ot inertia, oi, in special eases, as always when theie are only two nuclei 
there may be an axis of symmetry and a single moment of inertia about 
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any perpendicular axis.* The energy is then very nearly the sum of 
two corresponding terms, of which that associated with the rotational 
factor may be regarded as kinetic energy of rotation (cf. Secs. 14G and 
147). In such cases it may happen that the molecule behaves as if it 
possessed an electric moment fixed in position in it, the direction of 
this moment being along the axis of symmetry when there is ono. 

Only the simple symmetrical case will be treated here. In this 
case the position of the axis, drawn positively in the direction of the 
structural moment go, can be fixed by assigning the angle 0 that it 
makes with some fixed line of reference and the angle tp between a plane 
containing this line and the axis and a second fixed plane through the 
line of reference. Lot us take the line of reference in the direction of 
the electric field E, 

Then the amplitude equation for the rotational motion can bo 
written t 


.JL 


sin 0 dO 




(goE cos 0)\p* 


(331a) 


I being the moment of inertia about an axis perpendicular to that of 
symmetry and —goE cos (? representing the classical potential energy of 
the dipole moment in the field, When E is zero the equation reduces to 


//of - - 


Stt®/ 


1 d 

sin d dO 




1 0^ ' 

sin® 0 


^ (3311;) 


thus in the notation of the last section the perturbing term is ES, 


S « --^0 cos 0> 

The characteristic solutions of (331&), familiar from the theory of 
the hydrogen atom, can bo written^ 

« a/,„ c<"''fP7(cos 0 ) 

where Pf is an '‘associated function of Legendre," which in Darwin's 
form can be defined thus: 

*For the quantum theory of molcoulos ct. Paumno and WmsoN, “Introduo- 
tlon to Wave MochanlcB,” 1936, Chap. X. 

fCf. Dwrym, “Polar Moloculoft,” 192Q, Cliap. IX. 

f Cf. W. E, Bybuly, “Fourier's Sorlos nncl Spherical, Cylindrical and Ellip¬ 
soidal Harmonics," or L, Paulinu and WiiiaoN, loc. cU. in See. 2(5, Thero is 
roatriotocl to positive valuos and the funotionB are used twice over, but this rostrlo- 
tion la unnooesaary, 
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heie j and m aie any intogeis such that 0 ^ |m[ ^ J. (The older pio- 
cedui’e was to employ P‘'"’ in place of foi negative m, with an altoied 
value of Cjm) 

The diffcient ^;„/s aio oithogonal, but in integiatmg in terms of our 
vanables it is nooessaiy to icplacc dq by sin 0 dO d<p; as the equivalent 
'of eqs (321a, 6) we have, therofoio, since (c*'”''’)* ~ 

f fm*'h'ndq = C,i^’ sin OdO = 1, (332a) 

/ h'nt' dq = dp P” mn 0 do = 0 (3326) 

unless f = I and = m, foi m' ^ in this latter lesult follows from 

riw 

but if w/ ~ OT, it lesis on the fact that* 

sin 0 do = 0 lif 9^3 (334) 

The value of Cjm. nccessaiy to make (332a) tiue is 

c.« = C^g^)" w 

(with the undcistanding that 0! = 1) 

The conesponcling eneigics, independent of w, are 

«,» = = 3(3 + 1) 8^- (336) 


■^%d<p - - -^ = 0 , 

HW — nr) 0 


k being Planck’s constant 

266. Polarizability of a Dumbbell Molecule with a Structural 
Moment, In tcims of the functions just found eq (325&) obtained 
fiom pcituibation theoiy foi the natuial state-moment gno becomes 


~ ^[P7(co 8 0)]2 sm 0 dO, 


(To each value of n m the pievious notation coiiesponds now a pair 
of values of j and m ) The last mtcgial hero vanishes by symmetiy, 


* Cl W E Byerly, "Foinier’s Senes/’ etc , p 202 
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however, each being of cither even or odd degree in cos 0. Hence 
(7#m,{i = 0 for all quantum states. This is reasonable in spite of the 
existence of a permanent structural moment {jfo because for any one 
quantum state we are averaging over many configurations. 

On the other hand, (328) becomes hero 

Srm'Jm = OdO. 

" This vanishes by (333) if 5 ^ fid. It is for this reason that the s as 
written can be used as zero-order functions in apiilying the perturbation 
method; it is not necessary to make linear combinations of those with 
the same j but different m*a, which correspond to the same energy. 
If w = w', we may use the formula* 

(2j' + l)Py"} cos 0 = if + w)P;iLi 4* if - m -f l)P|?,,.i; 

by this means we can replace Pp cos f?in our last integral by a combina¬ 
tion of Pp^i and But then the orthogonality relation (334) 

makes everything vanish unless either f = i — 1 and |»j.l < j, or 
f = + 1. In either of the latter cases the final result can readily bo 

found with the help of (332a) and (336); it is: 


1, m |/i»» “ ' 0d\ 


L(2i + l)(2j - 1) J 

jj -h m + l)(j - w + 1) ]^'^ 

(2i+l)(^‘ + 3) J' 


iWA <3), 


^ j). 


Hence, when .3^',is substituted for 8kn in (329), the sum over /c, 
i.o., over f and in', reduces to not more than two terms; inserting 
values of €„or c/mfrorn (330) and noting that (j - l)j - jij + 1) - -2^, 
(i 4 l)(i 4 2) - j{j 4 1) = 2(j + 1), wo find 


Ofnl = «/»«.! 

iirVJ r a 4 m + l)(j - m + 1) _ (j + m)(j - m) I 

" _ {j -H l)(2y 4- l)(2j 4- 3) ji2j l)(2j - l)J 

except that if j = 0, a/m,i has the value (the sum then containing only 
one term, in which m = 0) 

ao»,i - 

For any other state «^w,i reduces to 

— j(j + 1) 

«/«.,! = + l)(2i - l)(2y + 3) 

♦Pauunq and Wilson, loc. dl., oq. (40-21). Or, for tho ovaluntion of tho 
Integral of, A. Soinmcrfold, “'Wave-incchiuiica,” 1D20, p. 60. 
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To find tho polaiizabihty a we have now to substitute these values 
of for a„i m (330), in which gno = 0 for all n in the piescnt case. 
Since, accoidmg to (336), the encigy is independent of w, we can ignoio 
the Boltzmann factoi as we sum over For a given ^ > 0, w ranges 

fioin thiough 0 to j But 

} 

3%m‘ =j(j + lK2j + D, 

“■J 

as is easily veiified for j — 0 oi 1 and then extended by induction 
Hence the sum ovei all values of m foi given j > 0 vanishes; and so 
states with 3 > 0 contribute nothing on the whole to the mean moment 

Tins conclusion, at fiist sight suipiismg, becomes loasoiiable when 
we leflect upon the contiibution of different molecules to the mean 
moment in the classical case, A molecule with close to the minimum 
of eneigy must be almost exactly lined up with the field, oscillating 
slightly fiom side to side, and so must contribute heavily to the mean 
moment As the eneigy uses, howevei, tho amplitude of oscillation 
increases, until finally, as a special case, the molecule may bo revolving 
in a plane paiallol to the field. Now it is clear that in such a motion 
its velocity wU bo greatest at the instant when it is lined up, and least 
when it has the opposite chicction, and hence it spends more time with 
a component of moment opposed to the field than with a component in 
the othei duection The mean moment of such a molecule is, theio- 
foio, actually negative On the othei hand, a molecule can ievolve 
lying almost in a plane but with a slight steady inclination in the direc¬ 
tion ol the field, and it will then make a positive contribution to tho 
mean moment These two extreme cases suggest that the raptdly 
moving molecules may contnbute nothing on the whole to tlie mean 
moment even in the classical case; and it can be shown that such is 
actually the fact * 

The polarization aiises, thorefoie, solely from the molecules having 
tho least energy of lotation, that is, with j == m — 0, The first sum in 
(330) reduces to one term, in which a:„i = «oo,i and Cn = coo = 0. In 
the denominator each gioup of -|- 1 teims with the same eneigy €„ 
can be grouped together. Hence, intioducmg the value of €n from 
(336), we find 


a 


3 / 1 ^ 


% (2J + l)e 


SirilkT 




-1 


(337a) 


* Cf Debyb, "Polar Molecules," p 161 
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The sum that appears here cannot be evaluated in terms of ordinary 
functions. At common temperatures, however, the quantity 
a = h’^/Sir'^IkT is rather small; if wo write / «/i x 
a = 40/(Ji!r), and for light polar molecules /i is at least greater than 
2 (hydrogen, with h— 1, is not polar), so that at 0°C a < 3^3. Hence 
at least at ordinary temperatures a good approximation should bo 
obtained if we replace the sum by an integral, thus: 

«0 

V; (2i + = C{2x -h da; '= i = 


Then 



(337b) 


The factor T in the denominator of (3376) arises hero from the state 
sum. Accordingly, wo can say that in wave mechanics the elfoct of a 
permanent moment decreases with rise of temperature because the 
state of lowest energy of the moloculo becomes rarer. 

According to (3376) the contribution of a permanent moment to 
the polarization is exactly the samo ns in classical theory, wlioro it was 
represented by the last term in oq. (317). 

If the temperature could be made low enough, tho difference 
between tho sum in (337a) and the integral that we substituted for it 
would become appreciable, and a departure from tho classical formula 
should tlien bo detectable. Unfortunately, however, it turns out to bo 
very difficult to attain tho necessary experimental accuracy when tho 
gas is rarefied sufficiently to remain a gns in spite of the low toinpera- 
ture and also to be free from excessive effects duo to molecular intorao- 
tion. A more detailed discussion of this point, and also of the general 
conditions under which a variation of a ns 1/2' may be expected, is to bo 
found in Van Vleck’s book.* 

A few other models besides tho rotating dipole have been worked 
out by wave mechanics; but more interest attaches to attempts to 
calculate the polarizability from the fundamental theory of atoms and 
molecules. In regard to those attempts, which are few as yot, wo shall 
only remark that in the case of holium fair success has been attained; 
Slater and Kirkwoodf find for tho dielectric constant e — 1.0000716 as 
against tho observed value of 1.0000063 at 0°C and 1 atmosplieio. 


* Van Vlidok, loc. dt. near Soc. 246, Chiip. VII, 
t Slatkr and Kinicwoon, PItys, 87, 082 (1981). 
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MAGNETIC SUSCEPTIBILITY 

267 Magnetism and Molecular Magnetizability. The theory of 
magnetism is in most respects so similai to that of dielectric polariza¬ 
tion that we have only to make suitable changes of symbols in iho 
equations alieady deiived in oidei to obtain foimulas pertaining to 
magnetism It will suffice, accordingly, to emphasize in tho discussion 
only the few difteionces between the two cases 

The effects of magnetism m a gas aiise fioin tho fact that each 
molecule behaves as if it possessed a ceitain mean magnetic moment, 
which we shall denote by y The vectoi sum of these moments in 
unit volume, oi the total magnetic moment pei unit volume, is tho 
vector magnetization, I, if for simplicity we wiite simply fi foi tho mean 
component of moment of a molecule in the diiection of I, assumed to be 
the same for all molecules, we have 

I ~ nji 

wlieie n is the numbei of molecules in unit volume. 

Ordinaly magnetic theory is developed in terms of tho magnetic 
induction, B - H + 47rl, and of the peimcability, B/II, which ih 
analogous to the dielectnc constant, but m moleoulai theoiy it is 
customary to work with the susceptibility, 

I n]i 

H~W 

Fuitherm 01 e, in dealing with bodies whose density p varies consider¬ 
ably the susceptibility per gram, k/p, is often employed, oi, still 
better, the molar susceptibility, Mk/p, wheie M =; molecular weight, 
which icfers to a fixed number of molecules, and eithei of those quanti¬ 
ties IS often denoted by x 

The theory of the local field in a magnetic medium runs as m tlio 
electric case, but this field diffeis so little from the ordinary field 
strength in a gas, ei^en at rather high densities, that we may ignore tho 
difference. Accordingly, we shall wnte simply 

p « yH, 

where y is a coefficient called the moleculai magnetizahihty, then 

K = ny, 


or for a mixed gas 


K ~ 
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268. Langeviti's Theory of Paramagnetism. From the time of 
Ampere (1821) magnetism has commonly been ascribed to electrical 
currents of some sort circulating in the molecule. Weber ascribed 
diamagnetism to the induction of such currents in a molecule that 
was originally free from, them; according to Lenz’s law these induced 
ciurents would circulate in such a direction as to prevent changes in 
tho magnetic flux through their circuits, and so .would give rise to 
molecular moments and magnetization opposed to the applied field 
and thus to a negative value of k. The molecular circuits were 
assumed, of counso, to be free from resistance. 

Paramagnetism and ferromagnetism were ascribed to the orienta¬ 
tion of pre-existing currents under tho infiiience of the field; but the 
first oxnct theory of such an effect was that given in terms of classical 
coiicoptions by Langevin in 1906. * As this theory applies particularly 
to gn-ses we shall give it; for this purpose we need only translate back 
Debye’s modification of it as given for dielectrics in Sec. 250. 

Lot us assume that each molecule is a rigid structure having a 
permanent magnetic moment ju. Then the forces exerted by a mag¬ 
netic field JI on the molecule will ])e exactly the same as they would be if 
it merely possessed a potential energy -fill cos d, 0 being the angle 
between the axis of tho moment and the field. Hence the same sta¬ 
tistical law will apply here as holds for permanent electric dipoles, 
and in the results of Secs. 260 to 252 above we need only replace 
(/, /i', and a by n, //, and y. 

Tho resulting moan magnetic moment in tho direction of the fiekVis, 
Uioroforo, in analogy with (3Ida, 6), 



For generality lot us suppose there is also a certain amount of magneti¬ 
sation duo to some other cause than the permanent moment; let'it be 
yollf wliere -yo is a constant. Probably all substance.s exhibit a rela¬ 
tively weak diamagnetism superposed on whatever paramagnetism 
they may ])osseHs; this will be included in yq. Then the total mean 
moment in the direction of the field is ju = ynH + and the magetiza- 
bility is 

7 = ! = '>■.+ 1' , (339«) 

In the casG of a gas, as in any sufFiciently weak field, we can then 
expand tho, Langevin function in tho formula for ji^ as in the electrical 

♦Langbvin, Ami. Cldm, Phys., 6, 70 (1.906). 
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casGj thereby obtaining for the initial magnetizability 

~ 3^’ (3396) 

If we set 7 o ~ 0, 7 f= n^/^kT, then for the molar susceptibility, 
X = Nay, wheie Nq is the Avogadio numbei, 

— const 

In this latter foim we have Cuiic’s law, which was discovered as an 
cmpiiical law befoie the publication of Langevin's theoiy The law 
holds moi(?oi less accuiatcly foi most gases and foi many solids For 
oxygon, which is lather stiongly paramagnetic, it holds quite accuiatcly 
right down to the boiling point Fepaitures fiom the law can fre¬ 
quently be asciibod to a relatively small supeiposed diamagnetism 
In contiast with the effect of a peimanent moment, diamagnetic 
susceptibility ought to be independent of toinpeiatuie, foi theie is no 
leason to expect the magnitude of induced moleculai currents to be 
aifected by the lapuUty of the tlieimal motion At least in gases such 
is always the case, oi veiy nearly so 

Classical thcoiy was thus bioadly successful in interpicting the 
phenomena of dia- and paramagnetism. Considerable success even 
attended effoits to apply the Laiigevin theory to the elucidation of 
fen omagnetism, and m that case the saturation effect, which was 
mentioned in deahng with dielectrics but is of no interest m the case of 
gases, becomes impoitant; but heie aseiious difficulty was encountcicd 
in the mysteiious innei self-magnetizmg field that Weiss found himself 
compelled to postulate. In recent years the lattei has been pretty 
well identified as a peculiai quantum effect due to "exchange " 

We must now see how wave mechanics handles molecular 
magnetism 

269 Quantum Theory and Magnetizability. The bioad outline of 
wave-mechanical theory which wo developed in Secs. 263 and 264 
for the eloctiical case requires only a few changes in ordei to adapt 
it to the tieaiment of magnetism 

Consider a molecule immersed in a unifoim magnetic field H, If 
At' denotes its mean component of magnetic moment in the diiection of 
H when it is in quantum state n, its mean moment in that direction 
under conditions of equilibiium will be 

_, ^ 

p. — — -—T- 

t/O " 


(340) 
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in analogy with (318); and its magnotizability is then 

T “ (341) 

The next step, as in the electrical case, is the doterraination of the 
moments characterising the various quantum states. This is again 
a problem that really lies outside of kinetic theory, and it involves a 
good deal of technical wave-mechanical work. Accordingly wo can 
give only a description of the theoretical argument and its results; 
but it seems worth while to do tlii.s in order to round out the picture. 

260. Sources of Molecular Magnetism, With the rise of the olcc- 
tronic theory of the atom it became customary to ascribe all magnetism 
to electrons revolving within the atom or molecule. In classical 
electromagnetism an electron revolving, for example, in a circle of 
radius a and making v revolutions per second is equivalent on the 
average to a current flowing around the circle of magnitude cp/c. 
(The algebraic charge e on the electron is moasiired in eloctroBtatio, the 
current in electromagnetic units, c being the speed of light.) The 
average resulting magnetic field at a distance is that of a dipole of 
moment 



Now such an Glcctron also possesses angular momentum duo to its 
motion, of average amount 

V — mav =» 2inna^p) 
m being its mass. Hence wo can write 

^ r, (342a) 

This relation can be shown to hold for any statistically steady motion 
confined to a small region of space. By its moans a classical theory of 
diamagnetism is readily constructed for tlxe Rutherford atom, li'or the 
induced electric field associated with the setting up of a magnetic field 
is such that it generates in the electrons a certain amount of angular 
momentum about a line drawn througli the nucleus in the dircotion 
of the field; this momentum then persists, being duo in fact to the 
Larmor precessional motion, and is accompanied by a definite magnetic 
moment, whose direction is easily soon to bo such as to load to a dia¬ 
magnetic efioot. 

When experiments on this subject wore performed by Einstein and 
de Haas and by others, however, it was found that in iron and some 
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[OiiAp xr 


M = — r (3426) 

mo 

It was pointed out by tho author that this would be the correct ielation 
if magnetism weio due to electrons of the Loientz type (spheies uni- 
foimly chaiged on the surface), rotating about then own axes instead 
of moving bodily As wave mechanics developed, howevci, it w'as 
discovered by Dime that the simplest modification of the theory that 
was in haimony with lelatmty automatically leqiuied a point oloctioii 
to behave as if it always possessed a ccitam internal angular momen¬ 
tum, and an associated magnetic moment in haimony with oq (342&); 
these effects aie commonly said to bo due to “spin," but there is in the 
new theory no suggestion of a spatial stiuctiuo of the election 
Moleculai magnetism thus aiisos fiom two distinct sources, the 
wave-mechanical equivalent of elect! onic tianslatoiy motion, and 
election spin Theie also may be similai but much smaller oontiibu- 
tions from the nuclei 

261 Wave Mechanics in a Magnetic Field. The wave-meohanicnl 
treatment of magnetism is best undcistood if we first write down tho 
classical Hamiltonian function For a charged paiticlo moving in a 
fixed magnetic field undei the influence of any potential function V 
this function is 



g 

cm 


A ‘p -j- 




A2 + 7, 


wheie A is the vcctoi potential foi the magnetic field H (i.o, 
H ~ curl A), c ~ speed of light, e ~ charge on the paiticle and 
m ~ its mass, and p is the vector geneializcd momentum for tho 
particle, that is, the components p*, py, p* of p foim with 'c, y, z as 
cooidinates a set of vaiiables obeying the Hamiltonian equations 
(Sec 194), which can then be shown to lead to the usual equations of 
motion foi the paiticle The scalar product A • p can bo wiitton out in 
cithei of the two foi ms 


A • p = Ip cos (A, p) ~ AAypy -f 

(A, p) denoting the angle between the directions of A and p; and, of 
course, 

?>* = P* + Ptf + vl 

p is not the ordinary momentum, however, for the components of tho 
velocity v are given by three of the Hamiltonian equations of which a 
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typical one is 


V = ® A 

* dt dpx m cm ^ 


Thus 


p = mv + — A, 

cm ’ 


(343) 



where viv in the ordinary momentum of the particle. 

Wlum the magnetic field is uniform, as it will be assumed to be 
hereafter, A, whiidi is in part arbitrary, can be supposed to take the 
following form; it is everywhere perpendicular to 
H, at any point it is also pcrpondicular to a line 
joining that point to some reference line which 
itself is invrallel to H, and, if R is the distance of 
the point from this lino, A ~ nR/2 (cf. Fig. 94). 

Thus A >= i H X R. In dealing with an atom 
or molecule the reference lino or axis will be 
drawn through the center of mass. With this 
choice of A, 

A • p = *1 // Rp cos (A, p); 

and Hinco p cos (A, p) is the component of p in the direction of A, which 
is iiorpendicular to R, we recognize 

On = Rp cos (A, p) 

as roprcHonting what tlie angular momentum of the particle about the 
axis would he if p were its momentum. Gw, in turn, is the component 
in the direction of H of a vector G = r X p, r being distance from the 
luoleciular center of massj G is called the orbital angular momentum. 
The Hamiltonian function can now be written in terms of H itself: 


Fig. 04. —Vector po- 
lontinl A for a uniform 
innanotio field H. 




It j. ]/ 


a"«" + 8S 


IPR\ 


The uctnal angular momentum of the particle about the axis is then, 
from (343) and A « IIR/2, 

ell 

Vu = Him cos (A, v) « Gw - 

Furthermore, averaging this expression over a macroscopically small 
time, wo have from (342ft) for the mean magnetic moment m the direc¬ 
tion of H 
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2mc 


T„ = 


e 

2mc 




ioV 


(844) 


Now in wave mechanics the collect Hamiltonian operator for such a 
particle is believed to be obtained by substituting in the classical 
Hamiltonian function (h/2in)'7 foi p. The same substitution in G 
gives the orbital-momentum opeiator, and hencefoith the symbol G 
will be unclcistood to stand for this opeiator A torn must bo added, 
howevei, to repiesent the effect of spin; for this purpose we may use the 
appioximate foim of theoiy given by Pauli In this w,ay we obtain 
as the amplitude equation foi a stationaiy state 


in which 


Fai ~ 




V' + 


V 


and (Tii is the component in the diioction of H of the angular momentum 
of spin. The factoi 2 on o-// repiosents the diffeience between (342&) 
and (342a) above For a complete atom or molecule the magnetic 
terms arc simply the sum of such terms foi the separate electrons, if wo 
neglect the minute effects of the nuclei, hence for a molecule we can 
wiite 


[^« - s + 8^ (3«) 

Fq being the Hamiltonian function in the absence of a magnetic field 
The magnetic moment of the molecule in the direction of H, when it 
is m state n with wave-function can then be shown to be 

2j(Sx, + 2S„) = f <k, ZJP = /SB' W dq, 

Si2® being the sum of the squares of the distances of the electrons from 
the axis and YiW representing an aveiage of this sum 

262. Magnetizability by Perturbation Theory, The effect of a 
weak field can now be found by the perturbation method, as in the 
electrical case Dropping the quadratic term in H*, we can write the 
wave equation (346) in the foira 
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{F, + HQW - 6^', Q = + 2(r„). 

The theory of Sec. 254 will then at once apply, provided we change E 
to n and S to Q, II^ there being the same as Fo here. We must also add 
tlio diamagnetic or term in the moment ju', which has no analogue in 
the electrical case. 

Wo thus obtain from (346), in analogy with (327), (325b), (3266), 
(328) and (329) in the electrical case, 

M» = M.iO + (27 „i - 7nc)J?, (347) 

~ 2ff;fr)4'n d?, 

T 

^ (348) 

Qkn = 2<T!ir)^ndq, 

T 

~ (349®, b) 

r 

the sums in terms of t extending over all electrons in the molecule. 
Then, in analogy with eqs. (318) and (330), for the mean moment ii 
per molecule under conditions of equilibrium and for the mean mag- 
notizability, 7 == p///, of a molecule in an isotropic body, for which 

5 ^Mnoe'“fci’ =s 0 , wo have 
» 

-ill 

(360) 

2(si+^-.-4-- , 

7 = -~T —— - > (361) 

1 , 0 '" 

n 

to the first power in II, Here 6 n and refer to states for zero field, 
wliich must be chosen in case of degeneracy so as to pass continuously 
into states with field. 
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This foimula seems to indicate a complicated smiiaiion of 7 with 
tompeiatiiiG In piactice, howovci, the Boltzmann factois veiy 
commonly disappear as effective influences. In laige pait this aiisos 
fiom those fcatuics of the quantum states that weio dcsciibod in Sre 
147 A molecule not subject to an exteinal field may bo supposed to 
have a definite angulai momentum, associated with a coitam valuo 
of a quantum numbei J, and also a definite component ol this momen¬ 
tum about any chosen axis equal to Mh/ 2 Tr, M being a quantum nuin- 
bei that langcs in nitegial steps fiom —J to ~\-J The composite 
noimal state of the atom or molecule then includes fundamental 
states coiiesponding to a single J, 01 to a limited numbei of J’s (a 
multiplot), and it may happen that any othei stale has, at oidiimiy 
tempeiatiues, an encigy exceeding that of the noimal state by many 
times kT In such a case, in evaluating the sums in eq (351) these 
othei Ol "excited” states can all bo ignoied because of the relative 
minuteness of then Boltzmann factois Fuitliei simplification then 
often lesultsfiom the fact that fundamental states diffeimg only 111 M 
have the same cneigy €„ and hence also the same Boltzmann factors. 

Suppose, foi instance, that all of the noimallyoccuiiing states have 
the same en, at least within a fraction of kT, tins may result from the 
occuiience of ju&t one J, 01 from the extiemely close spacing of a 
miiltiplet state Then the denominatoi in (361) reduces to the num- 

tn 

bei of occur ring states multiplied by e and, the latter factor can¬ 
celing out, 

7 = ^ + 2 ^ 1 -^, (3520) 

wheie a bai denotes the aveiage foi these states Or, regardless 
of the e„'s, it may happen that Hnn, Tni, and Yno are the same (perhaps 
zero) for all of these states In that case the sum over the Boltzmann 
factors cancels and 

7 = ^ + 27»i “ jnD ' (3526) 

263 Diamagnetism When foi all of the noimally occurring 
•states jUrtO = 0 and 7 ,a = 0 we have pine diamagnetism. Then (362a) 
01 (3626) becomes 

7 - - 7«D 01 -7ni, 

the latter if 7 „i> is the same foi all ol these states, and we have a dia¬ 
magnetic magnetizabihty independent of tcrapeiatuie, in agreement 
with observation 
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The formula for is usually written 

Yn/) = QcV'H"' 

7 

in terms of the average square of the distance of an electron from the 
center of mass of the molecule, since in a spherically symmetrical atom, 
or in any case upon averaging over all .states forming the composite 
normal one, it must turn out that 

+ i?) = + tP + 57 ) = H%7?. 

r r r r 

For helium (where J = 0) it has been poasiblo to calculate from 
wave-mechanical theory with fair accuracy;* the result for the molar 
susceptibility is x = Nay == —Noyno = —1.85 X as against 

Hector and Wills’ experimental value of —1.88 X lO^®, This agree¬ 
ment is very gratifying. Houghor estimates for some other atoms also 
agree well. 

In the absence of such calculations, of course, one can reverse the 
process and calculate from observed diamagnetic susceptibilities, 
e.g., we could calculate a sort of root-meau-square average distance i\ 
by the formula 

\ N, re® ) ' 

v being the number of electrons in the atom or molecule. Values of 
r, calculated in this way aro always well within the radius as estimated 
in other ways. 

264, Paramagnetism. In general the term ^ in eq. (362a) is 
much smaller than the other terms whenever these are not exactly 
zero, and Yni> if not zero, is positive. Then wo have paramagnetism. 
If also = 0, and if y„j> can be neglected, 



and Curie’s law is obeyed. 

The occurrence of a natural state moment Mno would be expected 
to bo common, because of the close relationship of magnetio moment 
and angular momentum. In atomic theory it ia customary to write 


* SLATBn, P/tys. Pel),, 82, 349 (1028), 
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wheie firisafaetoi called the Land 6 factoi ande/i/ 47 rcw ~ 9 26 X 10”“' 
icpieseuts a natuial unit of magnetic moment called the Bo hi magne¬ 
ton For a single election with one unit, /i/27r, of oibital angulai 
momentum (spin being neglected) ilf ~ 1 and g ~ 1 , so that == 1 
Bohi magneton, if the moment is due to the spin of one election 
alone, M = +K oi’ “3^ {7 = 2, so that again |/i„o[ == 1 magneton. 

Often g has fiactional and sometimes even negative values 

An interesting example is fuinishcd by potassium vapor, whoso 
susceptibility was measuied by Geilach The potassium atom is 
noimally in a spectioscopio state, with J = 3 ^ and M ~ 
the next state lies too high to occui with appieciable frequency even 
at a tempeiatuie between 600 and 800®G. Foi this state all Q»k = 0, 
hence yni = 0 and Curie's law should hold The Landd g factor is 
2 (magnetism due entiiely to spin), hence jwno — eh/Arcm or one 
magneton for both values of M, and the molar susceptibility should 
be X = ^oy ^ Noixno/kT ~ 0 374/ir Geilach found x = 0 38/7', 
which agiecs within his lathor laige expeiimental eiiois; and he also 
found that Curio's law is obeyed 

Foi oxygen, theoiy indicates in a somewhat similar way that 
X = 0993/7', as against the best experimental value of 1011/7’ 
Oxygen obeys Cuiie's law down to very low tempciatuies 

MOTION OF ELECTRICITY IN GASES 

The phenomena attending electrical cuiients m gases aio among 
the most vaiied and the most inteiestmg m all of physics Tlie 
theoiy of these phenomena involves a continual use of &omo of the 
methods of Idnetic theoiy, but on the other hand it foi ms a very laige 
and iiitiicate subject and has been exhaustively discussed in a numbor 
of special tieaiises t Accordingly wo shall discuss heie only ono or 
two fundamental phases in which a stiaightforward application of 
lunetiG theory can be made and which thus seive as a good illustration 
of the use of that theoiy in such eases No experimental arrange¬ 
ments will be desciibed at all, the loader being left to seek the expori- 
mental ba.sia foi the facts that wo shall cite in the special treatises just 
named or m the oiigmal papois there cited 

266, The Motion of Ions in Gases. Electricity is conveyed 
thiough gases by means of ions of some soit Under suitable oondi- 
* Cf Van Vi bck, loc cit near See 246, p 239 

t Cf K K Daiwow, ’‘Electrical Phenomena m Gases," 1932, J J and G P 
Thompson, “Conduction of Electiicity through Gases," 3d cd in 2 vols , 1928 
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tions, especially in very dry gas at low pressures, these ions are in 
large part free electrons; under other conditions they are known to be 
heavier bodies, but whether these are charged atoms or molecules, or 
clusters each composed of several molecules, has not definitely been 
made out to this day. There is a great variety of ways of bringing 
about the existence of ions in the gas, but this subject will not bo 
discussed here; nor will we concern ourselves with the destruction of 
ions by recombination or otherwise. 

Our discussion will, in fact, be limited to cases in which the density 
of the ions is low enough, or the space over which they move small 
enough, so that recombination can be iieglectod entirely. Further¬ 
more, we shall assume that the electric field is not strong enough to 
produce fresh ions by collision. These two restrictions mark off a 
very small portion of tho whole subject, but it is a part that is of 
fundamental importance, and it is also a part in which there exist 
simple general laws. 

If we now add the further restriction that tho electric field is weak 
enough to allow tho ions to remain in approximate thermal equilib¬ 
rium, their motion becomes a case of the simple forced diffusion that 
we have already discussed in Sec. 116; the analysis there developed 
should be applicable hero, Upon the rapid and irregular motion of 
thermal agitation which tho ions must share with tho surrounding 
molecules, the forces due to the field superpose a small steady drift 
at some speed n. This speed is proportional to the electrical intensity 
hence in practice it is more convenient to work with tho ratio 
U ^ ufJjJf which is called the mohiUty of tho ion. 

Tho mobility is obviously connected with the electrical conduc¬ 
tivity of tho gas. For if n is the number of’a given kind of ion in 
unit volume, nu is tho rate at which they cross unit area drawn normal 
to the field, and, if q is the numerical charge on an ion, nuq is the rate 
at which they carry oharge across; but tho latter is also tho resulting 
current density, and this by definition is CJE in terras of tho conduc¬ 
tivity C. Thus nuq — OJS, and when only one kind of ion is present, 
wo have, in terms of the mobility 

C - nqU, 

If several kinds of ions are present each Idnd makes its own inde¬ 
pendent contribution to the current and 

C * ^niqiVi 

j 

summed over the various kinds. ' . 
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On the other hand, we showed in Sec 116 that a steady motion of 
drift under the influence of a force is equivalent to diffusion caused by a 
certain equivalent concentration giadient. The force on an ion being 
F ~ qE, eq. (I70c) of that section gives at once 

c/ = I = If (363a) 

in terms of the coefficient of diffusion D of the ions through tho gas, 
the numerical charge q on the ion, the Boltzmann constant k, and tho 
absolute temperature T We assume their relative concentration to 
be small enough so that (170c) can be used instead of (170a). 

This formula, which is often written 



IS of great interest because everything m it can be found expeii- 
mentally; both U and D can be measured for the ions, sometimes 
even in the same apparatus, and we possess independent means of 
estimating T and q For heavy ions, indeed, T should be indistinguish¬ 
able from the temperature of the surrounding gas, in the case of free 
electrons, however, it is often higher, as explained in gi eater detail 
below, and in that case the equation is, in fact, more frequently 
employed for a calculation oi T A common method of measuring U 
is to measure the conductivity C and then apply a strong field and 
sweep all of the ions quickly upon a conductor connected to an elec¬ 
trometer, from the total charge thus collected the density N of tho 
ions can be calculated if the chaige q is known, and V can then bo 
calculated A good method of measuring D is to blow the gas at a 
known rate thiough nariow metal tubes and note the rate at which tho 
ions disappeai by diffusion to the walls of the tubes. 

Instead of discussing experiments further, however, we shall 
merely state that eq (363a) is “singularly well confirmed" (Darrow) by 
the results of experiment 

266. The Mobility. By inserting one of our theoretical values of 
D into eq. (363a) we can obtain a theoretical value of the mobility U 
in terms of molecular constants According to eq. (166a) in Sec. 109, 
the coefficient of diffusion for ions of mass m moving among gas mole¬ 
cules of mass M should be very nearly 
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the correction term Xia in (168ct) being very small (probably not over 
2 per cent under ordinary conditions). With this value of D eq. (363a) 
gives for the mobility 



Here h is the Boltzmann constant, T the absolute temperature, n 
the total number of molecules (including ions) per unit volume, g 
the numerical charge on an ion, and iSo the "equivalent cross section 
for diffusion." If both ions and gas molecules have a maxwellian 
distribution at the saino temperature, Sd is given by (1656) in See. 
109 or 

Sd = sin 

(366a) 

Here 0{v, 0) stands for the scattering coefficient for an ion impinging 
at speed v upon a gas molecule (See, 68), or NG{v, 0) d<a is the frac¬ 
tional part of the ions incident on unit area in a uniform beam of 
such ions that are deflected by N scattering molecules into a solid 
angle rfw at an angle 0 with their direction of approach; the molecules 
are supposed to be initially at rest but free to move. If both ions and 
molecules are elastic spheres with mean diameter <rav, 0 = <rJy/4 and 

jS/j = TTo’Jv (356b) 

(cf. Sec. 109 and (IlOe) and (llOd) in Sec. 70]. With this value of Sd 
eq. (354) agrees with that found by Langevin in 1906*, and the 
equation is often cited as Langeviti’s formula. 

The determination of G and /So is a problem that lies outside of 
kinetic theory, but if this problem can be solved by means of molec¬ 
ular theory, or if 8 d can be calculated by means of (366a) from 
observed values of the scattering coefficient G{Vf 0), then (364) and 
(3B6) should give D and C/, respectively. Very little has been accom¬ 
plished as yet toward the theoretical calculation of mobilities in this 
manner. 

In discussing the formulas further it is convenient to separate 
the two cases of free electrons and of heavy ions. We begin with the 
latter. 

267. Mobility of Heavy Ions, If an ion consists of a molecule that 
has lost or gained an electron or two, the equations obtained ought 


* Langevin, Ann, Chim. Phys. 6, 246 (19061. 
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ceitainly to hold In such cases it is more usual to replace Sd hy 
the mean free path; the most satisfactory definition of the latter seems 
to be 



as in eq. (1066) in Sec 64, n being the total number of molecules per 
unit volume. This would actually be the mean fiee path of the ions 
if both they and the neutral molecules were hard spheres of mutual 
cross section So ~ ira^y, free fiom mutual force-action except during 
collision With this substitution (364) and (366) become, for the 
mobility U and the diffusion coefficient D, 



(367a, 6) 

A great many measiuements on heavy ions have been made 
The mobility of the negatively charged ones is nearly always found 
to be greater than that of the positives, the difference often being 
conisideiable The mobility of both kinds is observed to be inveisely 
pioportional to the density at constant temperature, as according to 
(3576) it should be, except that at low pressures the apparent mobility 
of all negative ions rises, at first moderately and then prodigiously 
This rise is mteipietcd as meaning that as the pressure falls the 
negative ions come to consist largely, and in the end wholly, of free 
electrons The transition occurs m ordinary gases at a few per cent 
of an atmosphere of pressure, but it occurs at much higher pressures 
if all water vapor and other impurities are carefully removed 

So far as the influence of density is concerned, the theory is thus 
in harmony with experiment Most of the other observed properties 
of heavy ions have, howevei, proved to be very difficult of explanation 
The mobility does not appear to vary with temperature in the way 
that theory indicates In a mixed gas there seems to be only a single 
mobility, with a very considerable spread of values about a maximum, 
instead of several distinct mobilities corresponding to the different 
kinds of ions that we should naturally suppose to be present 

l?inally, mean free paths calculated from observed mobilities by 
means of (3576), on the assumption that the ions are single gaseous 
molecules, are several times smaller than those obtained from the 
mechanical properties of the gas; for example, positive ions in nitrogen 
have a mobility U — 1.27 cm/sec in a field of 1 volt per centimeter, 
or 381 cm/sec in a field of 1 electrostatic unit, from which we find 
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with m = M == 46.64 X {/, T == 288, and 5 = 4.806 X 10"io, 
L =s 1.1 X 10“® cm, as against 6.28 X 10'"^ as found from the vis¬ 
cosity (Sec. 86 ). Of course, a value of L calculated from Sd is not 
strictly comparable to one calculated from the viscosity, which 
depends upon the rather different quantity Svo [cf. eq. (1566) at the 
end of Sec. 101 ]. On the other hand, from some observations on the 
diffusion of ions in air, which does depend upon /Si>, Townsend found 
D ~ 0.028, whereas for ordinary oxygen and nitrogen diffusing 
through each other D = 0.18, and those values of D stand in as strong 
contrast to each other as do the values of L, 

These facts, taken together with the fact tlmt the ratio D/U 
does seem for all ions to have its kinetic-theory value, A;7*/(jf, point 
to the conclusion that our general viewpoint must bo correct, only 
there is something very peculiar about the nature of positive ions. 
Now it is obvious that their motion must bo greatly inflvioncecl by an 
attraction between them and the neutral molecules. Since, however, 
this attraction, being clue to a polarization of the molecule by the 
eleotric field of the ion, must fall off as tho inverse fifth power of the 
distance, calculation shows that large effects upon G and So cannot 
occur unless the attraction becomes so strong that molecules actually 
adhere to the ion, forming a cluster.^ 

This latter conclusion brings us to a view that is, in fact, very com¬ 
monly held, viz., that gaseous ions, when they are not free eleotrons, 
usually consist of a cluster of molecules with a charged particle of 
some sort at the center. Such a theory fits tho facts pretty well. 
We are still, however, far from possessing a complete quantitative 
understanding of these complicated phenomena. 

268. The Mobility of Free Electrons, Because of its relatively 
minute mass a free electron may be expected to behave rather dif¬ 
ferently from a molecular ioni In Langevin^s formula wo can neglect 
the electronic mass, for which wo shall write when it is.added to the 
mass of a molecule. Equation (366) for tho mobility then becomes 

"" 8 Vi ® 

e being the numerical electronic charge^ n tho number of molecules 
per unit volume, and Se tho value of Sd or the equivalent cross acetion 
for diffusion of electrons among the gas molecules. Se is given in 
terms of the scattering coefficient for electrons from the molecules, 
Gt(Vf 0 ), by eq, (366a), with m M replaced by M: 

* J. J. Thomson, PMl. Mag., 47, 837 (1024). 
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8 e » 27rJ^ <)^(1 — cos Q) sin B dO dx (359) 


If wo prefer to mtioduce the mean free path Lo of the electrons among 
the gas molecules, the appropiiate foimula is (99&) or 


Le - 


1 

nS, 


lathei than L = l/'\/2nSe, foi the molecules may be considered as 
standing practically still m comparison with the hundredfold moio 
rapidly moving electrons Then in teims of Le 

The favorite model for a gas molecule m this connection has been 
a solid sphere from which point elections are assumed to bounce off 
elastically, and hence equally in all diioctions, According to this 
assumption, the mean diameter of election and molecule, or the radius 
of the sphere of influence, is half of the diameter cr of the molecule, 
so that in (366&) = o'/2 and 

8e ~ \Tr<T^, 


In this case it is also appiopiiate to mtioduce the Chapman coriection 
factor, (1 4* >^ 12 ) m eq (168a) of Sec 111; for we can now give to X 12 
the special and very appicciable value which it takes on for clastic 
spheres of extremely unequal mass, viz, 1 + Xi 2 = 32/9rr = 1 132 
Thus on this assumption we obtain the somewhat modified foimulas 


' /2 e 1 _ 2 (2 eU 

* 3 \ir {mkTy^ 3 \7r {mkTy^ 


(361) 


The electronic mean free path Le is related to that of the gas molecules 
themselves by the formula 


Le - 4\/2L, (302) 

which can be used to calculate values of Le from a table for L, 

It must be remembered, however, that all of these formulas for 
the mobility of a free electron lest upon the assumption that their 
velocities aie distiibuted in the maxwellian mannei proper to absolute 
temperature T, As we shall see later, under many oxpcnmental 
conditions theie is good reason to doubt this assumption 

269. Elementary Theory of Electronic Mobility. When the elec¬ 
trons are assumed to move among small stationaiy spheres dis- 
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tributed at random, from which they rebound equally in all 
an accurate formula for the mobility ia easily obtained by 
methods. Although no new results are obtained thereby» ib will l>e 
instructive to see how this can be done, especially since tho Htf’P 

in the reasoning is often taken in elementary discussions of tlio Hubjcofc. 

In 1900 Drude published a very simple theory which was iiitondod 
to apply to electrons in a metal but is also applicable withovit change 
to a gas, It was based upon the idea that in a uniform elot^tvic! held 
an electron must undergo a displaecmciit due to the field of ni'iap;niUx<le 
s = ^eUlT^fm during its time of flight t between successivo iiolliHioim 
{eE/m being its acceleration), and so should start each fvoo path a 
distance s farther along in the direction of tho field. If wo «upj)OH 0 
it to move with average speed v and to have a mean froo path L., 
then wo can write, at least approximately, r » Lg/v, wJieiico 

1 oELl 
^ 2 mv^ ’ 

then in the course of all free paths executed in a second, v/Lfc in nunibor, 
it undergoes a total displacement vs/Le = ^ eELcfmVi and tliiH tUvided 
by E is the mobility Ue> Honco 

a. = 1^2. 

2 mv 

There are, however, several errors in this calculation, h'oi* uno 
thing, if we contemplate an electron that is moving dirccibly with or 
against the field, it is at once obvious that tho displacoincsnb it has no 
effect whatever upon the starting point of its next free patli l:>ufc moroly 
causes it to start the next one at an earlier or later time bliivn it other¬ 
wise would. It is, in fact, in all cases only the componenl of ft t/i.’tinsvorso 
to the original velocity v that is effective, and also only tho cscmijnoucat 
of this component in the direction of J?. The average vixluo of the 
latter is easily found; a fraction |sin OdO of tho eleotronH atart out 
in a direction with 0 in tho range dO, hence tho average of Bin® 0 is 

sin® 0 H\n 0 do ~ 

Making this correction, wc have for the factor in tho oxprOBBloii for 
Ue the value instead of 3 ^. 

A second point at which objection can be raised is thti of 

T® in s by the square of LJv, In many cases rough avoraKing of Lius 
sort is fully justified, especially if wo wish only to find fclio ordor of 
magnitude of an effect, but in the present instance it mt\.y Umd to a 
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numeiical error of considerable size In Drude's original application 
of the theory to the fieo electrons in a metal the error due to this cause 
IS rather uneeitain because the distribution as to lengths of fiee paths 
among the closely packed molecules of a solid is open to question, 
so that in Drude’s theory the omission could be justified 

In a rarefied gas, however, wheie the molecules are small in com¬ 
parison to the mtermoleculai spacing and aie distributed at landom, 
the free paths must ceitainly be distiibuted exponentially, as shown 
m Sec 69, the magnitude of the coirection in question is then scaicely 
open to doubt Accoidmg to eq. (986) in Sec 69, the fiaction of the 
free paths that have lengths in a range dl is 

\p{l) dl ~ ^ e ^*dl — ^ e dr 

j-Jq -Lje 

m terms of the time of flight, t = l/v, hence the average of is 

_ y f* ^21 iji 

We must, therefore, replace in s by 2 L®/p 2 instead of Ll/v^\ this 
multiplies the result by 2 

Combining the two corrections, we thus obtain for the mobility 
of the electrons when moving at uniform speed v 


A final correction is then to bo made for the distribution of speeds 
This is easy to do in the present instance because Z/« cannot vary with 
V The magnitude of the correction will depend, however, upon the 
distribution of the molecular velocities, let us suppose that this is a 
maxwellian one, corresponding to some temperature which wo shall 
denote by Te Then, by (61a) in Sec 28, the fiaction 4rrAv^e~^*'’^ dv of 
the electrons are moving with speed in the range dv The mean dis¬ 
placement in the field would obviously be the same if the electrons 
composing this fraction were always the same individuals, moving con¬ 
stantly at speed v and drifting in unit field with the aveiage diift 
velocity Ut as just found The aveiage rate of drift in a unit field, 
or the ordinary mobility, will be, therefoie, 

f/, = r ~ * 4irApe-^’‘'’ dv = ~^" 4 

Jo 3 m 3 m/?® 

or, after inserting A = from (60) and either /? — 2/(\/Trd) in 

terms of the mean speed o from (66a) in Sec 30 or /3® = m/2kTi from 
(66) in Sec 28, 
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' ^ 2 /2 
® Zxviv * 


(363) 


>Tiius iin ithe present instance tlie corroction. for Maxwell's law, 
!besides.replacing v by S, raises the numerical factor from % ~ 0.667 to 
}8/3ir ='0.849, or by the rather large amount of 27 per cent. We can 
‘readily see why thd effect should be so much larger here than in the 
case of viscosity, where it was only B per cent (Sec. 83)here the 
slow-moving electrons enjoy relatively fong times of flight and drift 
a long way, whereas a slow-moving gas molecule is apt to have its 
free path cut short through being struck by another molecule. 

This formula for IJ» was first obtained by Lorentz by the method 
of correcting the velocity distribution,* It agrees exactly with eq. 
(361) quoted above as Chapman's result; but the truth is that Chap¬ 
man inferred his limiting value of Xia for spheres of very unequal mass 
from Lorentz’s result. Equation (361) or (363) must be regarded 
as the correct formula for the mobility of electrons moving with max- 
wellian velocities at a temperature T or among relatively fixed 
molecules which scatter them equally in all directions, the molecules 
being spaced at random and far apart. 

270. Actual Electron Mobilities. Because of the roughly four 
times smaller cross section, and still more because of the ton to a 
hundred thousand times smaller moss, our formulas predict electron 
mobilities many hundreds of times greater tlian those of heavy ions. 
This expectation is amply confirmed by experiment. 

The usual mode of comparing observation and theory is to calculate 
from the data by means of the theoretical formula values of the mean 
free path L« or, better, the collision cross section 5, or the equivalent 
elastic-sphere diameter o-« = V^iSe/Tr; the latter can then be compared 
witli diameters obtained from other sources. If this is done on the 
assumption that the electrons have a maxwellian distribution at the 
temperature of the gas itself, values of tr<, are obtained that are muck 
larger than the molecular diameters calculated from the viscosity. 

It was early suspected, especially by Townsend and K. T. Comp¬ 
ton, that this discrepancy arose from the fact that the experiments are 
usually performed at such high field strengths that the electrons 
acquire energy from their descent in potential at too rapid a rate for 
effective equalization with the gas molecules to ocour. The amount of 
energy that an electron can lose to a molecule in an elastic impact is, 
in fact, very small. An approximate expression for it is easily found 
if we suppose the molecule to be a sphere, initially stationary, 


* Cf. H. A. Louentz, Theory of Electrons,’' 1000, p. 274. 



474 


KINETIC THEORY OF GASES 


[Chap XI 


Let the electron approach at speed y and leave at speed v 'm a 
diiection maldng an angle B with that of v, let the molecule, initially 
at lest and having mass M, acquire a speed V with components Fi, 
Fii, lespectively peipendicular and parallel to v. Then by conseiva- 
tion of momentum mv' sin 0 = MVmiv — v' cos 0) = MV\u whence, 
since VJ + Vf = 7®, 

Jf 2 y 2 _ _|_ ^,>2 _ 2 vv' cos 0 ) 

Now ceitamly v' < v and [cos 9\ <1; hence MW^ < 4m“y^ and 


Since M/w > 3,500 at least, this shows that the loss of energy by the 
election, which equals | MV^, must be minute. Hence we can sot 
V ~ v'm the piecedmg equation, and we can also assume cos B to bo 
equally often positive and negative, as it would be if the molecule 
weie fixed (cf Sec 70, Pioblem 1) For the average kinetic eneigy 
acquiied by the molecule wo thus obtain 



so that the electron loses on the avei age only the fraction 2m/M of its 
eneigy in a single impact 

If the election continues to drift indefinitely it will, therofoio, 
accumulate energy until this relatively slow loss balances the late at 
which it acquires energy from the field Now it acquiies onoigy at a 
late cEu = eEWe, & being here the numerical eleotiomc charge and u 
its rate of drift or Uo its mobility in the field of intensity E, Hcnco 
if we write for the terminal value of its energy | kTe, in teims of the 
Boltzmann constant k and an equivalent temperature Te, we have as 
the condition of energy balance 


B 2m B 
L,M 2 


kT, = eE^Ue, 


v/Le representing the number of collisions made in a second; hence 

= l M'eL.P, ^ 

3 mdk ’ 


or, if the distribution is maxwellian and the mean speed, therefore, 
V = 2{2hTe/vm)^, 


T, 



eLMcEA 
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'Ih'iH formula might be used to calculate equivaleat temperatures 
for the electron, but more commonly its equivalent is employed to 
oUminato To from the formula for the mobility, If we do this in (363), 
wo obtain for the terminal mobility 



Formulas equivalent to this but with somewhat different constants 
in ])laco of S/Stt occur in the literature; the differences arise from the 
omiHsion of one or more of the corrections that we have introduced 
or from approximations of some kind. Values of Le calculated from 
observed data by means of such formulas yield values of the mean 
free path for gas molecules, L - Lof4:^/2, agreeing much better with 
values obtained in other ways. Very slow electrons often show 
anomalies, however; for example, as their energy sinks below 10 
electron volts, their mean free path in the heavier noble gases becomes 
con ski or ably less than times the value of L, but as the energy 
. sinks below 1 volt it becomes several times greater (the Ramsauer 
effect). Sometimes several such oscillations can be observed. Such 
plmnoinona must find their explanation in the wave mechanics of 
collisiouH between electrons and atoms, and some progress has been 
made toward tlioir elucidation. 

The gradual acquisition of energy by electrons in a field can be 
followed experimentally up to the point at which they acquire enough 
energy to ionize the gas. For these experiments, however, we shall 
refer to tho original papers.* 

At this point, in fact, wo must take leave of this fascinating subject. 
Tho theory of tho motion of electricity through gases involves a 
continual use of tho methods of kinetic theory; but to survey all the 
attempts that have been made to develop it would require another 
whole volume, 

♦ Cf. K. T. Compton, Phys. llcv., 22, 333 (1923); Hbotz, Deutsche fhye. Ges. 
Verh., 19, 208 (1917). 
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(n is a positive integer or zero) 


2 . (01 = 1 .) 
3. 


dv = (2n> - l)(27t - 3) 


'V/tt* 


2 i»+l| 32 tiM 

With r* = a;* + 4- «® and all intcgmle ranging over 

--' 50 <a;<oo, —CO <y<co^—CO <z<co; 


4, J J J d® dy dz = 2 t. 

5 ' J J J ’•‘"e"'"'’ (i* <*!/ <*« “ - - - — 

6. J J J dx dy = I 

7, J J J.,_ {2n_+ 3)(2« + _1J 


r«. 


^8j,2ng-^»ri d>y dz 


3 . 2 rt+lj 32 rt »-6 


ir«. 


8 . J* J J'da; d?/ du; ** i 

9. J* J* ajVc"^**'* da; di/ d« « ^ 

10, J*J" J* dxdydz^^' 

11. J J J d® d]y d« « ^ 
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IMPORTANT constants 


Speed of light, c — 2 99796 X cm/&eo 
Planck's constant, A = 6 62 X c g s 
Rlectiomc chaige, e = 4 805 X 10~^® clectiostatio unit 
Specific cliaigo on election, e/m = 1 7576 X 10^ electromagnetic units 
poi giam 

Mass of election, m = 0 9119 X 10“^^ g 

Mass of atom of unit atomic weight {M — 1), mi = 1 661 X 10~^^ g. 

Boltzmann constant, /t< = 1 381 X lO"'^^ c g s 

Gas constant per giain molecule, Um = 83 15 X 10“ c g s 

= 82 06 atm cc/deg 

Molecules in a giam-molecule, = 6 021 X 10®“ 

Density of a gas unclei standaul conditions, tio = 2 686 X 10^® mole¬ 
cules pei cc 

Absolute tempeiatmo of ice-pomt. To = 273 14“ 


Bohr 

Bohi 


ladiiis, Qo = = 5 29 X 10““ cm. 

magneton, ~ 9 26 X 10“®^ clectxomagnetic units 
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Boltamann, 00-67, 352-367, 387 
'oanoUicAl, 92, 93, 386, 390 
•gases, by wave mechanics, 399, 418, 
427 

(See also Velocity, molecular) 
loose many-moleculc system, 363- 
367, 386-389 
Distributions, 361, 383 
Dootson, 206 
Drude, 471 
Dushman, 307 

E 

Effusion, 64 

Effusive moleculai flow, 60, 71 
Einstein, 281, 286 
Elcctiic field, local, 433 
Energy, diffoiential equation of, 240 
molecular, elassicnl, 248, 254, 260 
translatoiy, 25 

wave-mechanical, 393-396, 413 
of quantized gas, 409, 410, 416 
Ensembles, 340 

Enskog, 146, 169, 180, 182, 195 
Entiopy, differential equations and 
formulas for, 242-244 
gases, classical, 246, 248, 361 
wave-mechanical, 399, 406, 411, 
416 

and probability, 368 
and range in phase, 371 
in statistical mechanics, 360, 367, 
388, 391 

zero-point, 405, 408 
Epstein, 310, 336 
Equation of state, 206-237 
senes for, 221 
special forms, 217-218 
Eqmlibuum state, 375 
Eqmpartition of energy, 61, 364 


Ergodic suiface, layer, 344, 348 
surmise, 341 
Eucken, 181, 183 
Evaporation, 68 
Exclusion principle, 37-6 
iE){pnnsion,'fieo, 1'4 
• reversible, *11 

P 

Faikas, 263 

Fermi-Dirao system, 381 
distiibution, 386-386, 
gas, 397, 409-416 
Fisher, 268 
Fluctuations, 267-290 
about an aveiago, 276 
of dispel Sion, 268 
Force-fields, 74 
Fowler, 230 
Free paths, 98 
distiibution, 101 

(See also Mean fieo path) 
Frec-molecule (defined), 291 
Fiy, 267 
FUrtli, 207, 286 

G 

Gaede, 299, 308 

Gas constant R, 23, (table) 26 

Gorlach and Sohtttz, 336 

Gibbs, 339, 346, 367 

Gram molecule, volume of, 19 

Gyroscopic force, 89 

n 

jff-theorem, 62, 371, 377 
Heat, 239, 368 
Helium, field foi, 212 
History of kinetic theoiy, 1-3 
Hund, 262 
Hydrogen, 260 

I 

Ideal gas, 4 

Indctermmation principle, 130 
Initial polan/ability, oto , 441-463 
Ionization, 427 
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J 

Jaokson and Howarth, 320 
Jeans, 362 
Jones, 168, 230, 327 
Joule, 14, 20 
Joule-Thomson effect, 14 

K 

Kammerlingh Onnes, 221 
ICirkwood, 212, 232, 234, 463 
Knauer, 125 

Knudsen (effusion) 06; (manometer) 
07} (evaporation) 70, (low-donsity 
phenomena) 290, 306, 308, 311- 
318, 322; (creep) 333 
Ko, 72 

ICrutkow, 360 

Kundt and Warburg, 292 

L 

Langovin, 103, 488, 466, 407 
Langevin’s formula, 407 
Langmuir, 71, 302, 320 
Langmuir and Kingdon, 427 
Line breadth, 68 
Line shape, 324 
Liouvillo's theorem, 88, 343 
LoronU, 274, 434, 473 
Loose many-molcculo system, 860-301, 
370-390 

Loschmidt’s numl^or, 24 
M 

Macroscoplcally small, 6 
Magneton, Bohr, 464 
Magnetizability, 464 
Manometer, absolute, 07 
Mass motion, 9 
Massey and Mohr, 182, 160 
Maxwell (velocities) 82, 62; (viscosity) 
140, 140, 160; (heat) 172, 177, 170, 
182; (diffusion) 191, 106, 204; 
(low-density phenomena) 206, 312, 
327, 334, 830 
Maxwellian stream, 01 


Maxwell's law, 46, 340, 364 

(<Ses also Velocity, molecular) 
correction for, 113, 473 
Mean, free path, 98-114 
across a piano, 141 
maxwellian, ilO 
observations, 126 
values, 149 
variation, 100 

Metals, free electrons in, 419 
Meyer, 104, 108,189 
Michols, 320 

Microcnnonical onsomblo, 344 
Millikan, 296, 290, 310 
Mixed systems, statistics of, 380 
Mobility, dyiiamio, 203, 288 
ionic, 466-475 
Moloovilo space, 360 
Molecules, 3 
density, 24 

cliamotera, 104, 114; (table) 140, 201 
force-field of, 212, 228, 231 
mass and relative weiglits, 26-26 
small field, 98 

Moment, molecular, olootrio, 436, 438, 
443-463 

mngnottc, 464-464 
Multiple states, 03 

N 

Nornst’s boat theorem, 407 
Normal distriluition, 362, 354 

O 

Ornatoin and Van. Wyk, 324 
Oscillator, harmpnic, 268, 340 

V 

Paramagnotism, 460, 403 
Partition function, 266 
Perfect gas, 4, 18, 22, 247 
Boso-Einstcin, 307, 410 
Porml-Dirao, 397, 409-416 
by statistical mechanics, 840 
by wavo moohanlca, 303-410 
Perrin, 284 
Phase space, 330, 860 
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Photophoresie, 333 

Point-mass gas, wave niochanics of, 395 
Poiseuillo's formula with slip, 293 
Poisson's foimula, 277 
Polarizability, of a dipole, 438, 450 
electric molecular, 436-463 
by wave mechanics, 442 
Pressure, 6-7, 400, 410, 413, 415, 410 
dynamic, cohesive, repulsive, 212-213 
m a non-perfect gas, 211, 214 
Probability integral, 60 

Q 

Quantum number, 398, 402 
Quantum states, 93, 374 

R 

Radiometer, 333-337 
Random walk, 268 
Range in phase, 371 
Relativity, effects of, 372 
Relaxation rate, 178 
Reversibility, 66 
Reynolds, 66 
Rieggei, 68 
Roberts, 320 
Rotating axes, 89 
Rotating gas, 90 

S 

Scattering, 104, 116-127, 132 
by elastic spheres, 118, 124 
by free molecules, 122 
observations of, 126 
relative, 120 
by small deflections, 119 
wave-mechanical theory of, 132 
Scattering of light, molecular, 273 
Scluodmgoi, 288 
Second law, 367 
Similitude, and diffusion, 198 
and viscosity, 162 
Slater, 212, 463, 463 
Slip, 292-298 
Small-field molecules, 08 
Sinoluchowski, 306-306, 311, 316-319 
322 


Soddy and Bony, 322 
Sommorfold, 419 
Specific heats, 243-266 
classical tlioory of, 249 
data on, 252 
of hydrogen, 264 
of mixed gases, 266 
quantum theory of, 266 
Sphere of influence, 103 
State sum, 256, 392 
mtegial, 361, 367 

Statistical cquivalonce, principle of, 3*lf 
Statistical meohanies, classical, 330 372 
wave-mcchameal, 373-392 
Statistical nature of kinetic theory, 6 
Steady state, 29 
Stefan, 191 
Stem, 72 

Stilling’s foimula, 269 
Stokes' law, 309 
Stresses in a fluid, 137 
Sutherland, 164, 199 
System space, 339 

T 

Temperature, 16, 19-22, 367, 386 
Temperature jump, 311 
Thermal agitation, velocity of, 10 
Thermodynamios, conclusions from, 
239-249 
Thomson, 469 
Transfei by molecules, 146 
Transpiration, 64, 66, 330 
Tianspoit phenomena, 136 
Trautz et al, 167, 161 
Tubes, equilibrium m, 331 
flow through, 293, 302-309, 330-331 

U 

Ultimate statistical features, 338 
Ursoll, 228 

V 

Van der Waals, 207, 214 
Van der Waals' equation, 200-211, 228, 
248 
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Van Dyko, 298 
Van Vlcck, 432 
Vapor, tomporaturo of, 79 
Vapor pressuro noar T » 0, 407 
Velocity, molocvilivr, distribution law, 
28, 4f)-66 

oxpoi’imontal tost of, 72, 324 
in force-field, 70, 90 
proof of, 32-45, 340 
rate of chaiifio of, 40 
uniq\ionc8S of, 52 
wavo-moohanical, 309, 401, 412, 
410, 418 

mean (table) 20, 49-60 
most probable, 48 
root-inean-squai'o, 18, 26; (table) 
20, 49-60 
Volooity space, 20 
Virial coofTioionts, 221’“236 


Vivial theorem, 235 
Viscosity, 130-162, 178 
frcc-moleculo, 300 
of mixed gases, 160 
of two-dimensional gas, 140 
variation of, 148 
Volraor and Estermann, 70 

W 

Wave lengths, molecular, 130, 132 
table of, 149 
Wave mechanics, 373 
of collisions, 131 
of gases, 393-431 
of complex gases, 417 
of a particle, 127 
Weber, 183 
Work, 239, 368 



